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Abstract. Interpolating data and the application of data mining tech-
niques in nonlinear manifolds plays a significant role in different areas of
knowledge, ranging from computer vision and robotics, to industrial and
medical requests, and these growing number of applications have sparked
the research interest of the scientific community to these topics. The Gen-
eralized Essential manifold, briefly, Essential manifold, consisting of the
product of the Grassmann manifold of all k-dimensional subspaces of
R™ and the Lie group of rotations in R", for instance, plays an impor-
tant role in the problem of recovering the structure and motion from a
sequence of images, also known as stereo matching, which is a crucial
problem in image processing and computer vision. A well-known recur-
sive procedure to generate interpolating polynomial curves in Euclidean
spaces is the classical De Casteljau algorithm, which is a simple and pow-
erful tool widely used in the field of Computer Aided Geometric Design,
particularly because it is essentially geometrically based. This algorithm
has been generalized to geodesically complete Riemannian manifolds.
Thus, having this in mind, in this work we present all the ingredients for
a detailed implementation of the generalized De Casteljau algorithm to
generate geometric cubic polynomials in the Essential manifold preparing
the ground to solve different real interpolation problems in this manifold.
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1 Introdution

Interpolation problems involving data on nonlinear manifolds is a topic that
appears in a vast number of applications such that face recognition, biomedical
image analysis, automobile safety, fingerprint recognition, and in many other
problems where large sets of data allow the extraction of important information
and identification of patterns.

For illustration, consider the problem of recovering structure and motion from
a sequence of images, also known as stereo matching, which is a key problem in
computer vision that continues to be one of the most active research areas with
remarkable progress in imaging and computing. We refer, for instance, [3,10,15]
and references therein for details concerning multiple applications.

The mentioned examples served as a motivation for our study and the main
goal of this work is to present an approach for solving interpolation problems on
the Generalized Essential manifold highlighting its contribution to data mining.

This manifold is the product of the Grassmann manifold Gy, ,,, consisting of
all k-dimensional linear subspaces of the real n-dimensional Euclidean space, and
the Lie group of rotations SO(n). One particular case of that is the Normalized
Essential manifold, corresponding to k = 2 and n = 3, which plays an important
role in image processing. The classical problem of reconstructing a scene, or a
video, from several images of the scene can be formulated as an interpolation
problem on that manifold, since it encodes the epipolar constraint. Typically,
it is given an ordered set of time-labeled essential matrices, F1,. .., Ej, relating
j different consecutive camera views (snapshots), and the aim is to calculate
a continuum of additional virtual views by computing a smooth interpolating
curve through the E;’s, i =1,...,7.

The De Casteljau algorithm has been used for a long time and on a widely
variety of different areas. For a general introduction of the classical version of
this algorithm and an overview of the historical evolution and existing works
dealing with this concept we can mention, for instance, [6] and literature cited
therein. Since most real life problems require the application of the De Casteljau
algorithm in manifolds different from the Euclidean space R™, generalizations
of this algorithm to other manifolds where performed, and there are known in
the literature many references of works relating to the study of the algorithm,
in other manifolds, and with different approaches. Just to name a few, see for
instance, [1,4,11,12].

Although the existence in the literature of different methods for interpolat-
ing data in manifolds, the motivation to use, in this work, for the Essential
manifold, the generalization of the classical De Casteljau algorithm for geodesi-
cally complete Riemannian manifolds, was based essentially in the fact that this
algorithm is a powerful tool widely used and with a geometric and an algebraic
feature that with recursive geodesic interpolation, allows to generate interpolat-
ing polynomial curves on manifolds.

In order not to be too exhaustive in this introductory section, more details
concerned with this topic will appear in development sections.
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2 Preliminaries and Notations

In this section, we provide preliminaries and introduce some notations that will
be used throughout the paper. In this sense, we start to notice that the matrix
groups are the most common examples of Lie groups which have greatest appli-
cation in computer vision problems, robotics, engineering and control theory
problems. These groups are all subgroups of the General Linear Group GL,,(R),
the group of all real n x n invertible matrices, whose Lie algebra is gl(n), the
set of all n X n matrices with real entries, equipped with the commutator of
matrices [A, B] = AB — BA as the Lie bracket. The adjoint operator in gl(n) is
defined by ads B := [A, B] and, in the sequel, we consider gl(n) equipped with
the Euclidean inner product

(X,Y)=tr(X'Y), X,Y € gl(n). (1)

Given X € gl(n), the matriz exponential of X, denoted by eX, is the n x n

real matll;ix given by the sum of the following convergent power series eX =
S %, where X is defined to be the identity matrix I.

