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SUMMARY: In this paper the limiting performance analysis of a vehicle restraint system is studied. A discrete 
model of the human thorax is used. The driver displacement relative to the dashboard is minimized and several 
injury criteria are required to remain bellow a safety threshold value. The optimal control force acting on the 
driver is found. A design and control sensitivity analysis formulation is derived for mechanical systems. The 
equations of motion and the sensitivity equations are integrated at-once as it is typical for the static response. 
Mathematical programming is used for the optimal control process. 
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1.  Introduction 
The seat belt is widely regarded as one, if not the most, important piece of safety equipment in a vehicle. Seat 
belt system performance is being continually improved with the use of such devices as pre-tensioners and belt 
load limiters which are becoming common features in today vehicles [1]. Further improvement can be obtained 
by implementing active control as an integral part of the restraint system, for example with dual stage belt pre-
tensioners which modulate their response with the severity of the vehicle deceleration. As such, the usefulness of 
a benchmark performance to evaluate the quality of the restraint system is obvious. 
The limiting performance analysis of a restraint system can be obtained by finding the solution of an optimum 
control problem in which the control variable is the force acting on the vehicle occupant, in order to minimise its 
risk of injury. Since the control force is generic, not representing any predetermined design, then the limiting 
performance analysis measures the limits on the improvements of the restraint system with respect to the 
prescribed performance criteria. The performance of such a system can be seen as a benchmark to which the 
performance of a real restraint system can be compared. 
The fundamentals of shock and impact isolation may be studied in [2]. The theory of optimal shock and impact 
isolation is described in [3]. A survey of problems related to the limiting performance analysis of injury 
prevention systems is given in [4]. The problem may be formulated as a control optimization problem. If we 
have more than a performance objective, then the problem is a multicriteria optimization problem. 
In this work this methodology is applied to a published discrete nonlinear thoracic model having multiple 
degrees of freedom. A set of functionals are defined as constraints corresponding to injury criteria. The dynamic 
response is modelled via time finite elements, and is integrated by at-once integration. The optimal control force 
is obtained by nonlinear programming. 
 
 
2.  Response Analysis 
The virtual work dynamic equilibrium equation of the system at the time t is given as 

 0 0( )t t t t t t t tW dV d= + − −∫ ∫��i i i iδ ρ δ δ δ δ Γu u S f u T uε  (1) 

where all the quantities are referred to the undeformed configuration, δ  represents the variation of the state 
fields, '•' refers to the standard tensor product, upper dot '.' refers to the material time derivative, ρ  is the mass 



density at time t = 0, tu is the displacement, and  tS is the second-Piola stress measure. After space discretization, 
we’ve got the equation of motion 
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S S

�� �M U + C U + K U = P  (2) 

 

where M is the mass matrix, ( ), ( )t t t t t t
S S S S≡ ≡�C C U K K U are respectively the damping and stiffness 

matrices, tP is the loading vector and ,t t t� ��U, U U are respectively the displacement, velocity and acceleration  
vectors, all the quantities defined at time t. 
For temporal modeling, finite elements of dimension ∆t  were considered, selecting hermitean cubic elements to 
model the displacements and quadratic lagrangean elements to model the loading. By taking the time derivative 
of the Eq. (2) on one hand, and on the other hand its integration once and then twice with average values of 
stiffness and damping in ∆t  given as  
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one obtains four equations that combine to give the dynamic finite time-element equation as 
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and 
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In Eq. (5) n stands for number of space degrees-of-freedom and 
jk

t
SD  are functions of , ,K C M . The Eq. (4) 

may be solved step-by-step, i.e., element-by-element in time, or assembled to be solved at-once. In this case, we 
have to assemble for a total time interval T discretized in N time nodes, resulting in the dynamic equation 
 
 S =D z P  (7) 

 
where 2n time boundary conditions are imposed by transferring the corresponding columns of the assembled 
matrix DS  to the right-hand side of Eq. (7) after multiplying by the vector Uc of those conditions, resulting the 
equation 
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The Eq. (8) is a nonlinear equation where ˆ
SK  is a nonsymmetrical matrix dependent on the response. Therefore, 

the Eq. (8) has to be solved iteratively. 
 
 
3.  Design Sensitivity Analysis 
Consider now a general performance measure defined in the time interval [0,T] as 
 

 ( , , )t tG t dt= ∫Ψ z b  (9) 

 
where tb is the vector of design and control variables and the other quantities were defined in Eqs. (1) and (6). It 
contains the external forces tP. The design sensitivity analysis problem is to derive the total design variation of 
the measure in Eq. (9) with respect to the design tb, for the system represented by the equation of motion, Eq. (8)
. 



