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Abstract—Multidimensional 'H NMR  spectra of
biomolecules dissolved in light water are contaminated
by an intense water artifact. Generalized eigenvalue
decomposition methods using congruent matrix pencils are
used to separate the water artefact from the protein spectra.
Due to the statistical separation process, however, noise is
introduced into the reconstructed spectra. Hence Kernel -
based denoising techniques are discussed to obtain noise- and
artifact - free 2D NOESY NMR spectra of proteins.

I. INTRODUCTION

Modern muiti-dimensional NMR spectroscopy is a ver-
satile tool for the determination of the native 3D structure
of biomolecules in their natural aqueous environment [7],
[6]. Proton NMR is an indispensable contribution to this
structure determination process but is hampered by the
presence of the very intense water (H;O) proton signal.
The latter causes severe baseline distortions and obscures
weak signals lying under its skirts.

A two-dimensional NMR time domain signal )Z'(tl,j, t2)
corresponds to a sum of free induction decay (FID) signals
sampled for fixed evolution periods ¢; ; and extending over
a sampling time interval of duration t; . The evolution
period 1 ; is incremented during the experiment to yield
typically 512 FIDs. Standard signal processing is performed
by Fourier ana]ysis, resulting in spectra X (w;,wy) made of
sums of Lorentzian shaped resonance lines [6], [5].

ICA techniques extract a set of signals out of a set of
measured signals without knowing how the mixing process
is carried out {9],[4]. Considering that the set of measured
spectra X is a linear combination of a set of independent
components S, i.e , X = AS. The goal is to estimate the
inverse of the mixing matrix A, using only the measured
spectra, and then compute the independent components,
Then the spectra are reconstructed using the mixing matrix
A and those independent components, S , not related with
the water artifact. It has been shown [10], [11] that blind
source separation (BSS) techniques can contribute to the re-
moval of the water artifact in such spectra without regard to
any sophisticated water suppression pulse protocols except a
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simple pre-saturation to reduce the dynamic range problem
[6]. Second order techniques using the time structure of the
signals turn out to be superior as they do not rely on the
assumption of statistically independent source signals,
Note that second order techniques using the time structure
of the signals do not need to assume statistically indepen-
dent source signals but only uncorrelated signals. This is
a much weaker assumption which is more appropriate to
deal with NMR spectra. With the latter the independence
assumption is hard to justify in general. Hence blind scurce
separation algorithms based on a generalized eigenvalue
decomposition using matrix pencils [16] were used to effect
the separation of the water artifact [11].

Unfortunately the statistical separation process by necessity
introduces additional noise not present in the original spec-
tra. Hence denoising as a postprocessing of the artifact-free
spectra is necessary. It is important that the denoising does
not change the spectral characteristics like peak volumes
as the deduction of the 3D structure of the proteins heavily
relies on the latter, Kernel - PCA based denoising techniques
{3] have been shown to be very efficient cutperforming
linear PCA. Kernel PCA actually generalizes linear PCA
which hitherto has been used for denoising. PCA denoising
follows the idea that retaining only the principal components
with highest variance to reconstruct the decomposed signal
noise contributions which should correspond to the low
variance components can deliberately been omitted hence
reducing the noise contribution to the observed signal.
Kernel PCA extends this idea to non-linear signal decom-
positions. The idea is to project observed data non-linearly
into a high-dimensional feature space and then to perform
linear PCA in feature space. The trick is that the whole
formalism can be cast into dot product form hence the
latter can be replaced by suitable kernel functions to be
evaluated in the lower dimensional input space instead of
the high-dimensional feature space. Denoising then amounts
to estimating appropriate pre-images in input space of the
nonlinearly transformed signals. Kernel PCA based tech-
niques [2] will thus be discussed to try to obtain almost
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noise- and artifact - free protein spectra.