The vector space of gl(n) consisting of all symmetric matrices is denoted
by s§(n), while so(n) denotes the Lie subalgebra of gl(n) consisting of all skew-
symmetric matrices. It is well-known that gl(n) = s(n) @ so(n), is a decompo-
sition of the Lie algebra gl(n), and that [so(n),so(n)] C so(n), [so(n),s(n)] C
s(n) and [s(n),s(n)] C so(n). Also, so(n) and s(n) are orthogonal with respect to
the inner product (1). The rotation group SO(n), having so(n) as its Lie algebra,
will also play a relevant role here.

It is important to mention that the logarithms of an invertible matrix B are
the solutions of the matrix equation eX = B, and when B is real and doesn’t
have eigenvalues in the closed negative real line, i.e., when o(B) NR; = &,
where o(B) denotes the spectrum of B, there exists a unique real logarithm of
B whose spectrum lies in the infinite horizontal strip {z €C : —7 < Im(z) < 7}
of the complex plane. In this work we will only consider this logarithm, usually
called the principal logarithm of B and hereafter denoted by log B. When B
belongs to the rotation group SO(n), then log B belongs to its Lie algebra so(n).
Further, when ||B — I]| < 1, log B is uniquely defined by the following conver-

400 k
gent power series: log B = Z(—l)kHM
principal logarithm for matkricles which are close to the identity matrix. How-

ever, for a € [~1,1], log(B%) = alogB, so that, making a = 1/2*, with
k € Z, one has log (Bz%"> = %logB. Further, since lim (Bz%) = I, the

k—-+oco

previous expression allows to compute log B even for matrices B which are
not close to the identity. This procedure is called inverse scaling and squar-
ing method and can be found, e.g., in [7]. More properties of these matrices
functions are available, for instance, in [7,8], but we emphasize here the identity

. This power series defines the
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1
edDe 4 =e™aD =D+ [A, D] + 5[14’ [A, D]] + - - -, which plays an important

role in this work.

3 The Geometry of the Essential Manifold

Let n be a positive integer and let k& be a positive integer smaller than n.
The Generalized Essential manifold Gy, x SO(n), briefly, Essential manifold,
is the cartesian product of the real Grassmann manifold Gy, ,,, consisting of all
k-dimensional (linear) subspaces of R™, and the rotation orthogonal group SO(n)
of all orientation preserving rotational transformations in R™. Therefore, we have
that

Grn xSO(n) ={(S,R): S € Ggn, RcSO(n)}. (2)

This manifold is a smooth compact and connected manifold of real dimen-
sion k(n — k) + n(n — 1)/2 which can be seen as an embedded submanifold
of s(n) x R"*"™.

Each subspace of the Grassmann manifold G}, ,, can be associated to a unique
operator of orthogonal projections onto itself, with respect to the Euclidean met-
ric, and it is well-known that these operators (or, equivalently, its matrices, called
projection matrices) are symmetric, idempotent, and have rank k. Therefore, in
this work, similarly to [2,9], and [14] we use the following matrix representation
of the Grassmann manifold

Grn = {S €5(n) : S =S and rank(S) = k}, (3)

which is also a smooth compact connected manifold of real dimension k(n — k),
and an isospectral manifold, where each element has the eigenvalues 1 and 0, with
multiplicity k£ and n — k, respectively. Defining, for an arbitrary point S € Gy, »,,
the sets of matrices

glg(n):={Ae€gl(n) : A=SA+ AS}; sog(n):=so(n)Nglg(n), (4)
the tangent space at a point P = (S, R) € G n x SO(n) can be defined by
Tp (Grn xSO(n)) ={([2,5],RY) : 2 €sog(n),Y €so(n)}
= {(ad%(A),RY) : A€s(n),Y €so(n)}. ©
We consider the Essential manifold equipped with the Riemannian metric,
induced by the Euclidean inner product on each tangent space, given by

<(['le S]’ RE) s ([QQ’ S]7 RY2)> = tr(Q?QQ) + tr(Y1TY2)- (6)

Moreover, using the last description of the tangent space at P € Gy, x SO(n),
the normal space at P, with respect to the Riemannian metric (6), can be defined
as follows

(Tp (G x SO(n))) " = {(A - ad§(A), RB) : A, Bes(n)}.  (7)
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Bellow, we present a result for the Grassmann manifold Gy, ., that will be
important to better understand further developments, and whose proof can be
found in [13].

