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ABSTRACT

As interest in machine learning expands into critical domains, such as clinical practice,
the need for reliable predictions is critical, as decisions based on these outputs can have
significant consequences. Traditional evaluation of machine learning models relies on
global performance metrics, which provide aggregate information but does not indi-
cate whether an individual prediction can be trusted. This limitation reinforces the
importance of pointwise reliability methods that use measures to estimate the reliabil-
ity of single predictions.

This work assesses pointwise reliability methods, with a particular focus on model
agnostic approaches using the density principle and the local fit principle. These prin-
ciples evaluate reliability by analyzing the similarity of new instances to the training
data and by evaluating the performance of the model in local regions of the feature
space. Three case studies were considered, covering two clinical classification prob-
lems related to treatment decisions and cardiovascular related mortality, as well as a
regression task that involves the prediction of hospital admissions. Reliability was as-
sessed using clustering based, distance based, and local fit methods. The performance
of the methods was evaluated by analyzing the relationship between reliability inter-
vals and the prediction errors.

The results demonstrate that methods combining density and local fit principles gen-
erally outperform those relying on a single principle, achieving lower error rates for
predictions assigned high reliability. In classification tasks, the method combining den-
sity and local fit principles produced the most stable and interpretable results, offering
a stronger basis for decision making. In addition to reliability analysis, the regression
case study compared traditional statistical models with ML approaches in the forecast-
ing of hospital admission. The findings suggest that the ML models achieved a greater
correlation with the actual values and that, for the pointwise results, the methods com-
bining both principles improved the alignment between absolute prediction errors and
the assigned reliability scores.

Keywords: Density Principle, Local Fit Principle, Machine Learning, Pointwise Relia-
bility
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REsumMmo

A medida que o interesse por machine learning se expande para dominios criticos, como
a pratica clinica, a necessidade de medidas de confianga nas classifica¢des é vital, dado
que as decisdes baseadas nesses resultados podem ter consequéncias significativas. A
avaliagdo tradicional dos modelos de machine learning depende de métricas de desem-
penho globais, que fornecem informacgées agregadas, mas ndo indicam se uma clas-
sificacdo individual é confidvel. Esta limitacdo reforca a importancia dos métodos de
confiabilidade pontual, que usam medidas para estimar a confiabilidade de classifi-
cagoes individuais de modelos de machine learning.

Este trabalho avalia métodos de confiabilidade pontual, com foco particular em abor-
dagens agndsticas ao modelo e que utilizam o principio da densidade e ajuste local.
Estes principios avaliam a confiabilidade analisando a semelhanca de novas instan-
cias com os dados de treino e avaliando o desempenho do modelo em determinada
regido do espaco de dados. Neste trabalho, foram considerados trés casos de estudo,
abrangendo dois problemas de classificacdo clinica relacionados com decisdes de in-
ternamento e mortalidade derivada de problemas cardiovasculares, e uma tarefa de
regressao que envolve a previsdo do numero de admissdes hospitalares. A confiabil-
idade das classificacdes dos modelos foi avaliada utilizando abordagens baseadas em
clustering, distancia e ajuste local. O desempenho das abordagens foi avaliado através
da analise da relagdo entre intervalos de confiabilidade e erros de classificacdo.

Os resultados demonstraram que os métodos que combinam o principio de densidade
e ajuste local geralmente apresentam melhores resultados do que os que se baseiam
num Unico principio, alcancando taxas de erro mais baixas para classifica¢des avali-
adas como altamente confidveis. Em tarefas de classificagdo, o método que combina os
principios de densidade e ajuste local produziu os resultados mais estdveis, apresen-
tando uma base mais sélida para a tomada de decisdes criticas. Além da anélise de con-
tiabilidade, o caso de estudo com regressdao comparou modelos estatisticos tradicionais
com abordagens de machine learning na previsao de admissdes hospitalares. Os resulta-
dos mostram que os modelos de machine learning alcancam uma maior correlagdo com
os valores reais e que, para a andlise de confiabilidade, os métodos que combinaram
ambos os principios melhoraram a correlagdo entre os erros absolutos das previsodes e
a confiabilidade atribuida.

Palavras-chave: Density Principle, Local Fit Principle, Machine Learning, Pointwise Relia-
bility
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1 INTRODUCTION

Machine learning (ML) techniques have made significant advances in recent years in
critical areas such as healthcare [1, 2, 3]. Predictive models are now capable of assisting
clinicians in tasks such as disease diagnosis, treatment selection, risk stratification, and
patient monitoring. However, despite significant advances in predictive accuracy, the
deployment of ML models in real world clinical settings remains limited. A central
barrier to their adoption lies not in the accuracy of the models, but in the absence of
mechanisms to assess their reliability [4, 5].

Traditional evaluation metrics such as accuracy, precision, and mean squared error
(MSE) are typically computed on test datasets and serve as global indicators of model
performance. These aggregate statistics, while useful during model development, do
not provide insight into how the model performs in individual cases. In deployment
phase, the distribution of the input data may change, edge cases may arise, or a model
may encounter data instances that are underrepresented in the training process [6, 7,
8]. In such cases, a single overall metric cannot reliably indicate the behavior of the
model, and decision makers are left without information on whether a given prediction
is reliable. This is particularly problematic in the clinical domain, where erroneous

predictions can have serious consequences, an issue that remains largely unaddressed
[9, 10].

Recent research has explored pointwise reliability [11, 12, 13], a quantification of how
likely a given prediction will be correct. Assessing the pointwise reliability of an ML
model aims to answer the question “Can I rely on the machine learning model to pre-
dict this current instance?”. The response can be used to flag uncertain predictions
for further review, guide clinicians toward more cautious decision making or trigger
fallback procedures.

Two main principles guide current approaches to pointwise reliability [14]. The den-
sity principle states that the predictions are more likely to be correct when the input
instance lies within a dense region of the training data. The local fit principle evalu-
ates how well the model performed in regions of the feature space similar to the new

instance.

Although various studies have proposed methods based on these principles, their eval-
uation has often been carried out independently, with different datasets, models, and
validation criteria. Consequently, there is little direct comparison between pointwise
reliability methods, and many methods are evaluated in domain specific environments.

1
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To address this gap, this work implements and benchmarks a set of model agnostic
pointwise reliability methods, using consistent datasets and models. This approach
provides a way to directly compare these techniques and analyze their strengths and
limitations under similar conditions.

The work focuses on three case studies. The first two are strictly clinical and involve
classification tasks, one relating to treatment decisions and another focusing on mortal-
ity related to cardiovascular problems. The third case study shifts focus to the health-
care management domain, specifically a regression task for hospital admissions based
on environmental and temporal variables. This third study is justified by its strong
public health implications [15, 16] as well as the amount of data available. Further-
more, it introduces additional challenges that are not present in the other cases, such
as data analysis and model selection validation.

By exploring and comparing the performance of multiple reliability estimation tech-
niques in these diverse contexts, this work aims to provide information on when and
how pointwise reliability can enhance trust in ML based systems in clinical contexts
and its adjacent domains.

1.1 Main Objectives and Contribution

The main objective of this thesis is to study and implement pointwise reliability mea-
sures to evaluate the reliability of predictions of ML models. The work builds on the
hypothesis that the reliability of a specific instance can be estimated by assessing its
similarity to the training data and by evaluating whether the model performs well on
training samples in the same local neighborhood. These reliability metrics are intended
to provide users with guidance on the trustworthiness of predictions, especially in sen-
sitive applications such as the clinical field.

During the course of the thesis, an additional dataset was made available in the health-
care management domain. This expanded the objectives to also include a regression
problem, introducing exploratory analysis and assessment of model suitability before
the application of reliability estimation methods.

Thus, the specific objectives of this project are: i) to identify and implement point-
wise reliability methods based on the density and local fit principles; ii) to assess the
performance of the selected methods; and iii) to extend the analysis to a healthcare
management regression.

The key contribution is the practical implementation and comparative evaluation of
model agnostic pointwise reliability methods. The work presents adaptations for clas-
sification and regression, validates the methods on real world datasets, and examines
their applicability across different domains. This contribution is supported by three

2
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case studies. Two address clinical classification tasks focused on treatment decisions
and cardiovascular risk, while the other addresses a healthcare management task that
predicts hospital admissions. Together, these studies show how pointwise reliability
can strengthen trust in ML predictions in healthcare.

1.2 Project Planning

The main tasks implemented during the development of the project are as follow:

e T1. State-of-the-art: State-of-the-art of pointwise reliability of machine learning
predictions, with emphasis on density and local fit principles;

e T2. Reliability measures: Research and implement model agnostic pointwise
reliability measures for machine learning models;

e T3. Use cases: Validate the measures in representative clinical and healthcare
management use cases;

e T4. Final report: Write the final report.

Table 1.1 shows the tasks implemented during the development of the project over

time.

Table 1.1: Planned schedule for tasks.

Tasks | Sep | Oct | Nov | Dec | Jan | Feb | Mar | Apr | May | Jun | Jul | Aug | Sep

T1 X X X X | X

T2 X X X | X | X

T3 X | X X X X X

T4 X X X X | X ]| X X

Regarding the original plan, the state-of-the-art review was extended to cover the third
case study, which prolonged its duration and consequently had an impact on the re-

maining tasks.

1.3 Document Structure

The remainder of this document is organized as follows:

e Chapter 2 presents the concept of pointwise reliability, reviews the main meth-
ods, and introduces the benchmarking framework;

e Chapter 3 reports on a classification case study involving patient treatment deci-
sions, evaluating pointwise reliability methods;

e Chapter 4 applies the methods to a second clinical classification task that focuses
on predicting mortality related to cardiovascular problems;

3
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e Chapter 5 addresses a regression task on hospital admission forecasting. In ad-
dition to assess pointwise reliability, the chapter also discusses the preparation of
the data and validation of the model for the case study;

e Chapter 6 presents the main conclusions, discusses limitations, and future direc-
tions.

Additionally, the document includes the following appendices:

e Appendix A - Patient Treatment: Complementary results from the patient treat-
ment classification case study (Chapter 3);

e Appendix B - Hospital Admissions: Additional experiments for the hospital ad-
missions regression case study (Chapter 5), including models trained in different
settings and the evaluation of further reliability metrics.
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2 PoINTWISE RELIABILITY

This chapter introduces the concept of pointwise reliability and presents the methods
selected for evaluation in subsequent case studies. It also describes the benchmark
used to assess their performance.

2.1 Definition of Pointwise Reliability

This section introduces the concept of pointwise reliability, focusing on the density
and local fit principles that support methods that are agnostic to the Machine Learning
(ML) model and applicable in the deployment stage.

Assessing the reliability of individual predictions aims to determine when the output
of a model can be trusted and when it should be subjected to additional consideration
or human review. Although the notion of reliability appears in multiple contexts [10,
17, 18, 19], in this work reliability is defined as the probability that a prediction of
a model is correct for a given new instance, expressed as a continuous value within a
defined range (e.g., between 0 and 1). This discussion follows the taxonomy of Loureiro
et al. [14] to present the principles and methods.

The density principle assumes that regions of the feature space with high data con-
centration are more likely to produce reliable predictions, whereas sparse regions are
more uncertain. The main idea is that the reliability of each individual prediction can
be assessed by evaluating how dense the neighborhood of a new instance is. In prac-
tice, the density principle is implemented through data driven methods that can be
categorized as unsupervised or supervised:

e Unsupervised: These methods assess reliability based on the similarity or prox-
imity of a new instance to other data points, often using distance metrics or clus-
tering algorithms. For example, if a test sample is far from most of the training
data or outside clusters, it is considered less reliable;

e Supervised: When label information is available, the reliability can also be as-
sessed based on the consistency of the class. For example, if a new instance be-
longs to a region predominantly occupied by points of the same class, it may be
considered more reliable.

The local fit principle assesses the reliability based on how well the ML model per-
forms in the local neighborhood of a new instance. In essence, if the model performed
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well in a region of the feature space similar to the model input, then its prediction is
more likely to be reliable. Methods based on the local fit principle can be grouped
according to the type of information they use:

e Data driven: These methods assess the variability or dispersion of the target vari-
able in the neighborhood of the new instance. For example, in a regression, a high
variance in the output labels of nearby training points suggests that the local re-
gion is less reliable;

e Model driven: These methods incorporate the predictions of the model to eval-
uate local error or uncertainty. Examples include calculating the mean squared
error of neighboring points, assessing output variance from an ensemble of mod-
els or training auxiliary models to predict the error;

e Complementary information: These methods incorporate domain knowledge in
the reliability assessment, such as logical or consistency rules, rather than rely-
ing on data or model predictions alone. A prediction is considered reliable if it
satisfies some predefined rules. For example, in a clinical case, it should not be
predicted that a patient with more severe symptoms is at lower risk than a patient
with less severe symptoms.

In the literature, a variety of methods have been proposed for assessing pointwise re-
liability that can be categorized into density, local fit, and a combination of both prin-
ciples.

Methods based on the density principle assess how well supported a new instance
is within the training data. Techniques including distance estimators such as nearest
neighbor [20], which compute distances to evaluate the density of nearby points, clus-
tering approaches such as DBSCAN [21], which identify dense regions that are likely
to correspond to more reliable predictions, and fuzzy c-means [22], which iteratively
finds cluster centers and assigns to each instance a degree of belonging to each cluster,
are examples of methods that can be used to evaluate pointwise reliability following
unsupervised methods.

For supervised methods, Nicora et al. [11, 23] propose a method that assesses relia-
bility by evaluating the proximity of a new instance to the boundary instances in the
training data for each feature, using the ordered projections algorithm [24] to define
the borders. Considering both internal and external boundaries, the reliability is com-
puted as the proportion of features of the new instance that fall outside the boundaries
relative to the total number of features. Another approach based on geometric meth-
ods was assessed by Sousa et al. [25], who used convex hulls [26] to identify convex
regions that contain data points of the same class. Given the complexity of the algo-
rithm, the authors chose a small subset of the total features to compute the reliability
of the predictions.
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The method developed by Waa et al. [27], evaluates the similarity of new data points
to previously observed data points using a supervised distance based approach. The
method calculates a confidence score by weighting the influence of all data points based
on their proximity to the new instance (all training data are considered). The same au-
thors propose an alternative version of the method [28] in which new instances are
compared with past cases using the nearest neighbors. The neighbors are divided into
groups that either support or contradict the current prediction of the model, and a
confidence score (reliability) is derived from the similarity of the supporting group.
Experiments on various datasets have shown that the method provides reliable confi-

dence scores.

Another supervised method was proposed by Kailkhura et al. [29] to address mixed
data types (continuous and categorical features) for material discovery. The author
used the Gower distance to measure the similarity between instances. Their reliability
is assessed as the ratio of the average Gower distance of a test sample to samples in its
own class to the total average distance to both its own class and other classes, assigning
higher reliability to instances that are closer to their own class.

Local fit methods estimate reliability by analyzing the behavior of the model. Briese-
meister ef al. [30] proposed for regression tasks two methods: the Confidence estima-
tion based on the Neighbours Errors (CONFINE) and Confidence estimation based on
the Variance in the Environment (CONFIVE), which works using the characteristics of
nearby data points of a new instance (using the training data). Using the output of the
trained model, CONFINE estimates the mean squared error of the nearest neighbors
of a new instance. CONFIVE, which can be categorized as a data driven method, eval-
uates the variance of labels of the nearest neighbors of a new instance, assuming that
greater variance is correlated with lower reliability. Both methods have been validated
on various datasets, proving their effectiveness and ML model agnostic characteristics.

A model driven approach using complementary models was introduced by Adomavi-
cius and Wang [31], where a secondary model is trained to predict the absolute error
of a primary model. This secondary model learns from a validation dataset and out-
puts a reliability classification for new instances. Trindade et al. [32] and Zhang et
al. [33], who also train a secondary model to predict the error of the main regression
model, proposed a similar strategy for regression tasks. The authors conclude that
this approach performs better than relying on simple metrics such as local variance
or average distance. Another approach using a complementary model was proposed
by Myers [34], consisting of a separate risk model based on summary statistics of the
training data. This auxiliary model estimates the likelihood of misclassifications, help-
ing to assess the reliability of predictions. Although the results are encouraging, it is
worth noting that using a secondary model may shift the reliability problem to that
secondary model.
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Methods based on complementary information incorporate expert knowledge to im-
prove the reliability of predictions. In the works of Xie et al. [35] and Luu et al. [36],
reliability is evaluated in nonclinical contexts by assessing whether classifiers produce
consistent predictions when the input data are altered in ways that should not affect
the outcome (such as adding irrelevant attributes or duplicating samples). This is done
by defining expected behaviors under such transformations and comparing the output
of the model before and after the modifications. Inconsistencies suggest implementa-
tion faults or unexpected behavior. Another method, applied in a clinical context, was
proposed by Valente ef al. [37]. The method combines an ensemble of decision rules
based on clinical risk factors with a ML model for the prediction of mortality. Each
rule contributes an acceptance score that indicates support for a specific outcome, and
the reliability is computed as the difference between the mean acceptance of rules that
support death and those supporting survival. Similarly, Zhao et al. [13] proposed a
method in a clinical context where a set of rules (derived from ranges indicating when
the model is more or less reliable) are formulated, and the reliability is then quantified
as the proportion of these rules satisfied for a given prediction. Although these meth-
ods are designed for a specific domain, they demonstrate how domain knowledge can
be embedded in the reliability assessment.

