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INTRODUCTION

Recent work in the field of semi-analytical methaged for the nonlinear analysis and design of
stiffened plates with buckling problems have sh@amnimportant and alternative tool that provide
an efficient and understandable response [1-4].

Nowadays two computational programs use the sealisral method to analyse the post-buckling
behaviour of plates and to predict their ultimatersgth. The computer program ALPS/ULSAP [5],
which uses a semi-analytical method previously kmaw the incremental Galerkin method [6] and
the computer program PULS [7] developed at Det Koigeritas (DNV) and accepted as general
buckling code for ship and offshore platform stuwes as part of the DNV specifications [8].

The existing semi-analytical models are restridtedtiffened plates supported by rigid transverse
and longitudinal girders. This type of arrangemisntypical in ship, aircraft, tanks and offshore
platform structures where it is assumed that ttedyard stiffened plate is simply supported and the
in-plane displacements perpendicular to the edges@nstrained to remain straight in all edges.
Generally, in bottom flanges of steel box girdeidges there are no neighbouring panels in the
longitudinal edges to provide this kind of consitaand it is more conservative to consider the
longitudinal edges with fully free in-plane dispdmeents that are characteristic of edges free from
stresses.

This paper presents a computational semi-analytivadlel for the post-buckling analysis and
ultimate strength prediction of stiffened platesden longitudinal uniform compression. The
possibility of considering fully free in-plane dlapements at longitudinal edges (or unloaded
edges) is the innovation of this model over exgtmodels. Comparisons between the semi-
analytical model and nonlinear finite element maeslilts are presented.

1 METHOD OF ANALYSIS

1.1 General

In order to validate the semi-analytical model thais developed, all nonlinear simulations were
performed using the semi-analytical and finite edatrmethods. The simulations with both methods
were performed considering a yield stref$ ¢f 355 Nmn¥, Young's modulusH) of 2.1x10
Nmm?2 and Poisson's coefficient)(of 0.3.

The stiffened flanges were considered simply suegdounder longitudinal uniform compression
(o) with the in-plane displacements perpendiculathi® edges constrained to remain straight at
loaded edges and free at unloaded edges.

1.2 Implementation of the semi-analytical method

The semi-analytical method uses the two nonlineartlh order partial differential equations of the
large deflection theory, the equilibrium and conitphty equations derived by von Karman in 1910
[10] for perfect plates and extended to plates wiitial imperfections by Marguerre [11]. The
method is called semi-analytical because in a 8tep an analytical solution for the Airy stress
function §) is obtained solving the compatibility equatiorrigbnometric series satisfying the
boundary conditions are adopted for the out-of-glatisplacementsw) and for the initial
imperfections \{io).



In a second step approximate solutions for the owknamplitudes d) of the out-of-plane
displacements are obtained solving the equilibrequation using a variational method. Based on
the approximate solutions for the unknown amplitudé the out-of-plane displacements, the
kinematic and constitutive relations and the ymitkerion it is possible to analyse the post-buulkli
behaviour and to predict the ultimate strengthlafgs.

The computational implementation of the semi-anedytmodel developed in the framework of this
study uses the Rayleigh-Ritz method to solve thalibgum equation and it was implemented
using the programming language of Mathematica6.[IBE initial imperfectionswp) and out-of-
plane displacementsn) considered in the semi-analytical model, whicliséa the boundary
conditions for simply supported plates, are givericdow

>, mnsm—sm n7y (1)
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w= Zqunsm—sm% (2)
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wherem represents the number of half-waves in the lodgi@l direction,n represents the number
of half-waves in the transverse directiagp, represents the prescribed amplitudes of the initia
imperfection,q represents the unknown amplitudes of the out-afipldisplacemeng represents
the plate lengthp represents the plate width, represents the longitudinal coordinate and
represents the transverse coordinate. Xy@lane coincides with the plate mid-surfageg. 1
illustrates an overview of the semi-analytical mateloped.
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Fig. 1. Overview of the semi-analytical model developed

The stiffened plate analysis through this semigie model is achieved considering the separate
analyses of the plate and the stiffeners. Platestffdners are modelled as an isotropic plateasd
beam elements, respectively.