Lemma 1. Let S € Gy, A, B € glg(n) and t € R. Then,
4,5] = [B,S] & A= B, (®)
HA(I - 28) = e?dia (] — 28). (9)

Now, we present some results about geodesics in the Essential manifold with
respect to the Riemannian metric in (6).

3.1 Geodesics and Geodesic Distance

In this subsection, as mention, we present some results in order to compute
explicitly, in Gg n x SO(n), the geodesic satisfying some initial conditions, the
minimizing geodesic arc joining two points and the geodesic distance between
two points of the Essential manifold.

Proposition 1. The unique geodesic t — ~(t) in G x SO(n), satisfying the
ingtial conditions v(0) = (S, R) and ¥(0) = ([£2,S], RY), where {2 € sog(n) and
Y € so(n), is given by

¥(t) = (11(t),y2(t)) = (et‘QSe_tQ7 Rety) = (etadQS, Rety) . (10)

Proof. A detailed proof for the expression of v1 in Gy, can be found in [2], and
since geodesics on SO(n) are translations of one parameter subgroups of SO(n)
the proof of the expression v, is immediate.

Remark 1. We note that any two points in the Essential manifold can be joined
by a geodesic. This follows from the fact that Gy, x SO(n) is geodesically
complete. However, to obtain an explicit formula for the geodesic that joins
two points it is necessary to require some restrictions expressed in the following
result.

Proposition 2. Let P = (S1,R1), Q = (S2,R2) € Gin x SO(n) be such that
o (I —285)(I —28))NR™ = @ and o(R; ' Ry)NR™ = @. Then, the minimizing
geodesic arc in Gy, X SO(n), with respect to the Riemannian metric (6), that
joins P (att =0) to Q (att =1), is parameterized explicitly by

V(1) = (n(t),72(t)) = (e"*12 Sy, Rye'), (11)
or, equivalently, by

A1) = (n(t),2(6) = (451, eV Ry ). (12)
where

2 := 3log((I —25)(I — 251)) € s0s,(n)
Y = 1og(R1 'Ry), Y :=log(RyR;") € so(n).
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Proof. The proof of the expression 7, is immediate. The proof of the expression
~1, for the best of our knowledge, appeared for the first time in [2], and an easier
alternative proof, taking in account Lemma 1, can be found in [13].

Remark 2. Notice that, since o(RoR; ') = o(R; ' Ry), we have that the condition
Z(Rl_lRQ) NR~ = @, automatically, implies that o(RaR; ') NR™ = @, and thus
Y is well defined.

We end this section with the geodesic distance between two points P and @
in G, x SO(n), witch is the length of the minimal geodesic curve connecting
them. Therefore, considering the Riemannian metric (6), it is possible to reach
the next result, whose proof is immediate.

Proposition 3. Let P = (S1,R1),Q = (S2, R2) € Gin x SO(n) be such that
o((I —285)(I —281))NR™ = @ and o(R;'Ry) "R~ = @. Then, the geodesic
distance between the points P and @Q is given, explicitly, by

d? (P,Q) = d? (S1,52) + d3 (R1, R»)

= —itr (logQ((I —25)(I — 251))) —tr (1Og2(R;1R2)) )

or, equivalently, by

d? (P,Q) = fitr (log®((I — 282)(I — 251))) — tr(log®(R2 Ry Y)). (15)

4 De Casteljau Algorithm in the Essential Manifold

We start this section by presenting a review of the generalized De Casteljau
algorithm to generate cubic polynomials in geodesically complete Riemannian
manifolds. Then, following the approach of [4] for connected and compact Lie
groups and for spheres, and the work of [14] for the Grassmann manifold we
present a detailed implementation of the De Casteljau algorithm for the gener-
ation of cubic polynomials in the Essential manifold.