There are also methods that combine the density and local fit principles, using both
the data and the behavior of the model. An example is the method proposed by Hen-
riques et al.[38] in the context of cardiovascular risk assessment. The reliability of each
prediction is assessed using three components. The density component evaluates how
close similar training samples are to a new instance, applying a threshold to determine
whether the surrounding region can be considered “dense”. The data agreement com-
ponent measures whether the actual labels of nearby training samples align with the
prediction of the model for the new instance. The third component, the ML agreement
component, follows the same principle as data agreement but uses the predictions of
the model instead of actual labels. This combined reliability assessment has been vali-
dated in cardiovascular risk prediction tasks and has shown potential in distinguishing
between reliable and unreliable predictions.

2.2 Selected Pointwise Methods

This section presents the pointwise reliability methods selected for evaluation in the
case studies presented in Chapters 3, 4, and 5. These methods are designed to evaluate
the pointwise reliability independently of the underlying model, producing a normal-
ized scalar or adjusted to be within the range [0, 1].

The selected methods were implemented considering their data driven nature and
model agnostic applicability, making them suitable for production stages. Clustering
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methods were included due to their recent lack of attention in the literature, as well as
distance based methods, such as the weighted distance approach [28] and a method
that combines multiple metrics to integrate density and local fit [38]. For the regression
case study presented in Chapter 5, additional local fit methods (specific for regression
tasks) based on the work of [30] were explored. The methods were first introduced by
Correia et al. [39].

2.2.1 Subtractive

The first method uses subtractive clustering [40, 41 ], where each data point is evaluated
as a potential cluster center based on the density of nearby points within a specified
influence range (r,). The algorithm consists of three main iterative steps. In step 1, the
potential (density - D;) of each data point z; is computed with respect to all n data

The second step selects the point with the highest potential as a cluster center and

points, as follows:

reduces nearby potentials. The data point with the highest potential ( D,) is chosen as
the first cluster center (x.;). Then, potentials of points close to this cluster center are
reduced to avoid redundant centers, according to the following:

B |z — ||2)>
Di = Dz — Dcl eETP | — 3 (22)
SSF

where D, is the density of the selected cluster center x.,, and r, = squash_factor x r,
(where the default squash factor is set to 1.25).

The third step evaluates and selects subsequent cluster centers iteratively. After poten-
tial reduction, the next candidate point with the highest remaining potential is selected,
and the following acceptance criterion is applied (if the candidate potential D, satis-
ties the equation):

dmin N Dy
Ta D,

The point is accepted as a new cluster center (where d,,;, is the shortest distance from

> 1 (2.3)

the cluster centers previously identified). If not, it is rejected and the search continues.
This process repeats until no points exceed a predefined rejection threshold (set by a
rejection ratio, whose default is 0.15).

The workflow for this method includes the following;:

e Parameter Optimization: A grid search was performed over the r, parameter

9
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(starting with the values 0.05 and ending with 0.5, with 18 additional values be-
tween) to maximize the number of valid clusters, ensuring that no cluster con-
tained fewer than a predefined minimum number (3) of members.

e Clustering and Assignment: Using the optimal 7,, the algorithm assigned each
data point to the nearest cluster if it was within the range; otherwise, the points
were marked as unassigned.

e Reliability Computation: Reliability for each new instance is computed based on
the following:

C]

minimum cluster size’

1) (2.4)

R, =min (

where |C| is the size of the cluster to which the instance belongs. Points outside any
cluster received a reliability score of 0.

The “minimum cluster size” parameters were determined as described in Section 2.2.10.

2.2.2 DBSCAN

The second method uses the DBSCAN algorithm [21], which identifies clusters based
on the density of points in a neighborhood defined by two parameters, the distance
threshold (¢) and the minimum number of points (MinPts). A point is classified as a
core point if at least MinPts other points are located within its €. Clusters are formed
by expanding from core points and adding all points that can be reached within ¢.

The algorithm is iterative. Starting from an unvisited point, its neighborhood is ex-
amined. If the point is a core point, a new cluster is formed and all density reachable
points are added to it. Border points, which are not core points themselves but are
located within the € neighborhood of a core point, are assigned to the corresponding
cluster. Points that are not core or border are labeled as noise.

The workflow for this method includes the following;:

e Parameter Optimization: A grid search was performed on the ¢ (10 values rang-
ing from 0.01 to 0.5 in equal intervals) and MinPts (4 values, starting at 2 and
increasing by 2 in each iteration) to maximize the number of clusters.

e Clustering and Assignment: Using optimal parameters, DBSCAN assigned points
to clusters or labeled them as noise.

Reliability Computation: For each new instance, the nearest point (a dense point identi-
fied by DBSCAN) was identified using the Euclidean distance. If the nearest core point
belonged to a valid cluster and the instance was within the defined distance threshold
(¢), the instance was considered part of the cluster. Otherwise, it was treated as unas-
signed. Reliability was computed as the size of the cluster divided by a predefined

10
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threshold, “minimum cluster size”, with scores capped at 1. The calculation follows the
same principles as previously described for the subtractive clustering method (Equa-
tion 2.4). The “minimum cluster size” parameters were determined as described in
Section 2.2.10.

2.2.3 Distance

The Distance method computes the reliability by focusing on the density of neighbors
within a given distance threshold. For each new instance, the Euclidean distances to all

training points are computed, and neighbors within the distance threshold are identi-
tied.

The workflow for this method is as follows:

e Distance Calculation: The Euclidean distances from the new instance to all points
in the training data are computed;

e Neighbor Identification: Points belonging to the same predicted class as the new
instance are identified, and the number of these points within the defined dis-
tance threshold is computed;

o Reliability Computation: Reliability is computed as the total number of neighbors
of the same class within the distance, divided by the “minimum cluster size”
parameter. Reliability scores are capped at 1 for sufficiently dense regions.

The distance threshold and the “minimum cluster size” parameters were determined
as described in Section 2.2.10.

224 ICM

The fourth method presented is an adaptation of the interpretable confidence measure
(ICM) framework, based on the work of Waa et al. [28]. The method evaluates the reli-
ability of a prediction by analyzing the support or opposition provided by the nearest
neighbors of a new instance in the training data.

The method relies on two main steps: identifying the nearest neighbors of a new in-
stance and using their distances to compute a weighted confidence score. Closer neigh-
bors are given more influence, reflecting their proximity to the instance.

The workflow for this method is as follows:

e Neighbor Selection: The k-nearest neighbors of the new instance are identified
from the training data using the Euclidean distance. These neighbors are then
divided into two groups: S*, representing neighbors that share the predicted
label, and S, representing neighbors with a label different from the predicted

one.
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Sigma Calculation: ¢ is computed as the mean squared distance between the new
instance x and its neighbors as shown in

1
U:EZ |z — i |, (2.5)

2, EN(x)

where N (x) is the set of all k-nearest neighbors.

Weight Calculation: Each neighbor is assigned a weight based on its distance to
the new instance, with the closer neighbors having greater influence. The weight
of a neighbor z; is computed using;:

9\ 2
Wz, x;) =exp | — <M) (2.6)
Weighted Contributions for Support and Opposition: The average weighted con-
tributions of the supporting (S*) and opposing (S~ ) neighbors are computed as
follows:
Wt = 1 Z W (x,x;), W~ = % Z W (z, ;) (2.7)
|S+‘x7¢€$+ ’S |$¢€S*

where [ST| and |S™| denote the number of elements in ST and S~, respectively.

Reliability Computation: The confidence score, C (x), is computed as the differ-
ence between the weighted contributions of the supporting and opposing neigh-
bors:

C(X)=W"-w~ (2.8)

The confidence score is then rescaled to the range [0, 1] using:

R:{ 0, if C(z) <0 29)

C(z), otherwise

The value of k used in this method was selected using the procedure described in Sec-
tion 2.2.10.

2.2.5 Density and Local Fit

The Density and Local fit method is an implementation based on the work of Henriques

et al. [38], which combines density measures with local fit principles to assess point-

wise reliability. The method calculates the reliability for a new instance by integrating

three components: density, data agreement, and machine learning agreement. These

components evaluate the consistency of the new instance within the training data, the

agreement with its neighbors, and the consistency of the model predictions.

12
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The workflow implemented for this method is as follows:

e Density Component: The density is computed by counting how many training
data points fall within a predefined (euclidean) distance threshold around the
new instance. The count is limited to a maximum number of neighbors (“min-
imum cluster units”), ensuring that the density score is normalized to a range
between 0 and 1;

e Data Agreement Component: The data agreement is computed as the proportion
of neighbors that share the same label as the predicted label of the new instance
based on the distance threshold;

e ML Agreement Component: The ML agreement measures the consistency be-
tween the predictions of the model for the neighbors and the predicted label of
the new instance (based on neighbors with consistent predictions divided by total
neighbors within the threshold);

e Reliability Computation: The final reliability score is computed by multiplying
the three components. This formulation ensures that all three aspects contribute
to reliability.

The predefined distance threshold and “minimum cluster units” were selected based
on the strategy described in Section 2.2.10.

2.2.6 CONFIVE

The CONFIVE method was proposed by Briesemeister et al. [30] as a model agnostic
pointwise reliability estimator for regression problems. It assesses reliability by evalu-
ating the variance in the target values of the k nearest neighbors of a given new instance.

Since variance can take any positive value, the authors propose a normalization strat-
egy to map the result to the [0, 1] interval. Specifically, the normalized score of a new
instance is computed as the fraction of training instances with lower (less reliable)
CONFIVE scores than the new instance.

The workflow for this method is as follows:

e Neighbor Identification: The k nearest neighbors of a new instance are identified
using the Euclidean distance;

e Score Computation: For the new instance, the unbiased sample variance of the

target values of its k£ neighbors is computed as:
L&
CONFIVE =1 — —— ) (7 —y;)? (2.10)

k—1+4
=1

where 7 is the mean of the target values of the k neighbors, and y; is the target
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value of the i-th neighbor;

e Normalization: The final reliability score is determined by computing the pro-
portion of training instances whose CONFIVE scores are smaller than the new
instance.

The parameter & (number of nearest neighbors) was selected using the strategy de-
scribed in Section 2.2.10.

2.2.7 CONFINE

The CONFINE method, also proposed by Briesemeister et al. [30] as a pointwise metric
for regression tasks, differs from CONFIVE by estimating reliability based on the local
prediction error rather than on the variance of target values. The method evaluates the
mean squared error (MSE) between the predictions of the model and the actual labels
of the k£ nearest neighbors of a new instance.

The same normalization strategy described in Section 2.2.6 is applied (using CON-
FINE), mapping the raw scores to the [0, 1] interval.

The workflow implemented for this method is as follows:

e Neighbor Identification: The %k nearest neighbors of the new instance are identi-
tied using Euclidean distance;

e Score Computation: For each neighbor, the model prediction is obtained, and the
mean squared error (MSE) is computed between the predicted and actual label
values:

k
1
CONFINE =1 — = "(y; — i)’ (2.11)
=1

|

where y; denotes the true label and y; represents the model prediction for the i-th
neighbor;

e Normalization: The final reliability score is obtained by computing the propor-
tion of training instances whose CONFINE scores are smaller than the new in-

stance.

The parameter & (number of nearest neighbors) was selected using the procedure de-
scribed in Section 2.2.10.

2.2.8 denCONFIVE

The denCONFIVE method combines the CONFIVE method with distance based den-
sity component. In practice, the method combines the assessment of the local variance
(as in the CONFIVE method) with a simple density verification.
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The workflow for this method is:

e Neighbor Identification: The k nearest neighbors of the new instance are identi-
tied using Euclidean distance;

e CONFIVE Score Computation: The CONFIVE score is computed as the unbiased
sample variance of the target values of the £ nearest neighbors, following the full
procedure described in Section 2.2.6, including the normalization step;

e Density Component: The density is computed by counting the number of train-
ing instances within a predefined Euclidean distance threshold from the new in-
stance. The count is capped at the same % value used in the CONFIVE computa-
tion;

e Reliability Computation: The reliability is computed by multiplying the two com-
ponents.

Parameters k£ (number of neighbors) and the “distance threshold” were selected using
the procedure described in Section 2.2.10.

2.2.9 iqrDenCONFIVE

The last method follows the same procedure as denCONFIVE, described in Section
2.2.8, where the CONFIVE score is normalized using a different approach.

Instead of computing the normalized score as the proportion of training instances with
lower CONFIVE values than a new instance, iqrDenCONFIVE scales the raw variance
directly using a Min-Max scaling strategy (scaling the values to the interval [0, 1]). This
alternative addresses a limitation of the original normalization strategy, which may
assign identical reliability scores to instances with substantially different raw variance
values, reducing the ability of the method to discriminate between levels of reliability.

The scaling is performed by identifying, for each training instance, the k nearest neigh-
bors (using the same k as in CONFIVE) and computing the unbiased sample variance
of their target values.

To reduce the influence of extreme outliers in the variance distribution, which could
bias the scaling process, an interquartile range (IQR) based filtering strategy is applied.
All variance values above Q3 + 1.5 x IQR are excluded, and a Min-Max scaler is then
fitted using the remaining values to normalize the local variance for each new instance.
As shown in Figure 2.1, for the problem described in Chapter 5, the distribution of local
variances exhibits a long right tail, indicating the presence of high variance outliers and
supporting the use of IQR based filtering prior to normalization.
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Distribution of local variances (k = 7)
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Figure 2.1: Boxplot of the distribution of local variances for all training instances using 7 neigh-

bors.

The reliability score is then computed as:

C(z) = 1 — scaled_variance (2.12)

The final score is adjusted using:

0, if C(x) <0
R(z) =<1, if C(z) > 1 (2.13)

C(z), otherwise

This formulation ensures that the final reliability score R(x) € [0, 1], where the higher
reliability corresponds to a lower local variance. Additionally, it penalizes instances
whose variance falls outside the trimmed upper range observed in the training data.

For the final reliability score, this method retains the same structure as denCONFIVE
combining the normalized CONFIVE score with a density component.

The parameters k& (number of neighbors) and the “distance threshold” were selected
using the procedure described in Section 2.2.10.

2.2.10 Parameter Selection

The performance of pointwise reliability methods often depends on parameters such
as the distance threshold, the minimum cluster unit, or the number of neighbors.

Some studies have proposed strategies to determine these parameters [14]. For ex-
ample, Sahigara et al. [42] explored a range of global thresholding techniques based
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on distances between training instances, including the use of the maximum observed
distance, fixed multiples of the average distance, and percentile based thresholds. To
select the number of neighbors (%), Briesemeister et al. [30] proposed a cross-validation
approach with two folds, selecting the value of k that produces the best results for the
method.

A more recent strategy, used by Henriques et al. [38], is based on the distribution of
pairwise distances between all training instances. In this approach, a global distance
threshold is defined using a selected percentile of the distance distribution, and the
“minimum cluster unit” is computed as the average number of neighbors found within
this threshold.

In the present work, a similar percentile based strategy [38] is adopted. For each case
study (Chapters 3, 4, and 5), pairwise distances between training instances are com-
puted and a relatively low percentile is selected to define the distance threshold. This
selection aims to ensure that reliability assessments focus on dense regions, while still
preserving enough neighbors to support the evaluations. The specific threshold values
vary depending on the characteristics of the dataset.

Figure 2.2 illustrates this process for the case study presented in Chapter 4. The selected
threshold percentile corresponds to a small pairwise distance between instances.

Distribution of Pairwise Distances

- == Threshold: 0.11

800000 +

600000

Frequency

400000

200000

T T
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75
Distance

Figure 2.2: Distribution of pairwise distances between training instances. The vertical line
marks the selected percentile threshold.

Table 2.1 further illustrates the relationship between the selected percentiles, their cor-
responding distance thresholds, and the resulting minimum cluster unit sizes for the

17



Claudio Correia

same case study. For example, the 0.25 percentile was selected as it balances a small
distance threshold while showing a decent number of neighbors (a value believed to
be neither too low nor too high for the problem).

Table 2.1: Relationship between selected percentiles of pairwise distances, their correspond-
ing distance thresholds and the resulting “minimum cluster unit” values (average number of
neighbors within each threshold).

Percentile Distance Threshold Minimum Cluster Unit

0.1 ~ 0.087 3

0.25 ~ 0.107 9

0.5 ~ 0.124 19
5 ~ 0.223 198

2.3 Benchmark

This section describes the benchmark used to assess the pointwise reliability methods.
Related works [38, 43] have adopted a similar evaluation, in which the predictions of
the model are grouped into reliability intervals using a pointwise reliability method,
and the number of errors in each interval is analyzed to assess the effectiveness of relia-
bility estimation. These studies typically apply pointwise reliability methods to models
optimized for the problem.

In this work, the benchmarking strategy follows that presented in a previous study [39].
Unlike most related work, the benchmark was applied using a modest ML model, with
a substantial presence of errors. This choice ensures the inclusion of a substantial pro-
portion of both correct and incorrect predictions, reducing the bias that could be intro-
duced when applying these metrics to models with very high accuracy.

Predictions are grouped into intervals based on their reliability scores, using 10% in-
tervals (e.g. [0.00,0.10],]0.90, 1.00]). Within each interval, the predictions are classified
according to their correctness and true class, as follows:

e Correct (0): label is 0 and prediction is correct.
e Incorrect (0): label is 0 and prediction is incorrect.
e Correct (1): label is 1 and prediction is correct.
e Incorrect (1): label is 1 and prediction is incorrect.