The compatibility equation for the isotropic plateed in the first step of the semi-analytical model
to obtain the analytical solution for the Airy sisefunction F) is expressed as

0% = E(W2 =W, W+ 2Wo W = Wy W = WY W) (3)

0,xy 0.yy

The stiffener deformations are defined throughdbmpatibility of the deformation field between
the isotropic plate and the beam elements consigldhe stiffener curvaturexd) equal to the
longitudinal plate curvature for bendingvin) and the stiffeners strairgs() equal the longitudinal
plate membrane straig?) at their intersection. The strain of the stiffeiis evaluated at transverse
stiffener locationys) and the general expression is given by



gsl (Z) = [‘g)r(n - (Z - Zst)vv,xx y=vq (4)

wherez represents the coordinate perpendicular taxshglane and measured from the plate mid-
surface zst represents the coordinat®f the geometric centre of the cross-section caagamf the
plate and the stiffeners.

The transverse (or lateral) displacements anddirsonal rotation of the stiffeners are accounted
for in the total potential energy of the stiffeneBy compatibility the angle of twisB) and the
transverse displacement at the shear centre airtlhte stiffeneryso) are defined as

g=w, (5)
Ve =—W Z,, (6)

wherezsc represents the coordinaef the shear centre of the single stiffener.

The local buckling effect of the stiffener elemenss not considered in the response. This
assumption is reasonable if the local buckling @ols in the stiffener elements are prevented by
satisfying minimum requirements for the stiffenezometric properties as established in the
European standard [9]. These minimum requirememstsised in the standards because the collapse
of stiffened plates by local buckling of the stifees (lateral torsional buckling of the stiffener o
local buckling of the stiffener elements) may exthém unstable response.

This semi-analytical model enables to take intoant the initial imperfections, cases CF and CC
for the in-plane displacement boundary conditiotiee interaction between local and global
buckling, the geometric nonlinearity and, in an ragpnate way, the material nonlinearity
associated with the stiffness reduction after remcthe yield in the extreme fibre of the plateeTh
von Mises yield criterion was assumed for the péaté the stiffeners.

The plate yield criterion was defined for the suinm@mbrane and bending stresses at one-quarter
of the plate thickness. This criterion allows foe tformation of plasticity through the possibildl

an additional strength after yielding in outer &brin order to take into account in an approximate
way for the material nonlinearity.

The stiffener yield criterion was defined by theelgl stress, in tension or compression, at the
location of the maximum stiffener stress. This esidn gives conservative ultimate strength
predictions for global buckling cases when thdestiér extreme fibres are compressed.

The complete definition of each step and the procegiof the developed semi-analytical model can
be found in the work of Ferreira [13].

1.3 Finite element modelling

The commercial program ADINA [14] was used to parfdhe nonlinear simulations by the finite
element method. The program uses a large displad&smell strain with a Total Lagrangian
formulation. The stiffened plates were modellechgsa four-node shell element for the plate and
the stiffeners. This type of element allows foritBnstrains due to in-plane displacements
(membrane) and out-of-plane displacements (bendidgjollapse analysis was performed in the
full range behaviour of the stiffened plates, iohg the pre-buckling and post-buckling.

The nodes of each stiffener at loaded edges weamneected with rigid links in order to assure their
planar rotation about the supported edge. For tlage pedges with in-plane displacements
constrained to remain straight it was used a cammstfor all nodes of the edge to ensure a uniform
in-plane displacement.

The material behaviour of the elements was modelgstiming elasto-plastic behaviour with linear
strain-hardening (bilinear model) governed by tlassical incremental theory of plasticity based on
the Prandtl-Reuss equations [15], where the voreMigeld criterion represents the beginning of
plastic behaviour. A value of E/100 was adoptedtii@r stress-strain ratio of the strain-hardening
region. These material properties were defined raaog to the European standard specifications
[9]. The elastic critical buckling stresses and Iiekling modes were obtained through linearized
buckling analyses.



2 RESULTSAND DISCUSSIONS

2.1 Elastic buckling analysis

An ideally perfect stiffened plate with an asymneestiffener positioned in the middle of the plate
width was considered. The stiffened plate has & @gpect ratio (ratio between the plate lergih

the plate widttb) of 1.5, a plate slenderness (ratio between thie plidthb to the plate thickned$

of 113 and a panel slenderness (ratio between it wf the panels between stiffendxsto the
plate thickness) of 56.