II. THE GENERALIZED EIGENVALUE DECOMPOSITION
APPROACH

For convenience we shortly review the generalized eigen-
value decomposition (GEVD) approach using congruent
matrix pencils [14], [15], [12]. The generalized eigenvalue
decompaosition approach to the blind source separation prob-
lem, based on the model Z(t) = A3(t), considers a matrix
pencil, (Rz1,Rz2) computed on the sensor signals Z(t)
(henceforth called sensor pencil). The cormrelation matrices
Rz = (£Z7) of the pencil have the following property

Rf’,' = AA_;'],'AT = 1,2 (1)

where A is the instantaneous but unknown mixing matrix
and Ay; are diagonal matrices related to the unknown
source signals 3(¢). Then the eigenvector matrix of the
generalized eigenvalue decomposition of the sensor pencil
provides an estimate of the inverse (or pseudo-inverse) of
the mixing matrix. This solution is possible because the sen-
sor pencil, {Rz,1, Rg,2) and the source pencil (Ag1, Ag2)
are related as described by eqn (1). In particular if A is
an invertible matrix the two pencils are called congruent
pencils. Congruent pencils have identical eigenvalues as can
be easily shown writing the characteristic polynomial of the
sensor pencil

xz(A) = det(Rz; — ARz 2) =0 2

If A represents an invertible maltrix then it follows

det(Rz,; — ARz 2) = det(A)det(As1 — Agz2) det(AT)

(3)
which has the same roots as the related characteristic
polynomial of the source pencil

x7(A) = det(Az; — Ag2) )

The generalized eigenvalue decomposition statement of
the sensor pencil

Rz:E =Rz, ED 3)

where E is the eigenvector matrix which will be an unique
matrix (with the columns normalized to unit length) if the
diagonal matrix D has distinct eigenvalues AP. Otherwise
the eigenvectors which correspond to the same eigenvalue
might be substituted by their linear combinations without
affecting the previous equality. Supposing that the diagonal
elements AP of D are all distinct equation (4) can be written
as

AA;;ATE = AA;; ATED (6)

If A is an invertible matrix, we can multiply both sides of
the eqn.(5) by A~! and setting E; = ATE leads to the

eigenvalue decomposition of the source pencil

A;2Ez = Az1E;D )

where E; is the eigenvector matrix. Hence each column of
Ejy is related to a column of E by the transpose of the mix-
ing matrix. Then the normalized eigenvectors corresponding
to a particular eigenvalue are related by &5 = aATE
where o is a constant that normalizes, to unit length, the
eigenvectors. Concerning blind source separation problems
the eigenvector matrix E will provide an approximation to
the inverse of the mixing matrix, if the eigenvector matrix
E; represents the identity matrix (or a permutation). The
latter holds true if, as was assumed, the source pencil
is formed with diagonal matrices Ag;. Tomé [15] also
presented an algebraic formulation of the GEVD problem
using the notion of congruent matrix pencils and block
matrix operations when the mixing matrix has more rows
than columns.

III. KERNEL - PCA BASED DENOISING

In principal component analysis (PCA) [13] a data vector
is represented in an orthogonal basis system such that
the projected data have maximal variance. The orthogonal
transformation is obtained by diagonalizing the centered

covariance matrix of the data set {fx ¢ RY (k =
1,....,01)} defined by
C = {(Z; — ())& — (Z))T) @)

The coordinates of the eigenvector basis are called princi-
pal components and represent linear features of the data set.
The eigenvalue p; corresponding to an eigenvector & of C
equals the variance of the data in the direction of &J. Hence
the first n eigenvectors{c; },7 = 1, ..., n corresponding 1o the
n largest eigenvalues pq > s > ... > in cover as much
variance as is contained in n orthogonal directions. In de-
noising appiications directions with small {(subject to a given
criterium) variance are deliberately dropped. However PCA
only extracts linear features though with suitable nonlinear
features more information could be extracted.