This categorization supports the evaluation of how well the methods distinguish be-
tween high and low reliability predictions. It also helps to verify whether higher relia-
bility scores are associated with lower error rates, as expected. In addition, analyzing
the distribution of errors between reliability intervals helps identify inconsistencies or
limitations in the methods.
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In the regression case study (Chapter 5), a similar approach is used. However, since
the targets are continuous, correctness is defined by whether the predicted value falls
within a defined tolerance threshold around the true value (e.g. [true £ §], with ¢ se-
lected based on domain knowledge). The evaluation also includes an analysis of the
absolute prediction error across reliability intervals, helping to assess how reliability
scores correspond to variability in prediction error magnitude.

Although visualizations are not included in this document, techniques such as the t-
distributed Stochastic Neighbor Embedding [44] were used during the study to sup-
port the interpretation of the results. These visualizations were introduced in [39] as
part of the original benchmarking framework. In that context, visual patterns of reli-
able and unreliable predictions provided additional support to the numerical analysis
by showing how prediction errors and class distributions are organized in the dataset.
In the present work, such visualizations are not analyzed' due to the use of repeated
random data splits, which result in varying training and test sets across iterations and
limits the consistency of visual representations.

!Examples of the visualizations are presented in Appendix A.
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3 CASE STUuDY: PATIENT TREATMENT

This chapter presents a case study to evaluate pointwise reliability methods in a clas-
sification context. The analysis is based on the work introduced in [39], where the
same dataset and pointwise reliability methods are evaluated. The code used to im-
plement these methods and the resulting visualization is available in the GitHub repos-
itory [45].

The evaluation includes five methods based on the density and local fit principles,
specifically Subtractive Clustering, DBSCAN, Distance Based, ICM, and Density and
Local Fit. The details of the implementation of the pointwise reliability methods are
described in Chapter 2.2. The evaluation follows the benchmark detailed in the pre-
vious chapter, where the predictions are grouped into reliability intervals and their
correctness is assessed based on the true labels.

3.1 Dataset and Model

The dataset used in this study is the “Patient Treatment Classification Dataset” [46],
which contains anonymized health records from a private hospital in Indonesia. Each
instance represents a patient and includes laboratory test results, demographic fea-
tures, and a binary label indicating whether the treatment decision was “in care” or
“out care”.

This public dataset contains 4412 instances. The class distribution is moderately imbal-
anced, with approximately 60% of samples labeled as “out-care” (class 0). The origi-
nal set of features includes numerical laboratory measurements, such as hemoglobin,
erythrocyte, leukocyte, thrombocyte, hemocyte (HCT), mean corpuscular hemoglobin
(MCH), mean corpuscular hemoglobin concentration (MCHC), mean corpuscular vol-
ume (MCV), age, and categorical variable sex.

A Pearson correlation analysis was performed to evaluate the potential redundancy
between features. As shown in Figure 3.1,where the label is represented by SOURCE,
hemocrit showed a strong correlation with hemoglobins, and MCH was highly cor-
related with MCHC. Given this overlap, hemocrit and MCH were removed from the
feature set to avoid introducing redundant information into the model.

The final feature set (Table 3.1) includes seven numerical variables (hemoglobin, ery-
throcyte, leukocyte, thrombocyte, MCHC, MCV, age) and one categorical variable (sex).
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Figure 3.1: Pearson correlation matrix.

The summary of descriptive statistics of the numerical features is shown in Table 3.1.

Table 3.1: Descriptive statistics of numerical features.

Feature Mean Std Min  Max
Haemoglobins  12.7 20 38 18.9
Erythrocyt 4.5 07 14 7.8
Leucocyte 8.7 49 11 76.6
Thrombocyte ~ 257.5 114.0 10.0 1183.0
MCHC 33.3 1.2 26.0 39.0
MCV 84.6 6.8 540 115.6
AGE 46.6 217 1 98

To evaluate pointwise reliability, the same procedure was repeated ten times. In each
iteration, the dataset was randomly split into a training set (80%) and a test set. A sim-
ple logistic regression classifier [47] was trained’, and all pointwise reliability methods
were applied to its predictions. All numerical features were scaled to the range [0, 1],
and the categorical feature sex was encoded as binary (0 for female, 1 for male).

It should be noted that the classifier is not the central component in this study. Since
the objective is to evaluate the behavior of the pointwise reliability methods rather than
to optimize the performance of the model, the classifier is treated as a black box. Using
a complex model that achieves perfect accuracy would be unrealistic in a real world
scenario and unsuitable for the benchmark, as it would leave little room for differen-

The classifier was implemented using the LogisticRegression class from the scikit-learn Python
library.
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tiating between reliable and unreliable predictions. In this context, a simple model is
sufficient to support the evaluation.

The classifier achieved an accuracy of 71.6% + 1.2 and an area under the receiver op-
erating characteristic curve of 0.758 + 0.016 (mean =+ standard deviation over 10 itera-
tions), indicating moderate predictive performance, which is adequate for the bench-

mark evaluation.

3.2 Pointwise Reliability

This section assesses pointwise reliability methods applied to the patient treatment
case study. The analysis includes five methods based on the density and local fit prin-
ciples, namely Subtractive Clustering, DBSCAN, Distance Based, ICM, and Density
and Local Fit, all described in Chapter 2.2. These methods are model agnostic and can
be applied independently of the classification model.

All methods are evaluated using the benchmark strategy presented in Chapter 2.2. Pre-
dictions are grouped into reliability intervals and the distribution of errors is analyzed
to assess the ability of each method to distinguish between reliable and unreliable pre-
dictions. Each method is evaluated over 10 iterations. The original benchmark design
can be found in Correia et al.[39], where a single validation split was used and the anal-
ysis was complemented with t-distributed Stochastic Neighbor Embedding (t-SNE)
visualizations. Although multiple runs prevent their use in the current aggregated
results, visualizations from a single fold are included in Appendix A to support inter-
pretation. For example, the visualizations reveal that clustering based methods fail to
form meaningful patterns across reliability intervals, while the Density and Local Fit
method assigns high reliability to predictions in homogeneous regions, supporting the
quantitative analysis presented in this chapter.

To ensure comparability among methods, the threshold parameters were selected us-
ing the procedure described in Section 2.2.10, which uses the 0.25 percentile of the
pairwise distance distribution. This resulted in a distance threshold of 0.107 and a

minimum cluster size of 9.

3.2.1 Subtractive

Subtractive clustering (Section 2.2.1) serves as the first pointwise reliability method un-
der evaluation. Figure 3.2 shows the error rates in each reliability interval, separated by
predicted class. Each boxplot summarizes the variability in error across iterations and
allows an assessment of how prediction correctness is distributed along the reliability
intervals. For class 1, the error rate is consistently zero in all intervals where predic-

tions are present. For class 0, there is no clear decreasing trend in error as the reliability
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increases. In particular, the highest reliability interval does not present a lower error
than the lowest one, and in several reliability intervals, its variance is substantial.

Boxplot of Error Rates Across Intervals (Subtractive - Label 0 vs Label 1)
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Figure 3.2: Boxplot of error rates across reliability intervals using the Subtractive method, sep-
arated by predicted label.

The distribution of the predictions across the intervals is presented in Table 3.2, which
reports the average number of instances per iteration assigned to each reliability inter-
val for both predicted classes.

Table 3.2: Number of predictions for each label (Y = 0, Y = 1) in each reliability interval using
the Subtractive method.

Interval Y=0 Y=1
[0.0,0.1] 298.8+14 108.1 +12
10.1,0.2] 0+0 0+0
10.2,0.3] 0+0 0+0
10.3,04] 04 +0.6 0.2+ 0.6
10.4,0.5] 0.8+0.6 04+0.8
]0.5,0.6] 18+19 04+0.8
10.6,0.7] 1+1 04+0.5
10.7,0.8] 1+1 02+04
]0.8,09] 1.8+22 0.5+0.8
109,1.0] 248+7 14+09

Most predictions are concentrated in the first interval [0.0, 0.1], indicating that most in-
stances were not assigned to any cluster and thus received the lowest reliability score. A
smaller but consistent group of predictions appears in the last interval |0.9, 1.0], which
corresponds to high reliability. The remaining intervals contain very few predictions,
with many intervals showing a number of instances close to zero.

These results indicate that the subtractive clustering method has limitations in estimat-
ing reliability. Although class 1 predictions show zero error when a reliability score
is assigned, they are almost entirely absent from most intervals, suggesting that the
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method fails to capture a meaningful structure for this class. For class 0, predictions
are more widely distributed, but error rates do not decrease with increasing reliability.
In particular, the high reliability group does not achieve better predictive accuracy than
the low reliability group.

In general, the method struggles to distinguish between reliable and unreliable predic-
tions. This is reflected in the limited use of intermediate reliability intervals, as well as
the lack of alignment between reliability and error.

3.2.2 DBSCAN

The DBSCAN method, introduced in Section 2.2.2, estimates the reliability of predic-
tions based on dense regions in the feature space. The results follow a similar pattern
to those observed with the Subtractive Clustering method, where predictions tend to
cluster at the extremes of the reliability interval.

Figure 3.3 shows the error rates per reliability interval, separated by predicted class.

Boxplot of Error Rates Across Intervals (DBSCAN - Label 0 vs Label 1)
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Figure 3.3: Boxplot of error rates across reliability intervals using DBSCAN [39].

For class 1, the median error rate remains zero in nearly all intervals. However, the
variance within each interval is considerable (and considering that most intervals con-
tain no or very few predictions for this class), the error estimates appear to be unstable.
For class 0, the error rate shows substantial variability and does not follow a decreas-
ing trend as reliability increases. In particular, the highest reliability interval ]0.9, 1.0]
shows error levels comparable to lower intervals, indicating that the method does not
consistently assign high reliability to correct predictions.

Table 3.3 presents the distribution of the predictions in the reliability intervals. Most
predictions are concentrated in the interval [0.0, 0.1], which corresponds to predictions
that are not assigned to any cluster. A second cluster appears in the highest inter-
val ]0.9,1.0], mainly composed of predictions of class 0. Intermediate intervals are
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sparsely populated for both classes, particularly for class 1, which rarely receives re-
liability scores above 0.3.

Table 3.3: Number of predictions for each label in every reliability interval using the DBSCAN
method.

Interval Y=0 Y=1

[0.0,0.1] 2143 +18 90.4+9.6
10.1,0.2] 0+0 0+£0

10.2,0.3] 203+51 81425
10.3,04] 11+5.1 52+29
104,05] 75+33 22413
10.5,06] 51+26 26+1.6
10.6,0.7] 47+17 13409
10.7,0.8] 25+25 03+0.6
]0.8,09] 19+15 02404
]0.9,1.0] 63 +13.6 13+1

These results indicate that the DBSCAN method, similarly to the Subtractive method,
struggles to produce reliability scores that align with prediction correctness. Although
class 1 predictions are mostly correct when a score is assigned, they are nearly absent
from most intervals. For class 0, the error rate does not improve with higher reliability.

The high concentration of predictions in the lowest interval shows that DBSCAN tends
to classify many instances as noise. While this behavior encourages conservative relia-
bility estimates, it also results in limited granularity and poor discrimination between
reliable and unreliable predictions. Overall, the method shows weak performance.

3.2.3 Distance

The distance based method, introduced in Section 2.2.3, estimates reliability based on
the number of neighboring instances within a fixed radius that share the predicted
class. Compared to previous methods, it assigns reliability scores with a more contin-
uous spread across the entire interval range.

Figure 3.4 shows the error rates in the reliability intervals, separated by predicted class.
For class 1, the error rate shows a decreasing trend as reliability increases, with high
reliability intervals achieving consistently low errors. This behavior aligns with the
expected correlation between reliability and correctness. However, for class 0, the error
rate is less consistent. The lowest and highest reliability intervals exhibit similar error
levels, and there is no clear downward trend between the intervals. Furthermore, the
variance in error rates remains high in several intervals, suggesting that the method
does not consistently assign a higher reliability to more accurate predictions for this
class.
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Boxplot of Error Rates Across Intervals (Distance - Label 0 vs Label 1)
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Figure 3.4: Boxplot of error rates across reliability intervals using the Distance Based method,
separated by predicted label.

The distribution of the predictions in the reliability intervals are presented in Table 3.4.
The predictions are more evenly spread across the full range compared to the Sub-
tractive and DBSCAN methods. A moderate number of predictions are found in low
reliability intervals, while the largest group is located in the highest interval ]0.9, 1.0],
particularly for class 0. Intermediate intervals are also populated, indicating that the
method can assign intermediate reliability scores with a reasonable frequency.

Table 3.4: Number of predictions for each label in every reliability interval using the Distance
Based method.

Interval Y=0 Y=1

[0.0,0.1] 555+81 31+64
10.1,0.2] 36.8+7.6 182+ 3.3
10.2,0.3] 246+53 176+5
10.3,0.4] 20.5+4.8 13.1+3.1
10.4,0.5] 148+46 79433
10.5,0.6] 151+39 65+2.1
10.6,0.7] 13+3.6 39+1.6
]0.7,0.8] 10.8+32 41+15
]0.8,09] 12+34 25415
10.9,1.0] 127+ 149 6.8+ 3.1

Similarly to the previous methods, there is no clear structure in how reliability scores
relate to the overall data distribution. This is particularly visible in the t-SNE visual-
ization (Appendix A), where many highly reliable predictions appear in regions that
contain instances from both classes. This suggests that the method does not effectively
capture the class boundaries. However, instances with fewer nearby neighbors tend
to receive low reliability scores. This reflects the ability of the method to detect local
density, but also reveals a limitation in using proximity alone to determine reliability,
without assessing whether dense regions are homogeneous.
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While the method assigns reliability scores with greater granularity and offers a more
balanced prediction distribution than previous approaches, it still has difficulty distin-
guishing between reliable and unreliable predictions (especially for class 0).

324 ICM

The ICM method, introduced in Section 2.2.4, estimates the reliability of a prediction
by comparing the influence of neighboring instances that support the predicted class.

Figure 3.5 shows the error rates in the reliability intervals, separated by label.

Boxplot of Error Rates Across Intervals (ICM - Label 0 vs Label 1)
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Figure 3.5: Boxplot of error rates across reliability intervals using ICM.

As shown in Figure 3.5, although predictions are concentrated in the lower half of the
reliability interval ([0.00, 0.50]), there is a decreasing trend in error rates for both classes
as the reliability interval increases. This indicates that the method can successfully
identify intervals where the predictions are more reliable. A fluctuation (error vari-
ability) appears in the interval ]0.40, 0.50], but does not affect the overall trend.

Table 3.5 presents the distribution of the predictions in the reliability intervals. Most
predictions are assigned to the interval [0.0, 0.1], and only a small number appear above
0.5. No predictions are placed in the highest reliability intervals. This distribution is
likely a consequence of the strict model criteria, which makes a reliable classification
for the interval [0.5, 1.0] practically nonexistent.

These results suggest that the ICM method is effective in distinguishing between more
and less reliable predictions, as reflected by the consistent drop in error rates with in-
creasing reliability. However, it also shows that the method is too restrictive, which
may limit its practical use.
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Table 3.5: Number of predictions for each label in every reliability interval using the ICM
method.

Interval Y=0 Y=1
[0.0,0.1] 211.6+72 556+75
10.1,0.2] 45+10.2 14.8+4.1
10.2,0.3] 227+32 10.8+4.2
10.3,04] 437+66 17244
104,05] 71+23 11.5+3.1
]0.5,0.6] 03 +04 1.1+ 0.8
10.6, 0.7] 0+0 0.3+ 0.6
10.7, 0.8] 0+0 0.3+ 0.6
0.8, 0.9] 0+0 0+0
10.9,1.0] 0+0 0+0

3.2.5 Density and Local Fit

The Density and Local Fit method, described in Section 2.2.5, combines local density
estimation with neighborhood agreement to assess the reliability of individual predic-
tions. Among the evaluated methods, it achieves the most balanced distribution of
reliability scores and the most consistent relationship between reliability and predic-
tion accuracy.

Figure 3.6 shows the error rates in the reliability intervals, separated by predicted class.
For both class 0 and class 1, the error rate decreases consistently as the reliability in-
creases. In the highest reliability intervals, class 1 reaches zero error, while class 0
maintains one of its lowest error levels. Although fluctuations appear in intermediate
intervals, the overall trend shows that the error rate decreases as the reliability interval

increases.
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Figure 3.6: Boxplot of error rates across reliability intervals using the Density and Local Fit
method, separated by predicted label [39].
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Table 3.6 shows the number of predictions per reliability interval. Compared to other
methods, the predictions are more evenly distributed throughout the full reliability
range. Although a moderate number of predictions fall into the lower intervals, the
higher intervals also show a significant number of instances, particularly for class 0.
This pattern demonstrates the ability of the method to assign reliability values with
greater granularity without being overly conservative or skewed toward low scores.

Table 3.6: Number of predictions for each label in each reliability interval using the Density
and Local Fit method.