The stiffener is composed of two panels that forteea(T) cross-section positioned on one side of
the plate, it is fully effective and fulfils theqeirements to avoid torsional buckling problems.

In order to assess the stiffener stiffness for White critical stresses for the local and global
buckling modes are equal an elastic buckling amalyas performed considering the stiffened plate
with a relative cross-sectional ar@ératio between the cross-sectional area of tlfi@sérs without
any contribution of the platAg to the cross-sectional area of the pld#@) (of 0.12 and a variable
relative flexural stiffnesy (ratio between the second moment of area of ifferstd platels: to the
second moment of area for bending of the plateected by the effect of the Poisson coefficient
(bt¥/[12(1v?)])). The variation of the relative flexural stiffies was considered through the change
of the geometric dimensions of the stiffener.

In the semi-analytical model the following casesoh-zero unknown amplitudes for the out-of-
plane displacements were consideredgfi)andadis to obtain the global buckling mode and ¢y

to obtain the local buckling modEig. 2 shows the variation of the elastic critical bunglistress
for the local and global buckling modes obtainedh®/semi-analytical and finite element models.

b*1.4 T=
&, | ab=1s
S bEl3 5012

10 | b/=s6

0.8 +

0.6 —

- SAM - local
s FEM - local

—SAM - global
o FEM - global
T

04 ¢

02 —+

0.0 \ }
5 15 25 35 45

Y

Fig. 2. Elastic critical buckling stress for the locablaglobal buckling modes obtained by the semi-aiadi{SAM)
and finite element (FEM) models

The elastic critical buckling stresses for the lanad global buckling modes and the shape of the
buckling modes obtained by the semi-analytical rdtestrated inFig. 2 are in close agreement
with the finite element model results. A detailethlgsis of the results presentedFigy. 2 shows
that (i) the elastic critical buckling stress faetlocal buckling mode does not change signifigant!
with the relative flexural stiffnessy)( (ii) there is a value of the relative flexuraiffeess which
separates the critical buckling mode from globabtmal (24 for the stiffened plate under analysis)
and (iii) an increase in the relative flexural fetfss above this value has no significant influemte
the elastic critical buckling stress of the stifdnplate, since the elastic critical buckling sres
corresponds to the local buckling mode that do¢slepend on the relative flexural stiffness.

It should be noted that the semi-analytical moady oises a reduced number of non-zero unknown
amplitudes for the out-of-plane displacements, Wwhittows a short computing time to obtain the
solutions when compared with the finite elementudations. Another excellent feature of the semi-
analytical model is the possibility of analysingetindividual contribution of each unknown
amplitude for the solution. Fig. 3 shows the etastitical buckling stress for the individual and
combined global out-of-plane displacement modesinbt by the semi-analytical model. The
result for the individual global out-of-plane digpément mode was obtained assuming the ¢germ



as non-zero unknown amplitude for the out-of-pldmsplacements. The result for the combined
global out-of-plane displacement mode was obtaessiiming the termgi1 and iz as non-zero
unknown amplitudes for the out-of-plane displacetsieihe elastic critical buckling stresses for
the global buckling mode from the finite elementdalresults are also presented.
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Fig. 3. Elastic critical buckling stress for the indivaand combined global out-of-plane displacementeso
obtained by the semi-analytical model

From the analysis oFig. 3 it can be noted that (i) for a slender stiffenddte (smally), the
individual and combined global out-of-plane disglaent modes give similar results and (ii) for
the plates with intermediate and high values oétret flexural stiffnessyj it is necessary to
consider the combined global out-of-plane displaa@nmode to obtain satisfactory results.

2.2 Post-buckling behaviour and ultimate strength

In order to analyse the interaction between loca global buckling in a plate with approximate
values of elastic critical buckling stresses fa hcal and global buckling modes, an analysis was
performed considering the previously stiffened @hatth a relative flexural stiffnesg)(of 24.

In the analysis an equivalent geometric imperfectias considered with the shapes of the local
buckling mode do,32) with an amplitude oby/200. The equivalent geometric imperfections inelud
the geometric imperfections and residual stresses;cordance with European rules [9]. The terms
011, 01z and gz2 were the unknown amplitudes for the out-of-plamgpldcements assumed to be
non-zero.