4.1 Review of the Generalized de Casteljau Algorithm

Let M be a m-dimensional connected Riemannian manifold, which is also
geodesically complete, so that any pair of points may be joined by a geodesic
arc.

The classical version of the De Casteljau algorithm was developed at 1959
by Paul De Casteljau [5], and it is a recursive process to generate interpolat-
ing polynomial curves of arbitrary degree in the Euclidean space R™. These
curves, generated by successive linear interpolation, are known in the literature
as Bernstein-Bézier curves or, simply, Bézier curves (see, e.g., [6]).

The generalized De Casteljau algorithm is an extension of this classical ver-
sion for an arbitrary manifold, and where the linear interpolation is replaced by
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geodesic interpolation, this being the reason why we need to assume that the
manifold M is geodesically complete, at least in a sufficiently big neighbourhood
of the given data points.

In what follows, we present a description of this general De Casteljau algo-
rithm for generating geometric cubic polynomials on M. For the sake of sim-
plicity, we parameterize the curves on the [0, 1] interval, but notice that there’s
no loss of generality, since this interval can be replaced by any other inter-
val [a,b], a < b, just by choosing the reparametrization (¢t — s) defined by
t=(s—a)/(b—a).

Therefore, we have that given a set of four distinct points {xg, z1, 22, x3} in
M, a smooth curve t € [0,1] — (3(t) := B5(t, xo, 1,22, 23) in M, joining g
(at t = 0) and x3 (at t = 1), can be constructed by three successive geodesic
interpolation steps as follows.

Generalized de Casteljau Algorithm

Step 1. Construct three geodesic arcs 8 (¢, x;, ¢i+1), t € [0, 1] joining, for
i =0,1,2, the points z; (at t = 0) and z;41 (at t =1).
Step 2. Construct two families of geodesic arcs

Ba(t, xo, 1, 22) = Bi(t, Br1(t, xo, x1), Br(t, 21, 2)),
Ba(t, w1, 22, 23) = Bu(t, Br(t, x1,22), B1(t, 22, 23)),

joining, for ¢« = 0,1 and ¢t € [0, 1], the point (¢, z;,z;4+1) (at t = 0) with the
point B1(t,x;41,Ti42) (at t = 1).
Step 3. Construct the family of geodesic arcs

B3(t, zo, w1, 22, 13) = B1(t, Bo(t, 0, 21, 72), Ba(t, 21, 72, 23)),

joining, for each ¢ € [0, 1], the points Ba(t, zg, z1,22) (at t = 0) and
ﬁg(t,l’l,zg,zg) (at t= 1)

The curve t € [0,1] — [3(t) := Bs(t, xo, 1,22, x3) obtained in Step 3. of the
previous Algorithm is called geometric cubic polynomial in M. It is important to
observe that this curve joins the points g (at t = 0) and 23 (at t = 1), but does not
pass through the other two points x; and x5. We illustrate this situation in Fig. 1,
for the particular situation when the manifold M is the Euclidean space R™.

These points are usually called by control points, since they influence the shape
of the curve. This algorithm can also be used to generate C2-smooth geometric
cubic polynomial splines by piecing together, in a smooth manner, several geomet-
ric cubic polynomials and which are interpolating curves of the data.

A few remarks should be made concerning the general applicability of this
construction. In fact, although the geometry of a Riemannian manifold possesses
enough structure to formulate the construction, the basic ingredients used, the
geodesic arcs, are implicitly defined by a set of nonlinear differential equations.
Therefore, this algorithm can be only practically implemented when we can
reduce the calculation of these geodesic arcs to a manageable form.
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Fig. 1. Cubic polynomial defined by the De Casteljau algorithm in R™.

For this reason, in what follows we will present the implementation of the
generalized De Casteljau algorithm, when the manifold M is the Essential man-
ifold.

4.2 Implementation of the de Casteljau Algorithm in the Essential
Manifold

Although the Essential manifold is geodesically complete, we have seen that
an explicit formula for the geodesic that joins two points may be unknown in
some particular situations. So, in this case the implementation of the De Castel-
jau algorithm is restricted to a convex open subset of the manifold where the
expression to compute the geodesic arc joining two points is well-defined.