Interval Y=0 Y=1

[0.0,01] 65+81 403+7.38
10.1,0.2] 36.6 + 6.7 21.4+5.1
10.2,0.3] 255+4.8 155+29
]0.3,0.4] 214+45 12.0+3.8
10.4,0.5] 172+49 84+37
10.5,06] 22+54 53+22
10.6,0.7] 30.6 +7.6 35+ 1.5
10.7,0.8] 441+59 29+12
]0.8,09] 433 +68 1.1+1.6
109,1.0] 247+37 12+0.7

These results confirm that the method can distinguish between reliable and unreliable
predictions more effectively than the other approaches evaluated. Its ability to dis-
tribute predictions across reliability intervals, coupled with a clear decrease in error
rates, shows that the method captures a meaningful structure in the feature space.

Despite the overall consistency, a few misclassifications still occur in high reliability
intervals, and some intermediate intervals show mild variability in error. These could
potentially be addressed by refining internal parameters, such as adjusting neighbor-
hood thresholds or using different parameters for both classes.

3.2.6 Discussion of the Results

The results of the five evaluated methods reveal distinct patterns in how prediction re-
liability is assessed. Clustering based methods, such as Subtractive Clustering and DB-
SCAN, tend to assign most predictions to the lowest reliability interval [0.0, 0.1], with
sparse or inconsistent assignments to higher intervals. These methods also present un-
stable error rates across intervals, which often shows high error variance even in high
reliability intervals. These findings suggest that methods relying on clustering may not
be sufficient to assess pointwise reliability.

The distance based method, compared to the clustering methods, shows that the pre-
dictions are spread more evenly across reliability intervals. For the less prevalent class
(class 1), the method shows a general decrease in error rates as the reliability increases.
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However, for class 0, the trend is less consistent. The high error variance in intermediate
and high reliability intervals highlights a lack of robustness, suggesting that proximity
alone does not fully capture the reliability of the predictions.

The ICM method shows an error rate decrease as reliability increases, and the method
shows a relatively stable behavior across iterations. However, its conservative algo-
rithm leads to very few predictions classified in high reliability intervals. This restric-
tiveness, while reducing overconfidence, limits its practical use.

Among all methods, the Density and Local Fit approach achieves the most consistent
results. The predictions are well distributed across the reliability intervals and the
error rates decrease steadily for both classes. For class 0, the error rate drops from
approximately 39% in the lowest interval to 7% in the highest. For class 1, the error
rate reaches 0% in the [0.8,0.9] and [0.9, 1.0] intervals. Although the number of class 1
predictions in these intervals is small, the consistency of this trend across iterations
supports the effectiveness of the method. These results align with the findings reported
in [38], which showed that the method can separate more reliable from less reliable
predictions.

This case study shows the limitations of clustering based methods when used in iso-
lation and the value of methods that combine density estimation with local fit princi-
ples. Although some approaches demonstrate strengths in specific scenarios, such as
the ICM method which shows a decreasing trend in prediction errors as reliability in-
creases and has achieved favorable results in other implementations [25, 43]. However,
in this context, only the Density and Local Fit method maintain consistent performance
across classes and reliability intervals.

Future improvements may include adjusting thresholds or refining the pointwise reli-
ability algorithms. Additional methods based on the local fit principle should also be
considered to increase the scope and relevance of the benchmark.
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4 Caske Stupy: GRACE

This chapter presents a second case study to evaluate pointwise reliability methods in a
classification task. The evaluation follows the benchmark described in Chapter 2.2 and
applies the same five pointwise reliability methods introduced in Chapter 3, namely
Subtractive Clustering, DBSCAN, Distance Based, ICM and Density and Local Fit. This
case study comprises a different dataset, complementing the previous findings by al-
lowing for the evaluation of method consistency in different data domains.

4,1 Dataset and Model

This section describes the sources, features, and preparation steps of the datasets used
in this case study. The study uses a clinical dataset from the Cardiology Intensive Care
Unit of Coimbra Hospital and University Center. The dataset includes patients admit-
ted between 2009 and 2016 with acute coronary syndrome and includes diagnoses such
as ST-elevation myocardial infarction (STEMI). Each row corresponds to a single pa-
tient, and the target variable indicates with class 1 that the patient has died and class 0
indicates survival. The dataset contains 1544 patients, with an unbalanced distribution
(approximately 30% for class 1).

Table 4.1 presents the summary statistics for the features of the dataset after removing
entries with null or invalid values (resulting in 1363 entries from the original 1544) and
before any normalization.

Table 4.1: Descriptive statistics of features after removing entries with missing or invalid values,
showing the 25th percentile (Q1) and 75th percentile (Q3).

Feature (unit) Mean  Std Q1 Q3
Age (years) 68.01 1321 58.0 78.0
Heart rate at admission (bpm) 76.66 18,60 65.0 86.0

Systolic BP at admission (mmHg) 134.02 27.56 118.0 150.0
Killip class at admission (I to IV) 1.33 0.68 1.0 1.0
Creatinine at admission (pmol/L) 110.23 112.04 69.05 109.5

Maximum Killip class (I to IV) 1.45 0.81 1.0 2.0
Troponin at admission (ng/L) 20.21 63.02 011 10.6
STEMI (O or 1) 036 048 0.0 1.0

The predictors used are aligned with those used in the GRACE risk score [48], a well
known framework for short term mortality and myocardial infarction risk stratifica-

tion in acute coronary syndrome. GRACE assigns points to a set of clinical variables
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(age, systolic blood pressure, heart rate, creatinine, Killip class, STEMI, cardiac arrest
at admission, and elevated cardiac markers), each contributing to a cumulative score.
The total score is then assigned to three risk levels (low, intermediate, and high). In
this study, the GRACE score itself is not computed, instead, its individual variables are
used directly as predictors (in a logistic regression) to predict mortality, as they are
considered well suited to the problem [25, 43, 49].

To train the model, admission variables were mapped to the corresponding GRACE
components. Age, systolic blood pressure, heartrate, creatinine, and STEMI were taken
from admission measurements. Elevated cardiac markers were captured through the
admission troponin indicator. Cardiac arrest at admission is represented in the dataset
by Killip equal to IV (which represents cardiac arrest).

The same procedure described in Chapter 3 was used to assess the pointwise reliabil-
ity. The process was repeated ten times. In each iteration, the dataset was randomly
split into a training set (90%) and a test set with stratified sampling to preserve the
class ratio. In each repetition a simple logistic regression classifier was trained!, and
all pointwise reliability methods were applied to its predictions using the test set. All
numerical features were scaled to the range [0, 1]. No hyperparameter tuning or class
weighting was applied, since the objective was not to maximize discrimination but to
evaluate whether pointwise reliability methods can distinguish between reliable and
unreliable predictions. Across the ten repetitions, the classifier achieved an accuracy of
76% (standard deviation of 1%) and an area under the receiver operating characteristic
curve of 0.80 & 0.01.

4.2 Pointwise Reliability

The same five pointwise reliability methods evaluated in Chapter 3 are applied in
this case study, following the benchmark described in Chapter 2.2. Each prediction
is assigned a reliability score and the predictions are grouped into reliability intervals.
Within each interval, the distribution of correct and incorrect predictions is analyzed
separately for each predicted class.

The parameter selection procedure described in Section 2.2.10 was applied to this study.
Based on the distribution of pairwise distances in the training data, the 0.75 percentile
value was selected, resulting in a distance threshold of 0.089 and a minimum cluster
size of 9.

The remainder of this section mirrors the structure presented in Chapter 3, providing
an analysis for each pointwise method, followed by a discussion of the results.

The classifier was implemented using the LogisticRegression class from the scikit-learn Python
library.
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4.2.1 Subtractive

The subtractive method (Section 2.2.1) was evaluated using the benchmark strategy
detailed in Section 2.3, based on ten independent iterations. The predictions were di-
vided by predicted label and grouped into reliability intervals. The distribution of
errors was analyzed across these intervals.

Figure 4.1 shows the error rates in each reliability interval, separated by predicted class.
As in the Patient Treatment case study, the majority of class 1 predictions achieve zero
error in most intervals where predictions are present. However, in contrast to the pre-
vious dataset, class 0 show a more pronounced concentration of errors in the lowest
reliability interval [0.0,0.1]. The intermediate intervals for both classes are sparsely
populated, and the error rates do not show a consistent downward trend as the relia-
bility increases. Several high reliability intervals (]0.8,1.0]) still exhibit non zero error
for class 0, and despite increasing the error rate in the (]0.8, 1.0] interval for class 0, the
error is relatively low (with some considerable variance) compared to the previous

case study.
Boxplot of Error Rates Across Intervals (Subtractive - Label 0 vs Label 1)
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Figure 4.1: Boxplot of error rates across reliability intervals using the Subtractive method, sep-
arated by predicted label.

The distribution of the predictions across the intervals is presented in Table 4.2, which
presents the average number of instances per iteration assigned to each reliability inter-
val for both predicted classes. The pattern mirrors that seen in the Patient Treatment
case study, where the majority of predictions are concentrated in the lowest interval
0.0, 0.1], reflecting instances not assigned to any cluster and classified with the lowest
reliability score. A smaller proportion of the predictions, mostly from class 0, appears
in the highest interval |0.9,1.0]. The intermediate intervals contain very few predic-
tions.
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Table 4.2: Number of predictions for each label (Y = 0, Y = 1) in each reliability interval using
the Subtractive method.

Interval Y=0 Y=1

[0.0,0.1] 88.6+49 274+36
10.1,0.2] 0.0+0.0 0.0+0.0
10.2,0.3] 0.0+0.0 0.0+0.0
]0.3,04] 0.0+0.0 0.0+0.0
10.4,0.5] 04+0.7 0.0+0.0
10.5,0.6] 03 +0.7 0.0+0.0
10.6,0.7] 05+08 04+1.0
10.7,0.8] 11+12 0.0+0.0
10.8,09] 23+21 04+05
10.9,1.0] 156 +52 0.0+ 0.0

The subtractive clustering method in the GRACE dataset exhibits the same limitations
observed in the Patient Treatment case study. The method provides limited granular-
ity in reliability estimation, with most predictions concentrated at the extremes of the
reliability scale and little use of intermediate values. While class 1 predictions tend
to have no errors when assigned to high reliability intervals, they are rare outside the
lowest interval. For class 0, error rates remain present even among the highest relia-
bility predictions. These findings indicate that for this case study, similar to the result
obtained in Chapter 3, subtractive clustering struggles to discriminate effectively be-
tween reliable and unreliable predictions.

4.2.2 DBSCAN

The DBSCAN method, introduced in Section 2.2.2, shows similar patterns to those ob-
served with the Subtractive Clustering method. Figure 4.2 shows the error rates per
reliability interval, separated by predicted class.

Boxplot of Error Rates Across Intervals (DBSCAN - Label 0 vs Label 1)
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Figure 4.2: Boxplot of error rates across reliability intervals using the DBSCAN method, sepa-
rated by predicted label.
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For class 1, the median error rate remains zero in all populated intervals (except for the
lowest reliability interval), However, as can be seen in Table 4.3, there are no predictions
in addition to the first interval. For class 0, the error rate shows considerable variability
and there is no consistent decrease in error with increasing reliability.

Table 4.3 presents the distribution of the predictions in the reliability intervals. Most
predictions are concentrated in the lowest interval [0.0,0.1]. A smaller cluster appears
in the highest interval ]0.9, 1.0], composed essentially of class 0 predictions. The inter-
mediate intervals are sparsely populated for class 0, and class 1 just presents predic-
tion in the first interval. However, DBSCAN separates the predictions for each interval
slightly better than the subtractive method.

Table 4.3: Number of predictions for each label in every reliability interval using the DBSCAN
method.

Interval Y=0 Y=1
0.0,0.1] 895+64 282+3.3

[ |

10.1,02] 00+00 0.0+0.0
102,03] 52+20 0.0+00
103,04] 28+13 0.0+0.0
104,05] 1.8+23 0.0+0.0
105,06] 1.0+12 0.0+0.0
106,0.7] 04+07 0.0+0.0
107,08] 11+11 0.0+00
108,09] 1.0+08 0.0+ 0.0
109,1.0] 60+25 0.0+0.0

The GRACE results further support the conclusions obtained for DBSCAN in the pre-
vious case study (Chapter 3). While class 1 predictions show no errors for most reli-
ability intervals, the number of predictions in these intervals is very small (inexistent
in this case study). For class 0, higher reliability scores do not guarantee lower error
rates. The predictions are concentrated at the extremes of the reliability interval and
there is no clear evidence that the method is successful in identifying reliable predic-
tions. These findings indicate that the method has a limited capability to distinguish
between reliable and unreliable predictions.

4.2.3 Distance

The distance method (Section 2.2.3) assigns reliability scores according to the propor-
tion of nearby instances that share the predicted label. The method distributes pre-
dictions across the entire reliability range more evenly than the clustering based ap-
proaches and, consistent with what is observed in Chapter 3, it lacks the ability to
separate reliable and unreliable predictions.

Figure 4.3 shows the error rates for each reliability interval, separated by predicted
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class. For class 1, a gradual reduction in error is visible as the reliability increases, fol-
lowed by a considerable proportion of predictions observed without errors in intervals
above ]0.4,0.5]. This is consistent with the general tendency observed in the Patient
Treatment dataset. Class 0, however, does not follow the same pattern, error rates vary
substantially between intervals, and high reliability intervals exhibit noticeable error.
Variability within intervals is also visible, suggesting that local density alone may not
consistently align with prediction correctness for this class.

Boxplot of Error Rates Across Intervals (Distance - Label 0 vs Label 1)
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Figure 4.3: Boxplot of error rates across reliability intervals using the Distance Based method,
separated by predicted label.

The average number of predictions per reliability interval is shown in Table 4.4. Pre-
dictions are present in all intervals, with low and high reliability ranges ([0.0,0.1] and
10.9, 1.0]) that contain the highest counts, especially for class 0 (possibly due to the class
imbalance, which causes a greater number of clusters for this class). The intermediate
intervals hold a moderate and consistent number of predictions for both classes, which
is a contrast to the Subtractive and DBSCAN methods where intermediate values were
rarely assigned.

Table 4.4: Number of predictions for each label in every reliability interval using the Distance
Based method.

Interval Y=0 Y=1

0.0,0.1] 195+42 182+29
0.1,0.2] 114+38 49+3.0
0.2,03] 83+37 22+14
03,04] 53+21 12+1.2
39+19 06+05
28+ 15 05+05
38+15 02+04
35+25 02+04
34+18 01+03
469+60 01+03
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The Distance Based method offers a more smooth distribution of reliability scores than
the subtractive and DBSCAN approaches and shows a clearer association between high
reliability and low error for class 1. This may be related to the fact that class 1 repre-
sents only 30% of the dataset, and finding clusters of this class is a strong indicator
of reliability. For class 0, however, this relationship is less consistent, with some high
reliability predictions still producing errors. Compared with clustering methods, dis-
tance based can spread the predictions in all the reliability intervals, but the observed
variability indicates that distance information alone does not fully capture prediction
reliability.

The results further support the findings from Chapter 3, relying on proximity alone to

determine reliability, without assessing whether dense regions are homogeneous, lim-
its the ability of the method to distinguish between reliable and unreliable predictions.

424 ICM

The ICM method (Section 2.2.4) compares the weighted influence of neighbors that
agree with the predicted label to those that do not. The general behavior is similar to
what was observed in the Patient Treatment case study, with predictions concentrated
in the lower half of the reliability scale and error rates generally decreasing as reliability

increases.

Figure 4.4 presents the error rates per reliability interval, separated by predicted class.
For the interval ]0.10,0.50], both classes show a steady reduction in error, although
there is noticeable variability in the error rate across all intervals.

Boxplot of Error Rates Across Intervals (ICM - Label 0 vs Label 1)
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Figure 4.4: Boxplot of error rates across reliability intervals using the ICM method, separated
by predicted label.

Table 4.5 shows the distribution of the predictions. Asin Chapter 3, most of the predic-
tions fall into the lowest reliability interval, which suggests that even if the method was
capable of distributing the predictions more evenly across the entire reliability range
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(assuming the same error distribution), most of the instances would still be assigned
a score below 0.5 and thus be considered unreliable.

Table 4.5: Number of predictions for each label in every reliability interval using the ICM
method.

Interval Y=0 Y=1

[0.0,0.1] 52.7+6.3 16.7+3.6
10.1,0.2] 11.6+39 38+14
10.2,0.3] 11.1+3.7 29+19
10.3,04] 162+33 24+17
10.4,0.5] 16.7+3.0 23+1.1
10.5,0.6] 04+05 0.1+0.3
10.6,0.7] 01+03 0.0+0.0
10.7,0.8] 0.0+0.0 0.0+0.0
10.8,09] 0.0+0.0 0.0+0.0
10.9,1.0] 0.0+0.0 0.0+0.0

These results further support the conclusion obtained in Chapter 3. Within the range
in which the method assigns predictions, the error rate decreases consistently for both
classes. However, the method barely assigns any predictions to the interval [0.5, 1.0],
which limits the granularity of the reliability estimation. If the scores were distributed
more evenly throughout the entire range ([0, 1]), the decreasing error observed in the
tirst half of the reliability scale would likely extend further, resulting in a more stable

and informative method.

4.2.5 Density and Local Fit

The error rates for the Density and Local Fit method (Section 2.2.5) are shown in Fig-
ure 4.5.