Fig. 4 shows the comparison between the equilibrium patitained by the semi-analytical and
finite element modelskig. 4(a) shows the results from the semi-analytical moctel Rig. 4(b)
shows the comparison between the results obtanédth models.
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Fig. 4. Equilibrium path obtained by the semi-analyti&AM) and finite element (FEM) models: (a) restittsm the
semi-analytical model and (b) comparison betweerrdlsults obtained by both models

The equilibrium paths and the ultimate strengthamigd by the semi-analytical model shown in
Fig. 4 are in close agreement with the finite element ehodsults. The difference between the



semi-analytical method and the nonlinear finitenmedat simulations concerning the ultimate
strength ¢u) is about 2%.

A detailed analysis of the results obtained froesthcalculations showed that the equilibrium paths
obtained considering an equivalent geometric ingotidn with the shape of the local buckling
mode p,32) have modal participation from the locakd) and global §:1 andqi3) deflections. This
can be explained by the fact that, for the perétiftened plate, the post-buckling path associated
with the global buckling mode has a wider concawtyile the post-buckling path associated with
the local buckling mode has a tighter concavityefgfore, the global buckling mode has a higher
participation in the final response than the ldoatkling mode and the interaction between the
local and global buckling is clearly identified.

3 SUMMARY AND ACKNOWLEDGMENT

A computational semi-analytical model for the noghr stability analysis of stiffened plates under
compression was presented. From this study the caaiclusions can be summarised as follows: (i)
the results of the semi-analytical model are irselagreement with the results of the nonlinear
finite element simulations and (ii) the semi-aniabit model prove to have a clear potential to
provide accurate solutions require only a shortmater time.
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ABSTRACT

Recent work in the field of semi-analytical methaged for the nonlinear analysis and design of
stiffened plates with buckling problems have sh@amnimportant and alternative tool that provide
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Nowadays two computational programs use the sealisral method to analyse the post-buckling
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longitudinal edges to provide this kind of consitaand it is more conservative to consider the
longitudinal edges with fully free in-plane dispdmeents that are characteristic of edges free from
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This paper presents a computational semi-analytivadlel for the post-buckling analysis and
ultimate strength prediction of stiffened platesden longitudinal uniform compression. The
possibility of considering fully free in-plane dlapements at longitudinal edges (or unloaded
edges) is the innovation of this model over exgtmodels. Comparisons between the semi-
analytical model and nonlinear finite element maesllts are presented.

The semi-analytical method uses the two nonlineartii order partial differential equations of the
large deflection theory, the equilibrium and conitphty equations derived by von Karman in 1910
for perfect plates and extended to plates withahimperfections by Marguerre. The method is
called semi-analytical because in a first stepraalygéical solution for the Airy stress functioR)(is
obtained solving the compatibility equation. Trigometric series satisfying the boundary
conditions are adopted for the out-of-plane disptaents\) and for the initial imperfectionsw)).

In a second step approximate solutions for the owknamplitudes ) of the out-of-plane
displacements are obtained solving the equilibraquation using a variational method. Based on
the approximate solutions for the unknown amplitudé the out-of-plane displacements, the
kinematic and constitutive relations and the ymitkerion it is possible to analyse the post-buulkli
behaviour and to predict the ultimate strengthlafgs.

The computational implementation of the semi-anedytmodel developed in the framework of this
study uses the Rayleigh-Ritz method to solve thd@libgum equation and it was implemented
using the programming language of Mathematida@. 1 illustrates an overview of the semi-
analytical model developed.
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Fig. 1. Overview of the semi-analytical model developed

This semi-analytical model enables to take intooaat the initial imperfections, the interaction
between local and global buckling, the geometrialinearity and, in an approximate way, the
material nonlinearity associated with the stiffnesguction after reaching the yield in the extreme
fibre of the plate. The semi-analytical model alkotwo different boundary conditions for the in-
plane displacements: (i) in-plane displacementpeaticular to the edges considered constrained
to remain straight in all edges or (ii) in-plansglacements perpendicular to the edges considered
constrained to remain straight at loaded edge<ansidered free at unloaded edges.

The complete definition of each step and the proeesiof the developed semi-analytical model can
be found in the work of Ferreira [5].

CONCLUSIONS

From this study the main conclusions can be suns®dras follows: (i) the results of the semi-
analytical model are in close agreement with tlseilte of the nonlinear finite element simulations
and (ii) the semi-analytical model prove to havelear potential to provide accurate solutions
require only a short computer time.
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