The generation of a geometric cubic polynomial in the Essential manifold
Gin x SO(n), starts from four given points ¢ = (So, Ro), 1 = (S1,R1), 2 =
(SQ,RQ), T3 = (Sg,Rg) in ka X SO(TL)

Algorithm. Notice that, for ¢ = 0,1,2 and j = 1,2, 3, the superscripts in the
operators 2] and V7 below are chosen according to the corresponding step.

Step 1. For ¢ = 0,1, 2, construct the geodesic arc joining the point z; (at
t =0) with ;41 (at t = 1), and given by

tad

Br(t, zs, xip1) = (B1(t, Si, Siv1), Bi(t, Ri, Riy1)) = (e 2 S, Rietvil) ., (16)

with 1
_Qll = 5 log((I — 25¢+1)(I — ZSZ)) € S§0g, (TL)

V' i=log(R; 'Riy1) € (7
i = loglhy; i+1 50(71).
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Step 2. Construct, for each t € [0,1], two geodesic arcs. The first, joining
the points 8 (t,xo,x1) and (¢, 1, z2), and defined by

Ba(t, xo, x1,22) = <etadng(”51(t,so,51), Roetvoletvoz(t)> ; (18)
with
1
‘Qg(t) = 5 log((I - 261@7 Slv SQ))(I - 261(753 SO? Sl))) € 50[31(75750751)(”) (19)

V2(t) = log(e@ =DV etV € s0(n).
The second one, joining the points £; (¢, x1,22) and By (t, x2, x3), and given by
Ba(t,x1, 12, 73) = (etadn%(t)ﬁl(tashsﬂ, R16W11€W12(t)> , (20)
with
1
Q%(t) = 5 log ((I - 2ﬁ1(t7 52» 53))(1 - 2ﬂ1 (t7 Sla SZ))) € 5051@,51752)(“) (21)
V2(t) == log(e@ =DV ¢t € s0(n).

Step 3. Construct, for each ¢t € [0, 1], the geodesic arc connecting the point
Ba(t, g, 1, x2) with the point Ba(t, 1, z2, z3), and defined by

Bs(t, xo, x1, T2, x3) = (etadng(”ﬁz(t,50»51,52)7 Roetvoletvg(t)etvog(t)) . (22)
with

Qg(t) = % log((l — 2ﬁ2<t, 517 Sg, Sg))([ — 252(75, So, Sl, SQ))>€5052(t150751’52) (n)
V3(t) := log(e1=DVe WV € so(n).
(23)
As a result, and taking into consideration (16), (18), (20) and (22), we obtain
the geometric cubic polynomial in the Essential manifold.

Definition 1. The curve t € [0, 1] — 03(t) := B5(t, xo, 1, 2, x3) defined by
Bs(t) = (etadﬂg(t)etadﬂg(t)etadﬂ(l) So, Roetvoletvo2(t)etvos(t)) 7 (24)

with 2§, 28, 23, Vi, V@& and V§ given by (17), (19) and (23), is called a
geometric cubic polynomial in the Essential manifold Gy, x SO(n), associated
to the points z;, 1 = 0,1,2, 3.

Remark 3. Notice that, as expected, the curve just defined joins the points xq
(at t = 0) and x3 (at t = 1). It is obvious that 33(0) = x¢. To see that 33(1) = x,
we start to observe that, from the definition of 2/ and V/,i=10,1,2, j = 1,2, 3,
it can be easily derived the following boundary conditions:
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= 025(0) = 25(0) = 25, 27(0) = 2, 27(1) = 25(1) = 25, and 25(1) = 2f;
- V02(O) = VOB(O) = Vo1 ) V12(0) = Vlla V12(1) Vog(l) = Vzl , and V02(1) = Vll'

Thus, considering these boundary conditions together with the definition of
the geodesic arcs (16), we obtain that 83(1) = x3.

5 Conclusion and Future Work

We have presented all the details to implement the De Casteljau algorithm in
the Essential manifold. As regarded, the implementation of the algorithm in
this manifold requires that one knows how to compute matrix exponentials of
skewsymmetric matrices and logarithms of orthogonal matrices.

For practical applications in data mining, one still has to rely on computing
stable matrix exponentials and logarithms of structured matrices, since there are
no explicit formulas to compute those matrix functions. However, when k = 2
and n = 3, we have explicit formulas to compute those matrices functions.

Efficient numerical methods to compute matrix functions have been devel-
oped along the years (see, for instance, [7]), and this is one of our future work.
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