Boxplot of Error Rates Across Intervals (Density and Local Fit - Label 0 vs Label 1)
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Figure 4.5: Boxplot of error rates across reliability intervals using the Density and Local Fit
method, separated by predicted label.
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The method achieves the most balanced distribution of reliability scores and the most
consistent correspondence between reliability and prediction accuracy among all eval-
uated method. For class 0, the error rate shows a clear and steady decrease as the
reliability increases, particularly from the interval [0.5, 1.0] onward, where predictions
start to be deemed highly reliable. In the highest reliability intervals, class 1 reaches
zero error, while class 0 attains one of its lowest error levels. Although some variability
remains in the middle intervals, the overall trend reflects a strong inverse relationship
between reliability and error rate.

Table 4.6 shows the number of predictions per reliability interval. The predictions are
distributed across the entire reliability range, with both low and high reliability in-
tervals containing a well balanced number of instances compared to other methods.
Class 0 predictions are more frequent in the highest intervals, without showing a high
error rate, while class 1 predictions tend to be concentrated in the lower and mid reli-
ability ranges.

Table 4.6: Number of predictions for each label in every reliability interval using the Density
and Local Fit method.

Interval Y=0 Y=1

[0.0,0.1] 202+35 188 +24
]0.1,0.2] 11.3+38 53+29
10.2,03] 80+37 15+1.0
10.3,04] 56+21 16+12
10.4,05] 42+19 01+0.3
10.5,0.6] 39+13 04+05
10.6,0.7] 64+20 02+04
10.7,0.8] 98+21 03+05
10.8,09] 19.8+44 0.0+0.0
10.9,1.0] 19.6 +4.6 0.0+ 0.0

These results confirm the ability of the method to assess the reliability of individual
predictions. Consistent with the findings of Chapter 3, the method assigns reliability
scores that are well distributed throughout the range and maintains a clear decreasing
trend in error rates. Furthermore, the number of predictions in each reliability interval
is more balanced compared to other methods. As in the previous case study, a small
number of misclassifications appear in high reliability intervals for class 0, and some
fluctuations occur in mid range intervals, indicating that there is still room for improve-
ment. In this particular use case, further refinements should also account for the class
imbalance, as the pattern for class 1 is less consistent than in the previous study.

4.2.6 Discussion of the Results

The results observed in the GRACE dataset are consistent with those of the Patient
Treatment case study (Chapter 3). Clustering based methods failed to assign consistent
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reliability scores, with most predictions concentrated in low reliability intervals and
little variation in error rates across the range. The Distance based method performed
slightly better, but still showed inconsistencies, particularly for the minority class. The
ICM method showed a more consistent decrease in error with increasing reliability,
although it rarely assigned predictions with reliability values above 0.5.

As in the previous case study, the Density and Local Fit method stands out as the most
effective approach. It achieves a well balanced distribution of predictions across the
full range of reliability intervals and maintains a clear decreasing trend in error rates
for both classes. Performance is particularly strong in the [0.5, 1.0] interval, where re-
liability is considered high, class 1 reaches zero error while class 0 shows one of its
lowest error levels among all methods. These results further confirm the potential of
the method to assess pointwise reliability across different data domains.

It should also be noted that the Density and Local Fit method still produces a small
number of misclassifications in high reliability intervals. Although error rates remain
low, their presence suggests potential for further improvements. Possible improve-
ments include refining the hyperparameter selection process, adjusting the hyperpa-
rameter of the method separately for each class (since class imbalance appears to influ-
ence prediction distribution and error patterns for the minority class), or adapting the
algorithm to incorporate weighted contributions so that closer instances have a greater
contribution in the reliability computation.

In conclusion, the findings confirm that the results from Chapter 3 align with GRACE
case study. The Density and Local Fit method, which combines density and local fit
principles, demonstrates superior capability in identifying reliable predictions, while
the unsupervised clustering based methods consistently produce the weakest results.

42



Pointwise Reliability

5 CASE StupY: HOSPITAL ADMISSIONS

This chapter presents a case study on hospital admission forecasting. Unlike the pre-
vious assessments (Chapters 3 and 4), this case study follows a different structure mo-
tivated by the availability of a dataset with a considerable amount of information.

Before implementing a pointwise reliability assessment, an exploratory phase was con-
ducted to characterize the data, define the problem, and verify its feasibility for resolu-
tion using Machine Learning (ML) models. This preliminary validation ensured that
the research objectives were aligned with the characteristics of the dataset and that the
proposed modeling approach was appropriate for the problem.

Forecasting hospital admissions plays a crucial role in public health management and
in optimizing hospital resources. Forecasting models help mitigate overcrowding in
healthcare facilities, improve patient care, and enable proactive operational planning
[15,16]. However, forecasting hospital admissions is inherently challenging due to the
complexity of seasonality and external influences such as environmental and weather
variables [50, 51, 52, 53].

The complexity of daily admission patterns is often increased by the overlap of mul-
tiple seasonal effects, including weekly and annual cycles [50]. Consequently, the se-
lection of an appropriate forecasting methodology requires consideration of temporal
resolution and the appropriate characteristics (selected variables). Short term fore-
casts (one month or less) are traditionally more accurate than long term forecasts (for
example, one year), especially when using classic time series approaches such as Auto-
Regressive Integrated Moving Average (ARIMA) models.

Seasonal ARIMA (SARIMA) and its variant SARIMAX (with exogenous regressor)
have served as base models in healthcare forecasting due to their simplicity and effec-
tiveness in capturing seasonal patterns and trends [15]. Despite their common use,
ARIMA models often show limited performance, especially for longer forecast hori-
zons and when multiple seasonal patterns are involved [50, 51]. In recent years, Ma-
chine Learning (ML) techniques have emerged as an alternative [54, 55, 56, 51]. Meth-
ods such as Random Forest (RF) and eXtreme Gradient Boosting (XGB) are particu-
larly effective, demonstrating good performance compared to traditional forecasting
models while being more efficient (in terms of resources) than more complex tech-
niques such as neural networks.

Environmental factors, such as air pollution and weather conditions, significantly in-

fluence hospital admissions related to respiratory problems, with numerous studies
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confirming these associations. For example, Weeberb et al. [57] showed that, in Brazil,
extreme temperatures significantly increase hospital admissions, especially among vul-
nerable groups such as the elderly. Similarly, exposure to air pollutants, particularly
particulate matter (PM, 5), nitrogen dioxide (NO;) and ozone (Os3), was strongly asso-
ciated with increased hospital admissions, highlighting the importance of integrating
pollution data into models [58]. Another important factor (especially in forecasts) is
the lag effect, where past environmental conditions influence current hospital admis-
sions. Studies by Tadano et al. [52] and Pawar ef al. [56] suggest that ideal lag times
typically vary between three and seven days after exposure, increasing the accuracy
of the model by capturing the delayed effects of pollutants and weather conditions on
respiratory health outcomes.

This study aims to predict daily patient admissions related to respiratory issues in Belo
Horizonte (Brazil), using a dataset with an interval of five years (2015-2019). The eval-
uation periods chosen (30 days and 1 year) allow for a comparison of performance
between SARIMA /SARIMAX and ML algorithms (XGB and Random Forest). These
intervals were selected to assess short term (where traditional forecasting models typi-
cally perform best) and long term forecasting capabilities, aligned with short / medium
and long term operational planning [50, 16].

The analysis focuses on two main aspects. First, the performance of the models is
evaluated over short and long term horizons using temporal validation. Second, the
benchmark procedure described in Section 2.3 is applied to assess the effectiveness of
pointwise reliability methods. In this case study, an adapted version of the Density
and Local Fit method is included, due to its promising results in classification tasks
(Section 2.2.5). Furthermore, methods specifically designed for regression are evalu-
ated, namely CONFIVE, CONFINE, and their proposed variants (denCONFIVE and
iqrDenCONFIVE), as described in Sections 2.2.6-2.2.9.

Model training was conducted exclusively using data from the first four years of the
dataset. The final year was reserved for testing both the models and the pointwise
reliability methods.

The following sections of this chapter detail the data sets used, the comparison of the
forecasting models employed, the results, and finally, the assessment of the reliability
of the individual forecasts of the ML model.

The code, visualizations, and data are available in the GitHub repository[59].

5.1 Dataset

This section describes the sources, features, and preparation steps of the datasets used
in this study. The data consist of hospital admissions specifically related to respiratory
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conditions, extended with environmental datasets (including weather conditions and
air quality measures). All datasets (all data used) were preprocessed and combined
into a final dataset that contained daily records, allowing subsequent analysis.

The central objective was to predict daily hospital admissions focusing on respiratory
problems. The primary data source (with data related to hospital admissions) was
the Sistema de Informagdes Hospitalares do Sistema Unico de Saiide provided through the
Plataforma de Ciéncia de Dados aplicada a Saiide (PCDaS)'. The data from PCDaS was
originally collected from the Departamento de Informagio e Informdtica do Sistema Unico
de Saiide ? and processed monthly into enriched records. For this study, Belo Horizonte
(Minas Gerais, Brazil) hospital admission data were selected from 2015 to 2019. The
dataset included detailed patient information such as admission date and cause of ad-
mission. Data were filtered to include only cases where the primary diagnosis was
respiratory diseases (“Doengas do aparelho respiratério”).

Weather data were acquired through the Instituto Nacional de Meteorologia from the
station of Pampulha in Belo Horizonte®, covering 2015 to 2019. The original hourly
records were aggregated into daily values to provide variables such as daily maximum
and minimum temperatures, maximum and minimum humidity. Additional temporal
variables including day of the week, weekends, and holidays were integrated, provid-
ing potential predictors for admissions variability.

Daily air quality metrics were obtained from the Instituto de Energia e Meio Ambiente,
focusing on data from the Amazonas monitoring station in Belo Horizonte*.

The pollutant values correspond to the standardized Air Quality Index (IQAr - Indice de
Qualidade do Ar), which reflects the public health impact of exposure to various atmo-
spheric pollutants®. The IQAr are not raw concentrations but processed index values
based on pollutant thresholds. The IQAr values are computed using the formula 5.1:

I igh — Iow
[QAr = M 5 (C' = Clow) + Liow (5.1)

where C' is the observed concentration of pollutant, Cj,, and Cj,,, are the lower and
upper concentration breakpoints of the range in which C falls, and I;,,, and Iy, are
the corresponding index values for that range (the breakpoints of the IQAr category,
as shown in Table 5.1). The reported daily IQAr corresponds to the maximum value
of the pollutant index among those measured.

It is important to note that the air quality data in this study originate from a single

'https://pcdas.icict.fiocruz.br; Accessed: 17 May 2025
’https://datasus.saude.gov.br/; Accessed: 17 May 2025
Shttps://tempo.inmet.gov.br/TabelaEstacoes, station A521; Accessed: 17 May 2025
“https://energiaeambiente.org.br/qualidadedoar/; Accessed: 17 May 2025
https://www.gov.br; Accessed: 17 May 2025
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monitoring station, which limits the representation of pollutant exposure in the city.
In addition, pollutant data include missing values and (for real use cases) are often
unavailable for long term forecasts, reducing their utility as predictive features in that
context. However, in short term scenarios, where current or recent pollutant data are
available, these features may offer valuable information.

Despite these limitations, previous studies [58, 52, 56, 53] support the inclusion of en-
vironmental factors. For example, Requia et al. [58] reported that a 10 pg/m? increase
in PM, 5 is associated with a 3.28% increase in hospital admissions for respiratory dis-
eases. Likewise, a 10 ppb (parts per billion) increase in NO, correlates with a 35.26%
increase in hospital admissions related to respiratory problems.

Table 5.1 summarizes the IQAr classification ranges for the pollutants considered in
this study, namely PM;, Os, and sulfur dioxide (SO,).

Table 5.1: IQAr classification ranges by pollutant type.

IQAr Category PM,, (pg/m?3, 24h) O; (pg/m?3 8h) SO, (pg/m?d, 24h)
Good (0-40) 0-45 0-100 0-40
Moderate (41-80) 46-100 101-130 41-50

Poor (81-120) 101-150 131-160 51-125

Very Poor (121-200) 151-250 161-200 126-800
Terrible (>200) >250 >200 >800

In summary, hospital admissions datasets, meteorological conditions, and air quality
were integrated into a single structured dataset composed of daily records from 2015
t0 2019. Additional variables derived from calendar information, such as indicators for
weekends, holidays, and days after holidays, were included based on findings from a
previous study [16].

Table 5.2 shows the descriptive statistics of the continuous variables used. The table
also includes a description for the number of admissions.

Table 5.2: Descriptive statistics of continuous variables.

Variable Count Mean Min 25% 50% 75% Max
Admissions 1826 4778 11.0 37.0 470 59.0 94.0
Temp Max (°C) 1826 2831 17.8 263 285 305 377
Temp Min (°C) 1826 17.79 73 161 184 19.7 24.1
Temp Mean (°C) 1826 2228 13.6 205 223 241 29.6

Humidity Max (%) 1826 8226 420 77.0 84.0 90.0 94.0
Humidity Min (%) 1826 40.26 10.0 32.0 39.0 48.0 91.0

PM 1457 1991 4.0 13.0 18.0 240 65.0
O3 1265 5244 140 41.0 500 62.0 176.0
SO, 1091 1875 0.0 80 120 24.0 83.0
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Table 5.3 shows the remaining features in the dataset and their description.

Table 5.3: Description of categorical variables.

Variable Description

DayOfWeekNum  Day of the week (0=Sunday to 6=Saturday)
WeekOfYear Week number of the year (1 to 53)

Month Calendar month (1=January to 12=December)
IsWeekend Boolean variable: 1 if weekend, 0 otherwise
IsHoliday Boolean variable: 1 if national holiday, 0 otherwise

IsDayAfterHoliday Boolean variable: 1 if the day follows a holiday, 0 otherwise

In addition, to make comparisons during the study, some lagged variables are also in-
cluded in the dataset, such as the meteorological and air quality parameters of previous
days, to capture potential delayed effects on admission.

Figure 5.1 shows boxplots representing the distribution of daily admissions for respi-
ratory related hospitalizations in Belo Horizonte (2015-2019), grouped by (a) day of
the week, (b) week of the year, (c) month, and (d) year.
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Figure 5.1: Distribution of daily hospital admissions due to respiratory related admissions in
Belo Horizonte, grouped by day of the week (a), week of the year (b), month (c), and year (d).

Daily hospitalizations vary significantly by day of the week, with lower medians ob-
served during weekends, especially on Sundays. This suggests a behavior of lower
hospital demand or limited hospital availability on these days. Weekly trends reveal
a seasonal structure, with higher hospitalization rates concentrated between weeks 10
and 30 (March to August), reflecting an increase in hospitalizations during the colder
months. The monthly patterns align with the weekly structure, peaking between April
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and June and declining by the end of the year (which further supports the seasonal
impact). Annual distributions appear stable overall, although there is a slight upward
trend in hospitalizations in 2018 and 2019.

These visualizations provide strong evidence of the existence of multiple seasonal ef-
fects (daily, weekly, monthly), justifying the use of time series models with seasonal
components and the inclusion of “calendar” variables in predictive models.

Figure 5.2 shows the Pearson correlation matrix with the relationships between daily
hospital admissions and various predictors, including meteorological and environ-
mental variables (using categorical and continuous predictors). The strongest (neg-
ative) correlations with admissions are observed for the weekend, with coefficients of
—0.52. This suggests (as also observed in Figure 5.1) that fewer admissions occur on
weekends, likely reflecting patterns in healthcare demand and availability of services.
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Figure 5.2: Correlation heatmap showing Pearson correlation coefficients between selected fea-
tures and daily hospital admissions due to respiratory problems.

For meteorological variables, minimum temperature shows the highest (negative) cor-
relation with admissions (—0.29) followed by maximum temperature (—0.22). In terms
of humidity, considering only the correlation, just maximum humidity can have an im-
pact on admissions. Regarding air pollution metrics (PM;,, SO,, and Os), the correla-
tion matrix shows weak correlations with admissions, with PM;, showing the highest
positive correlation of 0.21.

Overall, while no single variable shows a strong linear correlation with admissions,
several exhibit modest associations that support their inclusion as features in predic-
tive models (also, they have been identified as influential factors in previous studies).
These relationships also reinforce the complexity of the problem.
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Additionally, to investigate the influence of lagged environmental variables, as explored
in previous studies [52, 56, 53], a correlation analysis was conducted between lagged
predictors and “current” day hospital admissions.

Table 5.4 shows the Pearson correlation coefficients between pollutants and meteoro-
logical variables at lags of 0 to 7 days, in relation to hospital admissions.

Table 5.4: Pearson correlation between daily hospital admissions and environmental variables
atlags0to 7.

Lag0 Lag1l Lag2 Lag3 Lag4 Lag5 Lag6 Lag?7

PM,, 0.21 014 006 004 004 005 012 0.16
O; -017 -0.11 -0.07 -0.06 -0.07 -01 -013 -0.17
SO, 018 o017 017 017 017 016 016 0.17

Max Temp -0.22 -023 -024 -025 -025 -025 -024 -0.26
Min Temp -029 -030 -029 -031 -030 -0.28 -027 -0.27
MaxHum 0.12 012 014 015 014 015 014 0.15
Min Hum 003 003 0.03 003 005 0.05 006 0.09

While the results (in Table 5.4) suggest minimal variation in the strength of the corre-
lations between different lags, closer inspection leads to additional considerations. For
variables that exhibit a higher absolute correlation with admissions, such as minimum
and maximum temperature (and for PM;, and Os;, which show a decrease in correla-
tion with admissions as the lag increases), the pairwise correlations among different
lags of the same variable reveal a steady decline. As shown in Table 5.5, the correla-
tion between lag 1 and lag 3 for maximum humidity, maximum temperature, and PM;j
drops from 0.71, 0.73, and 0.73 at lag 1 to 0.49, 0.47, and 0.38 at lag 3, respectively.