It has been shown [3] that Kernel PCA is well suited
to extract interesting nonlinear features in the data. Kernel
PCA first maps the data {Z;} into some high-dimensiona}
feature space £2 through a nonlinear function ®(Z;) and then
performs linear PCA on the mapped data in the feature
space 2. Assuming centered data in feature space, i.e.
ELI @(Zx) = 0 to perform PCA in space 2 means finding
the eigenvalues A > 0 and eigenvectors & €  of the
covariance matrix R = %ij:l O(Z;)0(Z;)7 satisfying
the eigenequation

R =A@ 9
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Note that all solutions & with A # 0 lie in the span of
@(Z1},..... ®(Z}} hence the eigenvectors can be represented
via

i
W= Z a.—!b(i",-) (10)
i=1

Multiplying eqn.(9) with $(Z) from the left the following
modified eigen-equation is obtained

Ka = )D& (1)

with X > 0 and coefficient eigenvectors & = (avy, ..., ;)T
With normalized eigenvectors & € §) obeying &y, - &y, = 1
the corresponding coefficient eigenvectors are also normal-
ized obeying Ay(&y - &) = 1. The eigenequation now
is cast in the form of dot products occuring in feature
space through the I x [ matrix K with elements K;; =
(®(Z;)-B(F;)) = k(F;, F;) which are represented by kernel
functions k{Z;, £;) to be evaluated in the input space. The
principal components of the projected data vectors in feature
space are then given by

I 4
B = (@ 8(Z)) = Y oF(B(&)- 8(&)) = Y _ ofk(Z;, £)
(12}

i=1 i=1
For feature extraction any suitable kernel can be used and
knowledge of the nonlinear function ®(Z) is not needed.
Note that the latter can always be reconstructed from the
principal components obtained. The image of a data vector
under the map ® can be reconstructed from its projections
B via

Poo(E) = )" Buidy (13)

k=1

which defines the projection operator P,. If n is deliberately
chosen small as is done in de-noising then the squared
reconstruction error

i
€ec = 3 || Pa®(@) - 2(&) |

i=1

(14)

is still minimal. To find a corresponding approximate repre-
sentation of the data in input space it is necessary 1o estimate
a Z € RY such that

p(2) =l P.2(2) - 3(7) |?

is minimized. In de-noising applications it is hoped that the
deliberately neglected dimensions of minor variance contain
noise mostly and Z represents a de-noised version of &. Eqn.
(15) can be minimized via gradient descent techniques using
the cost function

(15)
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n !
PE=KEZDH-2D By ofk(@,2)  (16)
k=1  i=1

which is obtained by subtituting into eqn.(15) the corre-
sponding expressions. Note that instead of using an iterative
gradient descent technique an analytic solution to the pre-
image problem has been given recently in case of invertible
kemels [1].

IV. WATER ARTIFACT REMOVAL AND DENOISING OF
PROTEIN SPECTRA

FI’s X (t; ;,t2) recorded at fixed evolution times #; ;
were sampled over time spans t; and Fourier transformed
with respect to both time domains to obtain correspond-
ing spectra X (w;,ws) which could be corrected for any
phase distortions. Data matrices have been formed with
one row representing one single spectrum cerresponding
to a fixed evolution time t; ;. The final matrix, X({w2, 1),
then contained as many rows j as there were different
cvolution times ¢ ; according to the experimental protocol.
Typically j = 512 evolution periods have been considered
and N = 2048 data points were sampled of each spectrum.,
However due to phase cycling only every fourth of the 512
spectra, hence 128 spectra, have been considered at most
hence four groups of data matrices of size (128 x 2048)
with identical phase have been used finally.

A matrix pencil is first computed from the data matrices.
The demixing matrix is estimated then and used to estimate
the independent components (ICs). Those 1Cs showing spec-
tral energy in the frequency range of the water resonance
only have been related with the water artefact and have been
set to zero deliberately. Then the protein spectrum has been
reconstructed with the estimated inverse of the demixing
matrix and the corrected matrix of estimated source signals.

Kemel PCA denoising has then been applied to the
reconstructed artifact- free protein spectra to remove the
additional noise introduced by the statistical separation
procedure. The real and imaginary part of the complex nmr
spectral data have been divided into several groups and have
been projected then in a 1024-dim feature space where 1024
principal components have been determined. Denoising was
achieved by projecting the data onto a lower dimensional
subspace and estimating an approximate pre-image in input
space.