 
3.1. The Adjoint Method of Design Sensitivity Analysis  
The total design variation for the performance measure of Eq. (9), for preview control problems, is 
 

 δΨ δΨ δΨ= + �  (10) 
 

where and �δΨ δΨ   represent respectively the explicit and implicit (state dependent) design variations. In order 

to formulate the adjoint method of design sensitivity analysis, replace the arbitrary variation of state fields by 
adjoint fields into the virtual work equation as 
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and define an extended 'action' function 
 

 aA W= −Ψ  (12) 

 
The basic idea of introducing an adjoint system is to replace the implicit design variations of the state fields by 
explicit design variations and adjoint fields, then determining these adjoint fields by vanishing the implicit 
design variation of the 'action' function A [8] as 
 

 0A=�δ  (13) 
 
Therefore, the total design variation of Ψ can be written as 
 

 δ δAΨ =  (14) 
 
3.2. Design Sensitivity Analysis Modeling 
In order to solve the design sensitivity analysis problem, the sensitivities are firstly performed at the element 
level and then the sensitivity equations are assembled. The explicit design variation of the vector of element 
forces of Eq. (4) is 
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and the implicit design variation of the internal forces gives 
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where 
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with 
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Sensitivities of Eq. (15) and the element dynamic matrix of Eq. (17) are assembled and again imposed the time 

boundary conditions resulting respectively  ̂δ R  and K̂ . 
Now, the application of the Eq. (13) to the Eq. (12) gives the adjoint system equilibrium 
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Thus, the total design variation of Eq. (14) is 
 

 ˆ ˆa= + iδΨ δΨ δU R  (20) 

 
4. Thoracic Model and Injury Criteria 

 
Figure 1 – Model of the human thorax 

 
The model shown in Fig.1 represents the human thorax [5, 7]. Mass m1 represents the sternum, rib structure and 
thoracic contents and m2 represents the remaining portion of the thorax and the part of the total body mass that is 
coupled to the thorax by the vertebral column. Masses m1=0.3 kg and m2=18 kg are interconnected by a 
nonlinear spring K1 that represents the elasticity of the rib cage and directly coupled viscera. The nonlinear 
damper C1 connecting m1 and m2 represents thoracic damping derived, for example, from air in the lungs and 
blood in the thoracic vasculature displaced during an impact. The linear spring K2 (13153 N/m) and damper C2 

(175.4 Ns/m) combined in series model the thoracic muscular tissue behaviour. The action of a restraint system 
on the thorax is represented by a control force P(t) between mass m1 and the vehicle. 
The variables u0, u1, u2 and u3 represent respectively the displacements of the vehicle and masses m1, m2 and m3 
referred to an inertial frame. Mass m3 is considered zero. 
The force exerted by the spring K1 is given by: 
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where 0 0.03mδ =  is a critical value of the chest compression at which the thorax changes stiffness. The value of 

11K is 10522 N/m and the value of 
21K is 71901 N/m. 

The force exerted by the damper C1 is given by: 
 

 
( )
( )

1

2

1 2 1 2 1 0

1 2 1 2 1 0

C u u if u u

C u u if u u

δ
δ

− − ≥ − − <
� � � �

� � � �
 (22) 

 
with 

11 403.3 /C Ns m= and 
21 2192.1 /C Ns m= . 

In order to simulate an impact at the instant t=0 with the vehicle traveling at the speed v0=48km/h, one considers 
the following initial conditions: 
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Also it is assumed the vehicle undergoes a half-sine wave deceleration pulse of duration 0.1aT s= : 
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The amplitude A of the pulse is calculated as 
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such that the vehicle decelerates to a full stop at the end of the duration of the pulse t= aT : 

 
 ( )0 0au T =�  (26) 

 
To measure thoracic injuries, the following injury criteria are defined [5]: 
Maximum chest compression: 
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Maximum chest acceleration: 
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Maximum rate of chest compression: 
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Maximum chest viscous response: 
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The maximum chest viscous response is the instantaneous product of the chest compression and the rate of chest 
compression. It characterizes the rate sensitivity of injury threshold. 
 
 
5. Optimal Design 
We whish to minimise the maximum excursion of the vehicle driver, defined as: 
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which measures the safety space in front of the occupant, i.e., the distance between the occupant and the 
dashboard/steering wheel of the vehicle. The previously defined injury criteria will be required to remain below 
a prescribed value. We can now formulate the optimisation problem as follows: 
Find the optimal control P(t) in order to minimise 0Ψ  such that 
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6.  Optimization Results 
The total time of analysis was considered 0.2s and the time discretization was made considering 20 time 
intervals of 0.01s each, which resulted in 41 control variables. The optimal control was found by mathematical 
programming and it is presented in Fig. 2 below with other optimization results: 
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Figure 2 – Optimization results 

 
 
The optimal control obtained is shown in Figure 2 f). One can see that the excursion of the vehicle driver does 
not exceed 0.4m and that all the injury criteria remained below the prescribed admissible values. Of those, only 
the chest compression reaches its maximum allowed value of 0.046m. Also, from 0.075s onwards the rate of 
chest compression remains equal to zero, which indicates that m1 and m2 travel at the same velocity, which 
results in a constant value of the chest compression, as seen in Figure 2 d) and Figure 2 b). 
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