Table 5.5: Pearson correlation between each feature and its lagged values (lags 1 to 7).

Lagl Lag2 Lag3 Lag4 Lag5 Lag6 Lag?7
Max Hum 071 057 049 042 038 034 030
Min Temp 073 056 047 042 039 036 035
PM,, 073 048 038 037 034 031 029
SO, 099 098 098 098 098 098 097

This finding may suggest some degree of importance in including recent past values
for predictive purposes. As noted in the literature, environmental factors often have a
short term delayed effect on respiratory health, with the strongest influence typically
observed within the first three days after exposure [52, 56].

An exception to this behavior is SO,. Despite its consistent correlation with admissions
on all lags, further examination reveals that SO, exhibits extremely high autocorrela-
tion over its lagged values (with pairwise correlations near 1.00 from lag 0 to lag 7),
suggesting minimal temporal variation. This may reflect the low variability of this pol-
lutant in the specific monitoring station used in this study. Another factor that may
bias this result is the high number of missing values for SO,.
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Based on these observations and recommendations from previous literature, two dif-
ferent approaches are considered, using only current day environmental variables and
incorporating lagged predictors from day 0 to day 3. In both cases, the variables are
studied independently to assess their contribution to the forecasting performance.

5.2 Time Series and Machine Learning

This section presents an assessment of the forecasting methods applied to hospital ad-
missions. The objective is to evaluate the performance of traditional time series models
(specifically SARIMA and SARIMAX) in comparison with ML approaches such as RF
and XGB. The evaluation is carried out over two different forecast horizons: 30 days
(short term) and 360 days (long term). The dataset has been divided into a train-
ing/validation set (the first four years) and a test set (the last year).

The statistical models used in this study differ in the type of input data they consider.
The SARIMA model relies exclusively on the past values of the target variable (hos-
pital admissions), while SARIMAX incorporates additional exogenous variables. ML
models (Sections 5.2.2 and 5.2.3) were trained using a broader set of features from the
dataset, including calendar based temporal variables (e.g., day of the week) and mete-
orological indicators.

52.1 SARIMA(X)

To serve as a baseline for the ML models, variations of the ARIMA model were de-
veloped, specifically the SARIMA and SARIMAX configurations. ARIMA is a statisti-
cal model for time series forecasting that combines three components: autoregressive
terms (AR), differencing (I) and moving averages (MA). It is expressed in the form
of ARIMA(p,d, q), where p is the number of autoregressive terms, d is the number of
differences needed to make the series stationary, and ¢ is the number of lagged forecast
errors in the prediction equation.

SARIMA extends the ARIMA model by incorporating seasonal patterns and is denoted
as SARIMA(p,d,q)(P, D,Q)s, where P, D, and () represent the seasonal autoregres-
sive, differencing, and moving average terms, respectively, and s indicates the length
of the seasonal cycle (for example, s = 7 for weekly seasonality). SARIMAX (SARIMA
with eXogenous variables) introduces external regressors (such as temperature and
pollution indices) into the SARIMA [60].

To determine the appropriate level of differencing (d) for the ARIMA models, an Aug-
mented Dickey-Fuller (ADF) test was performed [60]. This statistical procedure as-
sesses whether a time series is stationary (mean, variance, and autocorrelation remain

constant over time). For the original series, the ADF test results in a test statistic of
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—2.7452 (p-value = 0.0665), which does not provide sufficient evidence to reject the
null hypothesis of non-stationarity. After first differencing, the test statistic dropped
to —8.9545 (p-value = 0.0000), indicating strong evidence of stationarity in the trans-
formed series. Based on these results, a first-order differencing (d = 1) was adopted.

To further support the selection of autoregressive and moving average terms, Autocor-
relation Function (ACF) and Partial Autocorrelation Function (PACF) [60] plots were
analyzed for both the original and difference series, as shown in Figure 5.3. Spikes in
the ACF plot suggest the presence of MA components, while the spikes in the PACF
indicate potential AR components. In the original series, both ACF and PACF plots
show slow decay, consistent with non-stationary data. After differencing, the plots sta-
bilize, and only a few lags show significant spikes (suggesting low order AR and MA).
Following previous studies that modeled daily hospital admission with weekly sea-
sonality [50], the seasonal period was established at s = 7 (note that longer seasonal
periods were not explored as the complexity of the model increases substantially).

ACF - Original Series PACF - Original Series
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Figure 5.3: ACF and PACF for the original and first-differenced hospital admissions time series.

Following the initial analysis, a grid search for the SARIMA model was performed
using the auto_arima function from the pmdarima (Python) library. The configuration
for the grid search included AR and MA terms ranging from 0 to 15, with the dif-
ferencing order (d) fixed at 1, based on the ADF test. Seasonal AR and MA terms
ranged from 0 to 2, with seasonal differencing (D) allowed up to 1. The seasonal pe-
riod (s) was fixed at 7 to reflect the identified weekly seasonality. The configuration
for the model with the best results (using the Akaike Information Criterion [60]) was
SARIMA (2,1,1)(1,0,1)[7]. The selected model passed the Ljung-Box test (p = 0.91)
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[60], indicating that there is no significant autocorrelation in residuals (differences be-
tween the actual observed values and the values predicted by the model). Most pa-
rameters were statistically significant at the 5% level, except for the first non seasonal
AR term. In general, the model met the key diagnostic checks.

For the 360 day forecast horizon, the SARIMA model achieved a mean absolute er-
ror (MAE) of 11.18, a root mean squared error (RMSE) of 13.95, and a mean absolute
percentage error (MAPE) of 22.13%. The coefficient of determination (R?) was 0.19,
and the Pearson correlation coefficient was 0.55. These results indicate that, while the
model was able to capture the general seasonal pattern (showing a moderate correla-
tion), it had difficulty to capture the daily variability.

Figure 5.4 shows the predicted and actual values over time. Although the model cap-
tures the overall seasonal pattern, it tends to smooth daily fluctuations (values are
around the median and do not capture daily peaks). As a result, the predicted val-
ues do not fully reflect the changes observed in the actual admissions.
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Figure 5.4: SARIMA - 360 day forecast vs. actual admissions.

For the 30 day test window, the performance of the model decreased. MAE increased
to 11.81, RMSE to 13.08, and MAPE to 33.08%. The R? dropped to —1.55, although the
correlation remained relatively high at 0.75.

Figure 5.5 shows the same behavior observed in the 360 day forecast, the model cap-
tures the overall seasonal pattern but tends to smooth the daily fluctuations. The figure
also helps to explain the high correlation despite the poor error metrics. Although the
model follows the general direction of the variations, it does not accurately capture
their magnitude, resulting in larger errors.
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Figure 5.5: SARIMA - 30 day forecast vs. actual admissions.

The negative R? observed in the short term test can be explained by the scatter plot
in Figure 5.6. The SARIMA model fails to capture daily fluctuations and (as noticed
before) predicts values toward the mean. As a result, the errors are larger than if they
forecast based on a mean (for 30 days).
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Figure 5.6: SARIMA - Actual vs. predicted admissions (30 day test).

To extend the SARIMA model and incorporate external factors, a SARIMAX model
was developed using the same internal configuration (SARIMAX(2,1,1)(1,0,1)[7]) as
SARIMA. For external information (exogenous regressors), binary indicators for week-
ends, holidays, and the day after holidays, together with temperature and humidity
variables, were tested using Granger causality tests [61]. Granger tests identified week-
ends, maximum and minimum temperatures, and maximum humidity as statistically
significant (p-value < 0.05), consequently these were the only regressors included in
the model.
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The SARIMAX model showed a slight improvement in long term forecasts. For the
360 day test, it achieved an MAE of 11.11, RMSE of 13.78, and MAPE of 21.83%. The
R? increased to 0.21, with a correlation of 0.52. In Figure 5.7, which shows the pre-
dicted and actual values over time, it is evident that (despite the improved numerical
metrics), SARIMA and SARIMAX exhibit similar patterns. Both models capture the
overall seasonal trend but tend to smooth daily fluctuations.
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Figure 5.7: SARIMAX - 360 day forecast vs. actual admissions.

During the 30 day test, SARIMAX achieved substantially lower errors than SARIMA,
namely MAE (7.76 vs. 11.81), RMSE (9.53 vs. 13.08), and MAPE (21.83% vs. 33.08%).
The R? remained negative (—0.36), the correlation was comparable at 0.74.

Figure 5.8 shows the predicted and actual values over time for the forecast of 30 days.
Similarly to SARIMA, the SARIMAX model still fails to capture the day-to-day varia-
tion, but is closer to the actual number of admissions.
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Figure 5.8: SARIMAX: 30 day forecast vs. actual admissions.
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Overall, SARIMA captured the seasonal pattern of the data but struggled with daily
variation and (as expected) delivered modest performance over the long term hori-
zon. Incorporating exogenous variables into the SARIMAX model resulted in small
improvements in long term predictions and more noticeable improvements in short
term forecast accuracy.

5.2.2 Random Forest Regressor

Random Forest (RF) [62] is an ensemble learning algorithm that builds multiple deci-
sion trees during training and outputs the mean prediction (in regression tasks) of the
individual trees. It combines the principles of bagging (bootstrap aggregation) and
random feature selection to improve the results and reduce overfitting. Each tree is
trained on a randomly sampled subset of the training data, and at each split, a random
subset of features is considered.

The RF model was implemented using the RandomForestRegressor class from the scikit-
learn Python library. The input features for the model were selected based on the vari-
ables described in Tables 5.2 and 5.3, and include both calendar based and meteorolog-
ical indicators. The final feature set consisted of DayOfWeekNum, WeekOfYear, Month,
IsWeekend, IsHoliday, temp_max, temp_min, and humidity_max.

The training procedure was repeated ten times using different initializations (random_-
state). For each iteration, a grid search with 5-fold cross-validation was used to identify
the optimal combination of hyperparameters. The grid included the number of estima-
tors (n_estimators = [20, 40, 60, 80, 100, 120, 140, 160]), maximum tree depth (max_depth
= [none, 2,4, 6,8,10,12, 14, 16, 18, 20]), and minimum samples required to split a node
(min_samples_split = [2, 4, 6, 8, 10, 12, 14, 16]). The final model ( n_estimators = 140,
max_depth = 6, and min_samples_split = 16) was selected based on the RMSE calculated
from the test set.

Table 5.6 summarizes the evaluation metrics (10 iterations) for the RF model over the
360 day test horizon. The model demonstrates substantial improvements compared to
SARIMA and SARIMAX models, particularly in terms of lower forecast errors.

Table 5.6: Random Forest - Test set performance metrics (360 days).

MAE RMSE MAPE (%) R? Correlation
821+ 0.03 1099 +0.04 15.58 + 0.07 0.49 + 0.004 0.78 + 0.003

Figure 5.9 shows the results of the best RF model (that is, the iteration with the low-
est RMSE in the test set) compared to the actual values. The visual comparison shows
the ability of the model to align with the actual values, capturing both seasonal pat-
terns and short term variation. Nevertheless, the model tends to smooth daily variation
(there are clear peaks in the data that the model are not capable of predict).
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Figure 5.9: Random Forest - 360 day forecast vs. actual admissions.

Table 5.7 summarizes the evaluation metrics (10 iterations) for the RF model over the
30 day test horizon.

Table 5.7: Random Forest - Test set performance metrics (30 days).

MAE RMSE MAPE (%) R? Correlation
6.53 +0.10 7.79 +0.11 16.44+0.27 0.09 +0.03 0.70 + 0.01

Although the error values are lower and the correlation are strong (suggesting that the
model follows the variation in the data), the R? is relatively low, indicating that while
predictions follow general trends, they often miss daily variation (peaks).

Figure 5.10 shows the results of the best RF model (that is, the iteration with the lowest
RMSE in the test set) compared to the actual values for the 30 day forecast.
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Figure 5.10: Random Forest - 30 day forecast vs. actual admissions.
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As observed, while the model captures general trends and weekly seasonality, it tends
to smooth peaks. In order to further investigate this limitation, Figure 5.11 shows a
scatter plot of actual compared to predicted values.
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Figure 5.11: Random Forest - Actual vs. predicted admissions (30 day test).

As can be seen in the Figure 5.11, the points generally follow the expected trend, but
higher values are often predicted as being lower than the actual ones (this is also true
for the 360 day forecast). This indicates that the model tends to smooth the most ex-
treme peaks, predicting values closer to the average. Another observation is that the
R? score (metric used during training to determine the best model) drops slightly from
validation (=~ 0.53) to testing (~ 0.49). This decrease suggests that the model gen-
eralizes reasonably well and is not significantly overfitting or underfitting. The under
prediction of peaks may reflect the inherent unpredictability of these events (data com-
plexity), the absence of a key predictor in the current feature set, or even limitations of
the regressor to deal with the complexity of the data (outliers).

Figure 5.12 shows the feature importance plot for the best performing model.
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Figure 5.12: Random Forest - Feature importance extracted from the model.
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As shown in Figure 5.12, the “calendar” features (DayOfWeekNum, WeekOfYear and
isWeekend) were by far the most influential predictors. This suggests that the model re-
lies heavily on periodic temporal patterns to make forecasts, reinforcing the importance
of seasonality and structured calendar effects in hospital admission dynamics.

5.2.3 XGB Regressor

XGB [63] is an ensemble learning algorithm based on decision trees that uses a gradi-
ent boosting framework. XGB builds models sequentially, where each new tree corrects
the residual errors of the previous ensemble. The algorithm incorporates regulariza-
tion, shrinkage (learning rate), and subsampling to improve generalization and reduce
overfitting.

XGB model was implemented using the XGBRegressor class from the XGB Python li-
brary. The training procedure was repeated ten times using different initializations.
For each iteration, a grid search with 5-fold cross-validation was used to identify the
optimal combination of hyperparameters. The grid included the number of estimators
(n_estimators = [20, 40, 60, 80, 100, 120, 140, 160]), maximum tree depth (max_depth
= [2, 4, 6,10, 12, 14, 16, 18, 20]), learning rate (learning_rate = [0.01, 0.1, 0.2]), sub-
sample of the training instances (subsample = [0.8,0.9, 1.0]) and the subsample ratio of
columns (colsample_bytree = [0.8, 1.0]).

Table 5.8 summarizes the results for the 360 day test set. The XGB results are close
to those obtained with the RF model, but slightly lower in terms of errors (given the
standard deviation, it can be considered insignificant).

Table 5.8: XGB - Test set performance metrics over 10 iterations (360 days).

MAE RMSE MAPE (%) R? Correlation
825+ 0.02 11.03+0.03 15.63 +0.05 0.49 + 0.002 0.78 + 0.001

Table 5.9 summarizes the evaluation metrics (10 iterations) for the XGB model over the
30 day test horizon. The XGB shows slightly better results for errors than the RF model.
However, as for the 360 day test, given the standard deviation, it can be considered

insignificant.
Table 5.9: XGB - Test set performance metrics over 10 iterations (30 days).

MAE RMSE MAPE (%) R? Correlation
6.50 + 0.09 7.76 + 0.10 16.41+0.21 0.10+0.02 0.71 +0.01

Figure 5.13 shows the results of the best XGB model compared to the actual values
over the 360 day horizon. The results are similar to those obtained with RF (that is, the
model captures both seasonal patterns and short term variation, but tends to smooth
daily variation).
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Figure 5.13: XGB - 360 day forecast vs. actual admissions.

Figure 5.14 shows the results of the best XGB model compared to the actual values for
the 30 day forecast. The figure confirms the similarities between XGB and RF, with the
visualization being practically the same.
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Figure 5.14: XGB - 30 day forecast vs. actual admissions.

Figure 5.15 shows the feature importance plot for the XGB model that achieved the best
performance according to RMSE. As in the case of RF, features related to the calendar
(such as Month, IsWeekend) dominate the importance rankings of the model. Although
XGB distributes the feature importance slightly more evenly than RF, more than 90% of
the total importance remains concentrated in this small subset of calendar based vari-
ables. This probably explains the similar behavior and performance of both models,
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which appear to rely heavily on calendar patterns, highlighting the role of seasonality.
The near absence of meaningful contributions from meteorological variables suggests
that additional external predictors might be necessary to improve the model results
(particularly to capture admission spikes).
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Figure 5.15: XGB - Feature importance extracted from the model.

5.2.4 Machine Learning using Lag and Pollutants

This section extends the assessment of ML models (RF and XGB) incorporating ad-
ditional predictors derived from lagged meteorological and air quality values. The
analysis is divided into two parts. The first part investigates the effect of including
lagged meteorological variables (from day 0 to day 3), with performance compared to
previously established models (Section 5.2.2 and 5.2.3). The second part evaluates the
contribution of pollutants (PM;,, O3, and SO;). Due to missing values in the pollutant
data (each affecting different dates), each pollutant was tested individually. This ap-
proach preserves the largest possible test set and avoids the data sparsity that would
result from combining all pollutants into a single dataset.

For the first set of tests, lagged meteorological variables (from day 0 to day 3) were
incorporated into the dataset. Three configurations were evaluated: lagged minimum
temperature, lagged minimum temperature and maximum humidity, and lagged min-
imum and maximum temperatures. These were compared with the baseline models
introduced in Sections 5.2.2 and 5.2.3, with both RF and XGB trained using the same
method (performance metrics and figures are provided in Appendix B for all tests).