A. Computing the demixing matrix for artifact separation

The matrix pencil (Rz1,Rgs2) of zero mean data X =
[£1 %2 ... £,4]7 comprises two correlation matrices of the
data. The first matrix is computed as follows

1
Rz = WX((.(JQ,tl)XH(WQ,h) (17

with N = 2048 representing the number of samples in the
w2 domain and X* the conjugate transpose of the matrix
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Fig. 1. 1D slice of a 2D NOESY spectrum of the polypeptide pll in
aqueous solution corresponding to the shortest evolution period t1. The
chemical shift ranges from —1ppm to 10ppm roughly

X. The second correlation matrix Rz > of the pencil has
been computed after filtering each single spectrum (each
row of X{ws,t1}) by a function, h(w») that modifies the
spectral shape. Then if H is a matrix with all rows equal to
the samples of R{ws) the second matrix can be computed
as

Rz, = —;—[(X(wg, t) o H)(HT o XH(wy,t1)]  (18)

where o represents the Hadamard product. A bandpass filter
of Gaussian shape centered in the spectrum with a variance
of 2 < ¢% < 4 has been used in the applications discussed
below. Both matrices of the pencil are of dimension 128 x
128 as we assume as many sources as there are sensor
signals,

Substituting this result into the GEVD statement (5)
the later can be solved in two steps by reducing it to
two standard eigenvalue decomposition (EVD) problems.
Starting with

Rz = VDV/2VT = VvDV2VTVD2yT = WW
(19)
and defining Z = WE yields the transformed equation
CZ = ZD which is of the standard EVD form of a
real symmetric matrix C = \?V‘lR:mW‘1 with W—1 =
VD~12VT, The eigenvalues of the matrix pencil are avail-
able from the solution of the EVD of matrix C while the

corresponding eigenvectors are obtained via E = W—1Z,

B. Water artifact removal in protein spectra

The algorithm has been applied to a 2D NOESY spectrum
of an aqueous solution of a synthetic pelypeptide P11 which

is identical to the Hil helix of the human Glutathione
reductase and consists of 24 amino acid residues [8]. Fig.
(1) shows a 1-dim slice of the 2D NOESY spectrum of p11.
Note that the vertical scale has been expanded to show the
protein peaks clearly, The insert in Fig. (1) shows the full
water resonance at 4.8 ppm demonstrating its dominance
compared to the protein resonances. The data have been
treated in the frequency domain. The second correlation
matrix of the pencil has been created with filtering the com-
plex valued spectra with a Gaussian bandpass filter A{ws)
centered at the water resonance at 4.8ppm. The half width
of the filter turned out not to be critical and has been chosen
0 o = 1. All 128 spectra X{t;;,ws),i = 1,...,128 of
each group with identical phase of the excitation pulse have
been considered hence the demixing matrix had dimension
128 x 128, Of the 128 estimated ICs roughly 25 components
had to be assigned to the water resonance. Setting these ICs
deliberately to zero during the reconstruction process an
almost perfect separation of the water artifact resulted as
can be seen in Fig. (2). The latter shows the reconstructed
spectrum of the protein pil on an identical scale as the
original spectrum shown in Fig. (1). Also almost all baseline
artifacts could be removed as well (see Fig. {(2)) which
means that these distortions also could be separated into
different independent components.

Fig. 2. Reconstructed p11 spectrum corresponding to Fig.1 with the water
artifact removed with the matrix pencil algorithm

C. Denoising of the reconstructed artifact-free spectra

As the removal of the water artifact lead to additional
noise in the spectra (compare Fig. (1) and Fig. (2)) kernel
PCA based denocising was applied. First (almost) noise free
samples had to be created in order to determine the principle
axes in feature space. For that purpose the first 400 data
points of the real and the imaginary part of each of the 512
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Fig. 3. Result of the kemmel PCA dencising of a reconstructed pll

spectrum corresponding to Fig.2. The insert shows the region of the
spectrum between 10 and 9 ppm roughly. The upper trace corresponds
1o the denoised baseline and the lower trace shows the baseline of the
original spectrum,

original spectra were used to form a 400 x 1024 sample
matrix Q). Likewise five further sampie matrices Q(™,
m =2, ...,6, were created which now consisted of the data
points 401 to 800, 601 to 1000, 1101 to 1500, 1249 to
1648 and 1649 to 2048 respectively. Note that the region
(1000 - 1101} of data points comprising the main part of
the water resonance was nulled deliberately as it is of no
use for the kernel PCA. For each of the sample matrices
QU™ the corresponding kernel matrix K was determined
by

Ki,_’f = k(fia f.?))

where Z; denotes the i-th columnn of Q™). For the kernel
function the Gaussian kernel

i,5=1,...,400, (20)

k(:, 7;) = exp (~”i2—_&f;”3) e
where
\ 1 o2 ,
20° = miél I i — Z; |

is the width parameter o, was chosen.

Finally the kernel matrix K was expressed in terms of
its EVD (cf. (11)) which lead to the expansion parameters
& necessary to determine the principal axes of the corre-
sponding featurespace (™

(!,"I)(f,').
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Exactly as the original data the noisy data of the re-
constructed spectra were used to form six 400 x 1024
dimensional pattern matrices P(™) m = 1,...,6. Then
the principal components S of each column of P™ were
calculated in the corresponding feature space Q(™). In
order to denoise the patterns only projections onto the first
n = 112 principal axes were considered. This lead to

1024
B =3 ofk(z,7), k=1,..,112
i=1
where T is a column of P™.
After reconstructing the image FP,®(Z) of the sample
vector under the map @ (cf. (13)) its approximate pre-image
was determined by minimizing the cost function

112 1024
p(2)=-2) "B ) ofk(Z;,2).
k=1 i=1

Note that the method described above fails to denoise the
region where the water artefact has its peak (datapoints 1001
to 1101) because then the samples formed from the original
data differ too much from the noisy data. This is not a major
drawback as protein peaks totaliy hidden under the water
artifact cannot be uncovered by the presented blind source
separation method. Fig. (3) shows the resulting denoised
protein spectrum on an identical vertical scale as Fig. (1}
and Fig, (2). The insert compares the noise in a region of the
spectrum between 10 and 9 ppm roughly where no protein
peaks are found. The upper trace shows the baseline of
the denoised reconstructed protein spectrum and the lower
trace the corresponding baseline of the original experimental
spectrum before the water artefact has been separated out.
NOte that the peak intensities are not influenced by the
denoising procedure.

V. CONCLUSIONS

Multidimensional NMR spectra form an indispensable
tool to elucidate the native 3D structure of proteins in
their natural aqueous environment. Proton NMR spectra are
generally dominated by a huge water resonance contam-
inating the spectrum of the protein, We have shown that
blind source separation algorithms using the time-structure
of the signals and relying on second order statistics only
can be an useful tool to remove water solvent artifacts in
protein spectra, In particular methods based on the GEVD
of a matrix pencil proved to be fast and efficient. How-
ever these statistical artefact separation methods inevitably
introduce additicnal noise into the spectra not present in
the experimental spectra. Hence dencising methods are
necessary as a postprocessing of the artifact-free spectra
to remove the additional noise. We have shown that kernel
PCA based de-noising techniques are well suited to reduce
the noise to a level comparable to or below the noise
level of the experimental spectra. This is important as
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the structure determination relies on the integral intensities
of the resonances 10 deduce distance information. Further
experiments will have to comrcborate these findings on a
larger set of protein spectra and to compare the results
with other nontinear de-noising procedures. Finally artifact
separation and de-noising need to be automatized to provide
a preprocessing tool to NMR spectroscopists starting to
analyze these spectra and deduce structural information fast
and reliably.
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