In all configurations, the inclusion of lagged variables did not result in significant im-
provements over baseline models. In some cases, performance slightly decreased (al-
though the variations are small). Feature importance plots (Appendix B) show that
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“calendar” variables remain dominant in all models, contributing to approximately
90% of the predictive weight. Interestingly, lagged temperature features consistently
received higher importance compared to the same features without lag, suggesting
some potential to capture temporal patterns. Regardless, this added complexity did
not improve the final results.

To evaluate the contribution of pollutants, separate tests were conducted for each vari-
able (PM;, O3, and SO5) using lagged values from day 0 to day 3. Asin previous exper-
iments with lagged meteorological variables, these features were added to the baseline
predictor set and the models were trained following the same procedure described in
Sections 5.2.2 and 5.2.3. Performance metrics are provided in the Appendix B.

Figure 5.16 shows the results for the RF model including the pollutant PM,, compared
to the corresponding baseline. Visually, both models exhibit similar behavior, with no
significant differences.

Actual vs Predicted Actual vs Predicted

372 11 14 TR

Figure 5.16: Random Forest - Actual vs. predicted admissions using the model with pollutants
(a) and the baseline (b).

The results (Appendix B) show a slight decline in performance across all metrics when
air quality predictors are included in the models (similar to what was observed in tests
with lagged temperature variables). One possible explanation relates to the limited
quality of the pollutant data. Measurements were obtained from a single monitoring
station and include a considerable number of missing values, which may have intro-
duced noise and reduced the ability of the models to capture meaningful patterns.

Nonetheless, feature importance plots suggest that lagged pollutant variables tend to
receive more predictive weight than the ones without lag (although their overall contri-
bution remains low and still below features related to the temperature). These limita-
tions, along with the lack of improvement in model accuracy, should not be interpreted
as evidence that pollutant variables lack predictive relevance. Rather, they point to the
importance of conducting additional analyses using more complete datasets, including
measurements from multiple monitoring stations or geographically constrained stud-
ies (for example, using only hospitals located near the monitoring station). Future
research could also explore the use of more complex models, such as neural networks,
which have shown promising results in similar contexts [51, 52].
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5.2.5 Discussion

Table 5.10 summarizes the performance of the four models (SARIMA, SARIMAX, RF,
and XGB) over 360 days. The results suggest that ML models (RF and XGB) have better
performance than traditional time series models over both forecast horizons. For the
360 day test, RF and XGB show significantly lower errors (for example, RMSE around
11 against 13.7 for SARIMAX - Table 5.10) and, despite slightly lower than the SARIMA
models, stronger correlation with actual admissions, suggesting that the models are
able to capture more accurately seasonal and short term variation.

Table 5.10: Test set performance metrics for 360 day forecast horizon over all models.

Model MAE RMSE MAPE (%) R? Corr

SARIMA 1118 13.95 22.13 0.19 0.55
SARIMAX 11.11 13.78 21.83 021 0.52
RF 821 1099 15.58 049 0.78
XGB 825 11.03 15.63 049 0.78

The performance of the four models over a 30 day horizon is summarized in Table 5.11.

Table 5.11: Test set performance metrics for 30 day forecast horizon over all models.

Model MAE RMSE MAPE (%) R? Corr.

SARIMA  11.81 13.08 33.08 —-155 0.75
SARIMAX 7.76 9.53 21.83 —-036 0.74
RF 6.53 7.79 16.44 0.09 0.70
XGB 6.50 7.76 16.41 0.10 0.71

In the short term test (30 days), the accuracy of the SARIMA models decreased substan-
tially, with SARIMA showing a negative R? and the highest MAPE (33%). SARIMAX
mitigates the (bad) results, however, still have worst results than the ML approaches.
RF and XGB maintain robust correlation values and achieve lower error metrics, indi-
cating superior adaptability to short term variation (even if both tend to smooth peaks).

The similar performance of RF and XGB, as discussed in Section 5.2.3, can be attributed
to their shared reliance on calendar predictors and the strong seasonality present in the
data®. This dependence potentially explains the difficulty of the models in predicting
admission peaks, suggesting that the inclusion of alternative or additional predictors,
such as road traffic or lagged variables [16], could be necessary:.

Regarding the use of pollutants, meteorological variables and past values to train the
models, although the literature highlights their association with hospital admissions
and reports positive results from their use in forecasting, their inclusion in this study

®Models were tested using a reduced set of predictors that excluded potentially redundant “calendar”
variables. As shown in Appendix B, both RF and XGB exhibited only minimal performance changes
compared to baseline models.
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did not lead to performance improvements. One possible explanation is the quality
and structure of the data, which come from a single monitoring station and contain
missing records. This limits their representativeness and may introduce noise.

Despite these limitations, the feature importance analysis revealed that lagged vari-
ables (both meteorological and related to air quality) often received more weight than
their non lagged counterparts. This suggest that, although they did not significantly
impact performance in this study, lagged features may offer greater predictive value
than same day values, as they correspond to delayed symptom manifestation. These
conclusions do not invalidate the potential relevance of such indicators, but emphasize
the need for more complete datasets, such as pollution measurements from multiple
monitoring stations or datasets limited to hospitals located near the monitoring source.

5.3 Pointwise Reliability

This section assesses pointwise reliability methods applied to the hospital admissions
use case. The analysis includes the Density and Local Fit method (Section 2.2.5), which
was originally designed for classification tasks but is adapted here for regression due
to its promising results in the previous experiments. In addition, methods specific for
regression tasks are evaluated, such as CONFIVE, CONFINE, and the two proposed
variants, denCONFIVE and iqrDenCONFIVE (Sections 2.2.6,2.2.7,2.2.8, and 2.2.9, re-
spectively). All methods are evaluated using the benchmark strategy presented in Sec-
tion 2.3. To ensure comparability between approaches, the threshold parameters were
selected using the procedure described in Section 2.2.10, fixing them at the 0.5 per-
centile. This resulted in a distance threshold of 0.177 for methods relying on distance
thresholds and a maximum of 7 neighbors (or cluster units).

5.3.1 Density and Local Fit

This method follows the approach described in Section 2.2.5, which combines density
and local fit principles to estimate the pointwise reliability of individual predictions.
While originally defined for classification problems, the method is adapted in this case
study for the regression tasks by introducing a tolerance threshold to classify predic-
tions as correct or incorrect. All components of the method (density, data agreement
and ML agreement) are preserved, but instead of using class labels, correctness is de-
fined based on a fixed absolute error threshold. Predictions are considered correct if
their error is within £8 units. For example, for the ML agreement component, if the
true value is  and the model predicts a nearby instance with a value between = — 8
and z + 8, the prediction is considered correct.

The threshold of 8 units reflects the average prediction error observed over 360 days
(corresponding approximately to the MAE).
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Figure 5.17 shows the distribution of the predictions and the corresponding error rates
across the reliability intervals. Ideally, higher reliability scores should be associated
with lower error, however, the results do not reflect this behavior. After a slight reduc-
tion in error between the first and fourth intervals, the error rate increases again in the
middle range, reaching 1 in the [0.60,0.70] interval. The last two intervals, [0.80, 0.90]
and [0.90, 1.00], do not show the lowest errors, and, in particular, the final interval has
a considerable high error rate. These inconsistencies indicate that the method does not
consistently assign higher reliability to more accurate predictions.
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Figure 5.17: Population and error rate by reliability interval (tolerance+8) using the Density
and Local Fit method.

The scatter plot in the Figure 5.18 shows the relationship between absolute error and
reliability score.
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Figure 5.18: Absolute error in relation to the reliability score using the Density and Local Fit
method.

Although lower errors are more frequent around mid to high reliability values, high
absolute errors still appear throughout the reliability range (Figure 5.18). This dis-
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persion shows that high reliability scores are not consistently aligned with accurate
predictions.

The method fails to consistently align high reliability scores with low prediction errors,
which limits its effectiveness in a regression context. To further investigate whether the
approach could be improved, two additional configurations were considered. The first
used the Gower distance to account for mixed type variables. The second relied ex-
clusively on categorical features, given their high estimated relevance in the prediction
model. However, neither variation led to a meaningful improvement. In the Gower ver-
sion, high reliability scores continued to coexist with large errors, and no clear pattern
was observed across reliability intervals. The categorical configuration produced reli-
ability values concentrated in lower intervals and resulted in a flat error distribution,
limiting its ability to distinguish between more reliable and less reliable predictions.
The corresponding figures are presented in Appendix B.

5.3.2 CONFIVE

CONFIVE is the first method in this study designed specifically for regression tasks, as
described in Section 2.2.6. The method estimates the reliability of a prediction based
on the local variance of the target values of its k nearest neighbors. The idea is that
if a prediction is surrounded by neighbors with similar results, it is more likely to be
reliable. A normalization step maps the local variance to a score in the interval [0, 1].

The evaluation uses the same threshold of £8 units to define correctness, following the
setup used for the Density and Local Fit method.

Figure 5.19 presents the distribution of the predictions and the corresponding error
rates across the reliability intervals.
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Figure 5.19: Population and error rate by reliability interval using CONFIVE method.
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The error rate shows a decreasing tendency from the lowest to the middle intervals,
reaching its minimum in [0.40, 0.50]. From [0.60, 1.00], error rates remain stable, with
only a slight decrease from 0.50 to 1.00. This is a favorable trend compared to the Den-
sity and Local Fit method, although the overall decline is modest, resulting in a small
difference between the lowest and highest reliability groups in terms of error rate.

The scatter plot in Figure 5.20 shows the absolute prediction error in relation to the
reliability score. Compared to the Density and Local Fit method, reliability scores are
more widely distributed, but the improvement in this spread remains limited.
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Figure 5.20: Absolute error in relation to the reliability score using CONFIVE method.

The results indicate that CONFIVE aligns the reliability scores with predictive accuracy
more consistently than the classification based adaptation. However, contrary to the re-
sults presented in Chapter 3, where pointwise methods showed a clearer ability to sep-
arate reliable from unreliable predictions in classification tasks, the difference observed
remains small. While the method shows improvement over the previous adaptation, it
still lacks the ability to discriminate between high and low reliability predictions.

5.3.3 CONFINE

CONFINE, described in Section 2.2.7, computes the mean squared error between the
predictions of the model and the true target values of the k nearest neighbors of a
given instance. A lower local error indicates greater consistency and leads to a higher
reliability score. The raw score is then normalized to the [0, 1] interval.

The distribution of the predictions and associated error rates across the reliability in-
tervals (using the £8 unit threshold to define the correctness) are shown in Figure 5.21.
Similarly to the CONFIVE method, a decreasing trend in error rates is observed from
the [0.00, 0.10] to [0.40, 0.50] reliability intervals. However, from [0.50, 0.60] onward, the
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error rate increases consistently across the upper reliability intervals. The final inter-
val, intended to represent the most reliable predictions, exhibits a higher error rate than
the lowest reliability interval. These results indicate that CONFINE does not effectively
distinguish reliable from unreliable predictions in this case study.
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Figure 5.21: Population and error rate by reliability interval using CONFINE method.

Figure 5.22 shows the absolute prediction error in relation to the reliability score. No
clear pattern is observed between reliability values and absolute error. Low and high
errors appear uniformly throughout the reliability range, further demonstrating the
limitations of the method to associate its reliability scores with prediction accuracy.
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Figure 5.22: Absolute error as a function of the reliability score using the CONFINE method.
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In general, CONFINE performs poorly in the current case study. Although originally
designed for regression problems, the results of the method are less consistent than
those obtained with CONFIVE, which showed a better separation between reliable and
unreliable predictions.

5.3.4 denCONFIVE

Following the results of previous case studies, where the combination of density and
local fit principles showed potential, the denCONFIVE method (Section 2.2.8) extends
CONFIVE by integrating a density component. The final reliability score is computed
as the product of the normalized local variance (as in CONFIVE) and a density mea-
sure based on the number of training instances within a distance threshold. The goal is
to penalize predictions made in sparse regions, while still benefiting from the variance
based reliability.

Figure 5.23 shows the error rate across reliability intervals using the +8 unit threshold.
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Figure 5.23: Population and error rate by reliability interval using the denCONFIVE method.

The overall pattern resembles the CONFIVE method, with a decrease in error rate from
[0.00, 0.10] to [0.50, 0.60], followed by a continued decline through the higher intervals.
Although some fluctuations remain, the transition between intervals is smoother, and
the error rate in the highest reliability interval is the lowest observed. The method
also concentrates a larger number of predictions in the low reliability intervals, which
aligns with previous case studies and supports the idea that the method applies stricter
reliability assignments.
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The absolute prediction error in relation to the reliability score is shown in Figure 5.24.
Contrary to previous methods, there appears to be a pattern in which high reliability
predictions present lower absolute error. Predictions with high absolute error are still
distributed across the range, but their frequency is reduced among the most reliable
predictions. At the same time, a substantial number of instances classified with low
reliability also present low absolute errors, which may suggest that the method has
limited ability to differentiate between high and low reliability predictions.
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Figure 5.24: Absolute error as a function of the reliability score using the denCONFIVE method.

Among the methods evaluated so far, despite inconsistencies, denCONFIVE shows the
most consistent alignment between predicted reliability and observed error.

5.3.5 iqrDenCONFIVE

The iqrDenCONFIVE method (Section 2.2.9) is an adaptation of denCONFIVE that
modifies the normalization strategy for the local variance component, with the ob-
jective of preserving the differences in local variance while limiting the influence of

extreme values.

The error rate in the reliability intervals using the +8 unit threshold is shown in Fig-
ure 5.25. The results follow a similar pattern to denCONFIVE, with a reduction in error
from lower to higher reliability intervals. The method also appears to apply a more
restrictive attribution of high reliability, as a low number of predictions are assigned
to high reliability intervals. Although some variation is still visible, the transition is
smoother and the general results appear slightly better compared to denCONFIVE.

69



Claudio Correia

Population & Error-Rate by Reliability Bin (tolerance +8) mm population Count
—&— Error Rate
1o

~
[=]
L

=]
=}

r0.8

g

Population Count
&
L
Error Rate

8

ro.4

N
(=]
L

ro.2

=
o

o
I

- 0.0

™ AN o~ AN o 3 o A\ S
o > ® 3 K3 o3 @ & g

Q
° s x4 s o s $° X3 $ X3
Reliability Intervals

Figure 5.25: Population and error rate by reliability interval using the iqrDenCONFIVE method.

The absolute prediction error in relation to the reliability score is shown in Figure 5.26.
The general pattern observed in denCONFIVE is also present, with lower absolute er-
rors appearing more frequently at higher reliability levels. However, as with previous
methods, the figure also reveals high error predictions within high reliability regions,
as well as some low error predictions among the least reliable instances.
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Figure 5.26: Absolute error as a function of the reliability score using the iqrDenCONFIVE
method.

To better understand the presence of high reliability predictions with high absolute
error, the test instance with the highest absolute error among those classified with high
reliability was examined (highlighted in Figure 5.26). The method assigned to this
instance a score within one of the highest reliability intervals, which is consistent with

70



Pointwise Reliability

its design: the local variance among its nearest neighbors is relatively low (based on
the Min-Max scaling interval [0, 250]), which corresponds to a high reliability score.

Table 5.12 lists the feature values of the selected test instance (highlighted in bold)
and its seven nearest neighbors. As shown, the neighbors are very similar in terms of
teatures, yet their target values differ substantially. This suggests that the prediction
error may be attributed to the incapacity of describing the target values with the current
feature set, rather than to a failure in the reliability estimation itself, or that the instance
may be an outlier.

Table 5.12: High error, high reliability instance (top row, in bold) and its 7 nearest neighbors.

Day Week Month Weekend Holiday Maxtemp Mintemp Humidity ygue

0 30 7 0 0 23.9 14.5 82.0 92
0 30 7 0 0 24.8 15.3 81.0 51
0 28 7 0 0 24.3 15.7 83.0 64
0 29 7 0 0 24.4 13.3 80.0 58
0 30 7 0 0 249 14.6 77.0 55
0 28 7 0 0 21.4 13.8 82.0 59
0 25 6 0 0 247 14.1 83.0 59
0 31 7 0 0 222 14.4 76.0 47

A second case was also examined: an instance with low reliability that resulted in ap-
proximately zero absolute error (Table 5.13). Its nearest neighbors showed substan-
tially higher variance in the target values, which combined with the density component
supports the low reliability score assigned by the method. This case further confirms
that the method responds appropriately to noisy local contexts, even when the regres-
sion model performs well.

Table 5.13: Low reliability, low error instance (top row, in bold) and its 7 nearest neighbors.

Day Week Month Weekend Holiday Maxtemp Mintemp Humidity yirue

5 3 1 1 0 32.7 21.8 71.0 31
5 1 1 1 0 31.5 21.7 72.0 31
5 2 1 1 0 32.6 20.6 73.0 19
5 4 1 1 0 30.9 21.7 71.0 36
5 7 2 1 0 32.5 21.1 76.0 30
5 7 2 1 0 30.5 21.5 72.0 43
5 4 1 1 0 29.7 20.1 74.0 32
5 3 1 1 0 32.4 21.3 61.0 17

These examples illustrate that iqrDenCONFIVE behaves as intended. The method as-
signs high reliability to predictions made in dense and locally consistent regions and
low reliability in more dispersed or variable contexts. However, due to the characteris-
tics of the data and limitations of the regression model (specifically, features that may
not fully explain the target), the reliability scores do not consistently separate high and
low error predictions.
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Regardless of the constraints, the method maintains a consistent association between
reliability and predictive accuracy across most intervals and test instances.

5.3.6 Discussion of the Results

The performance of pointwise reliability methods varied depending on the underlying
strategy. Methods that combine the density and local fit principle (such as denCON-
FIVE and iqrDenCONFIVE) showed the best results. These methods presented a more
stable relationship between reliability scores and prediction error, even when the data
included irregular or noisy patterns. This supports the findings of the classification
case studies (Chapters 3 and 4), where the combination of principles also led to better
results.

One of the main challenges appeared to be the presence of instances in the dataset with
similar features but very different target values. The features used are likely not suf-
ficient to fully explain the label, which limits the ability of the reliability methods to
make accurate assessments. This may also help explain the constraints of the regres-
sion models. As discussed in Section 5.2, the models struggled with sharp changes
in admission counts, suggesting that both prediction and reliability estimation may be
affected by the same constraints.

The Density and Local Fit method, which previously showed promising results in the
classification case studies, had difficulty separating reliable from unreliable predictions
in this scenario. Methods developed specifically for regression, such as denCONFIVE,
generally produced better results. Among them, iqrDenCONFIVE showed the best
performance, offering a closer alignment between the reliability scores and the actual
prediction error.

Although the results for this regression task are less clear than those of the classification
use cases, they still offer useful insights. The methods showed meaningful patterns
under less favorable conditions and justify further investigation. Future work could
focus on more homogeneous datasets (e.g., data from individual hospitals) or consider
expanding the dataset with complementary information, such as additional air quality
stations. Testing different models and incorporating domain specific knowledge can
also improve the quality of reliability assessment.
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6 CONCLUSIONS

The primary objective of this project was to investigate pointwise reliability measures
for evaluating Machine Learning (ML) model predictions. The motivation for this
work is based on the recognition that global performance metrics do not provide suf-
ficient guidance on the reliability of individual predictions, which is a vital aspect for
the adoption of ML models in critical applications. To address this issue, a set of model
agnostic reliability methods was applied in three case studies, with the purpose of as-
sessing their effectiveness in classification and regression tasks.

The first two case studies focused on clinical classification tasks that involve treatment
decisions and mortality related to cardiovascular problems. The analysis revealed that
clustering based methods, such as subtractive and DBSCAN, struggled to differentiate
between reliable and unreliable predictions, as most were concentrated at the extremes
of the reliability intervals. Distance based methods provided a more balanced distri-
bution of scores, but produced inconsistent results. The ICM method showed a clearer
decrease in error rates with higher reliability values, although its restrictive algorithm
classifies all predictions as having low reliability, which limits its usability. Among all
the approaches evaluated, the Density and Local fit method showed the most promis-
ing results. The method balanced prediction in all reliability intervals and showed a
consistent relationship between higher reliability and lower error rates, making it a
robust solution for classification problems.

The third case study shifted to the forecasting of hospital admissions and introduced
additional challenges. In this context, models were evaluated to assess their forecast-
ing performance. Traditional statistical models, such as SARIMA and SARIMAX, were
able to capture seasonal patterns but failed to represent daily fluctuations, leading to
relatively high errors. ML approaches, specifically Random Forest and XGB, consis-
tently outperformed these baselines. They achieved lower error metrics and stronger
correlations with actual admissions, demonstrating superior results in both short term
and long term forecasts. Regarding the pointwise reliability, methods specific to re-
gression tasks were also assessed. The overall performance in this case study was not
as strong as that observed in the classification tasks. The CONFIVE provided mod-
est results, while the CONFINE was less successful in aligning the reliability scores
with the accuracy of the predictions. The most promising results were observed in
denCONFIVE and iqrDenCONFIVE methods, which combine the density and local fit
principles. The latter showed a better association between reliability scores and pre-
diction errors, although some high reliability predictions still had large errors due to
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dataset limitations, such as missing explanatory features.

In summary, the findings of this project show that pointwise reliability can improve
trust in individual predictions of ML models. The work demonstrates that methods
combining density and local fit principles generally produce more stable and mean-
ingful reliability estimates than methods based on either principle alone. It also shows
that ML models should be considered when forecasting hospital admissions, as they
showed better results than traditional forecasting approaches.

Nevertheless, several limitations must be acknowledged. In the forecasting case study,
the datasets had incomplete pollutant data and a restricted geographic scope that lim-
ited the analysis. Regarding pointwise reliability, while a broad set of methods was
evaluated, it was not possible to cover all the approaches proposed in the literature,
and parameter optimization for the methods was not explored in depth.

The limitations identified above point to several directions for future work.

For the forecasting problem, the evaluation should be expanded to more complete or
representative datasets.

The pointwise reliability assessment would further benefit from a more consolidated
dataset, because, despite showing promising results, those were not as strong as the
results observed in the other case studies. In general, reliability assessment could also
benefit from the integration of domain knowledge, which has proven to be effective in
other research.

Finally, hybrid or adaptive reliability strategies that take into account the class distri-
bution and the importance of features may also lead to better results.

As a result of this work, three publications were produced, each corresponding to one
of the case studies presented. The first was published in a scientific journal and the
others were presented at conferences:

1. “Benchmarking Methods for Pointwise Reliability” - published in Information[39];

2. “Pointwise Reliability Assessment” - published and presented at the Experiment@
International Conference 2025 (exp.at'25)?;

3. “Forecasting Respiratory-Related Hospital Admissions in Belo Horizonte: A Compari-
son of SARIMA (X) and Tree-Based ML” - published and presented at the 31st Por-
tuguese Conference on Pattern Recognition (RECPAD 2025)2.

"https://expat.org.pt/expat25/; Accessed: 5 October 2025.
“https://sites.google.com/view/recpad2025; Accessed: 5 October 2025.
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Appendix A - Patient Treatment

Complementary results of pointwise reliability methods for the case study of patient
treatment classification (Chapter 3).

t-SNE Visualizations

This section presents the t-distributed Stochastic Neighbor Embedding (t-SNE) visu-
alizations for one fold of each pointwise reliability method (one iteration of the bench-
mark). All figures were originally introduced in Correia et al. [39] and support the
quantitative findings.

The t-SNE visualization for the subtractive clustering method is shown in Figure A.1.
Predictions are grouped by reliability interval and class.
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Figure A.1: t-SNE visualization of the training and validation datasets using the Subtractive
Clustering method, categorized by reliability intervals and separated by class [39].
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The visualization in Figure A.1 does not reveal any clear relationship between forecast
reliability and local structure, with many instances marked as unreliable despite being

surrounded by similar points.

Similar patterns are observed in Figure A.2 for the DBSCAN method. The visualization
does not reveal a strong link between prediction reliability and class separation, further
confirming the instability seen in the quantitative performance of the method.
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Figure A.2: t-SNE visualization of the training and validation datasets using the DBSCAN
method, categorized by reliability intervals and separated by class [39].
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The Distance Based method, shown in Figure A.3, assigns low reliability to isolated
points, capturing local sparsity. However, high reliability predictions often occur in

overlapping class regions.
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Figure A.3: t-SNE visualization of the training and validation datasets using the Distance Based
method, categorized by reliability intervals and separated by class [39].
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In Figure A4, the ICM method is shown to assign low reliability even to instances

surrounded by neighbors of the same class.
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Figure A.4: t-SNE visualization of the training and validation datasets using the ICM method,
categorized by reliability intervals and separated by class [39].
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Figure A.5 shows that high reliability predictions from the Density and Local Fit method
are typically located in dense, homogeneous regions, while low reliability predictions

appear near class boundaries.
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Figure A.5: t-SNE visualization of the training and validation datasets using the Density and
Local Fit method, categorized by reliability intervals and separated by class [39].
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Appendix B - Hospital Admissions

Complementary results from additional experiments with pointwise reliability meth-
ods and using models trained with reduced feature sets, lagged meteorological vari-

ables (temperature and humidity) and atmospheric pollutants (SO,, PM;, and Oj) for
the Hospital Admissions case study (Chapter 5).

Reduced Predictors

Table B.1 summarizes the performance of Random Forest (RF) and eXtreme Gradient
Boosting (XGB) models trained using only a reduced set of predictors ( WeekOfYear,
DayOfWeekNum, temp_min, temp_max, humidity_max, and IsHoliday.)

Table B.1: Test set performance using reduced predictor sets (360 day horizon).

Model MAE RMSE MAPE (%) R? Corr.

RF (reduced) 8.18 + 0.03 1093 +0.04 1554 +0.03 0.49 + 0.003 0.78 + 0.002
XGB (reduced) 8.23 +0.02 10.98 + 0.04 15.63 +0.02 0.49 4+ 0.004 0.78 + 0.001

Figure B.1 shows the results of the best RF model using reduced predictor sets (that is,
the iteration with the lowest RMSE in the test set) compared to the actual values.
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Figure B.1: RF reduced predictors - 360 day forecast vs. actual admissions.
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Figure B.2 shows the plot of the importance of features for the RF model using reduced
predictor sets (best results based on RMSE).
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Figure B.2: RF reduced predictors - Feature importance.

Figure B.3 shows the results of the best XGB model using reduced predictor sets (that
is, the iteration with the lowest RMSE in the test set) compared to actual values.
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Figure B.3: XGB reduced predictors - 360 day forecast vs. actual admissions.
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Figure B.4 shows the plot of the importance of features for the XGB model using re-
duced predictor sets (best results based on RMSE).
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Figure B.4: XGB reduced predictors - Feature importance.

Table B.2 summarizes the performance of RF and XGB using various configurations of
lagged meteorological variables (over 360 days). The baseline models (Sections 5.2.2
and 5.2.3) are evaluated alongside three extended configurations, models with lagged
minimum temperature, lagged minimum temperature and maximum humidity, and
lagged minimum and maximum temperatures. The table reports the mean and stan-
dard deviation for ten iterations for each configuration.

Table B.2: Test set performance metrics for 360 day forecast horizon over all models.

Model MAE RMSE MAPE (%) R? Corr.
RF (baseline) 821 +0.03 10.99 +0.04 1558 +0.07 0.49 +0.00 0.78 + 0.00
XGB (baseline) 8.25+0.02 11.03 +0.03 15.63 + 0.05 0.49 +0.00 0.78 + 0.00
RF (tmp min)  8.21 £0.03 10954 0.02 15.61 +0.07 0.49 + 0.00 0.78 4+ 0.00
XGB (tmp 828 +0.00 11.05+ 0.00 15.70 +0.00 0.48 +0.00 0.78 + 0.00
min)

RF (tmp min & 8.23 +0.04 11.01 +0.04 15.62 +0.07 0.49 + 0.00 0.78 + 0.00
humid max)

XGB (tmp min 827 +0.01 11.05+ 0.01 15.67 +0.03 0.48 + 0.00 0.78 + 0.00
& humid max)

RF (tmp min & 8.33 +0.05 11.10 4+ 0.05 15.85+0.12 0.48 4+ 0.00 0.78 + 0.00
tmp max)

XGB (tmp min 837 +0.01 11.13 +0.01 1593 +0.02 0.48 4+ 0.00 0.77 + 0.00
& tmp max)
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Figure B.5 shows the results of the best RF model with lagged minimum temperature
(that is, the iteration with the lowest RMSE in the test set) compared to the actual

values.
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Figure B.5: RF with minimum temperature - 360 day forecast vs. actual admissions.

Figure B.6 shows the plot of the importance of features for the RF model with lagged

minimum temperature (best results based on RMSE).
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Figure B.6: RF with minimum temperature - Feature importance.
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Figure B.7 shows the results of the best XGB model with lagged minimum temperature
(that is, the iteration with the lowest RMSE in the test set) compared to actual values.
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Figure B.7: XGB with minimum temperature - 360 day forecast vs. actual admissions.

Figure B.8 shows the plot of the importance of features for the XGB model with lagged
minimum temperature (best results based on RMSE).
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Figure B.8: XGB with minimum temperature - Feature importance.
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Lagged temperature

Figure B.9 shows the results of the best RF model with lagged minimum temperature
and maximum humidity compared to the actual values.
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Figure B.9: RF with minimum temperature and maximum humidity - 360 day forecast vs. actual
admissions.

Figure B.10 shows the plot of the importance of features for the RF model with lagged
minimum temperature and maximum humidity.
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Figure B.10: RF with minimum temperature and maximum humidity - Feature importance.
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Figure B.11 shows the results of the best XGB model with lagged minimum tempera-
ture and maximum humidity compared to actual values.
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Figure B.11: XGB with with minimum temperature and maximum humidity - 360 day forecast
vs. actual admissions.

Figure B.12 shows the feature importance plot for the XGB model with lagged mini-
mum temperature and maximum humidity.
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Figure B.12: XGB with minimum temperature and maximum humidity - Feature importance.
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Figure B.13 shows the results of the best RF model with lagged maximum and mini-
mum temperature compared to the actual values.
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Figure B.13: RF with maximum and minimum temperature - 360 day forecast vs. actual admis-
sions.

Figure B.14 shows the plot of the importance of features for the RF model with lagged
maximum and minimum temperatures.
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Figure B.14: RF with lagged maximum and minimum temperature - Feature importance.
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Figure B.15 shows the results of the best XGB model with lagged maximum and mini-
mum temperature compared to the actual values.
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Figure B.15: XGB with maximum and minimum temperature - 360 day forecast vs. actual ad-
missions.

Figure B.16 shows the feature importance plot for the XGB model with lagged maxi-
mum and minimum temperature.
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Figure B.16: XGB with lagged maximum and minimum temperature - Feature importance.
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Pollutants

Table B.3 summarizes the performance of RF and XGB models trained with lagged
pollutant variables (SO,, PM;(, and O3), combined with lagged minimum temperature
(lags 0 to 3). Each pollutant contains missing values on different dates, and separate
test sets were used for each case (the missing date was removed from the dataset).
For consistency, the baseline models (Sections 5.2.2 and 5.2.3) were evaluated in the
corresponding test sets for each pollutant. The table reports the mean and standard
deviation for ten iterations (using the same training method described in Section 5.2.3),
along with the results of the baseline model (with the best hyperparameters).

Table B.3: Test set performance metrics for RF and XGB with lagged pollutants.

Model MAE RMSE MAPE (%) R? Corr.
SO, - RF 7.76 9.87 14.88 0.63 0.85
(baseline)

SO, - XGB 7.85 10.10 14.93 0.61 0.84
(baseline)

SO, - RF 792 +0.10 1024 +0.11 15.19+0.18 0.60 + 0.008 0.83 + 0.002
(pollutant)

SO, - XGB 826 +0.15 1052+ 0.15 1585+0.33 0.58+0.01 0.83 + 0.003
(pollutant)

PM;, - RF 8.26 11.16 15.62 0.48 0.77
(baseline)

PM;, - XGB 8.34 11.17 15.73 0.48 0.77
(baseline)

PM,, - RF 8.69 + 0.04 1145+ 0.05 16.50 + 0.10 0.46 + 0.005 0.78 + 0.002
(pollutant)

PM;;-XGB 885+ 0.04 11.66 +0.07 16.69 + 0.09 0.44 + 0.006 0.77 + 0.003
(pollutant)

O3 - RF 9.01 11.83 15.71 0.52 0.82
(baseline)

O;3 - XGB 8.97 11.62 15.64 0.53 0.82
(baseline)

O; -RF 9.50 + 0.07 1227 +0.10 16.78 +0.13 0.48 + 0.008 0.79 + 0.003
(pollutant)

O; - XGB 913+ 0.11 11.86+0.14 1593+ 0.23 0.51 +0.01 0.81 + 0.005
(pollutant)
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Additional Variants of the Density and Local Fit Method

Two alternative configurations of the Density and Local Fit method were evaluated.
The first used the Gower distance (instead of computing Euclidean distance). The sec-
ond applied the method using only categorical variables, which represented 90% of
the estimated relevance in the model.

In the Gower based version, as shown in Figure B.17, the error rate in the different inter-
vals did not follow a consistent decreasing pattern, and high reliability scores were not
necessarily associated with lower errors. The corresponding scatter plot in Figure B.18
confirms that high absolute errors still occurred throughout the reliability intervals.
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Figure B.17: Population and error rate by reliability interval (tolerance = +8) using the Gower
distance.
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N w w o
w o v} =}

Absolute Error
o
15}
L
o® P® O opo00 @
X

=
T}
L
IROBeIED
»

=
o
L
] Teo'e

w
(L) 0
(D S DA E 0O @ o0
Ol G ENDOe 0% O
-a @ 00

T T T T T T
0.0 0.2 0.4 0.6 0.8 10
Reliability Score

Figure B.18: Absolute error compared to reliability score using the Gower distance.
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For the categorical only configuration, the reliability scores were concentrated in lower
intervals and, as shown in Figure B.19, the error rate remained relatively flat.

Population & Error-Rate by Reliability Bin (tolerance +8)
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Figure B.19: Population and error rate by reliability interval (tolerance = +8) using only cate-
gorical variables.

Figure B.20 shows that the absolute error distribution did not improve using only cate-
gorical variables, and the method lacked the ability to meaningfully separate more and
less reliable predictions.
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Figure B.20: Absolute error compared to reliability score using only categorical variables.
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