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Abstract

The elements of the successive intermediate matrices of the Gauss-
Jordan elimination procedure have the form of quotients of minors.
Instead of the proof using identities of determinants of [5], a direct

proof by induction is given.
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1. Introduction

Gantmacher’s book [1] on linear algebra contains an explicit formula

for all elements al(jk) of the intermediate matrix obtained after & Gaussian

operations applied to a matrix 4 = [aij], below and to the right of the kth

pivot. The formula is given in terms of quotients of minors, and follows
when applying Gaussian elimination to the two minors, which happen to

have common factors all wiping themselves out, except for alg—k). Up to

changing indices, the formula holds also for Gauss-Jordan elimination, and
then a similar formula, with alternating sign, holds at the upper part of the
intermediate matrices. A proof is given by Li in [5], using identities of
determinants. To our opinion, the notation used for minors in different parts
of the matrix is somewhat confusing. We considered it worthwhile to present
the result in the notation of [1], with a direct proof by induction. Indeed,
up to some changes, it is possible to extend the method of simultaneous
Gaussian elimination of minors to all elements of the kth intermediate

matrix.

The status of the explicit formula for the Gauss-Jordan elimination
procedure seems to be uncertain. As regards to the formula for the lower part
of the intermediate matrices, Gantmacher refers to [2, 3] which contain some
historical observations and present a proof using identities of determinants.

In [3], the explicit formula for Gaussian elimination was applied to error
analysis. We came across the explicit formula for Gauss-Jordan elimination
also in relation to error analysis [4]. Here we apply the formula to prove that
principal minors satisfying a maximality property are non-zero. This has also
some numerical relevance, for a consequence is that maximal pivots are
automatically non-zero.

2. The Explicit Formula for Gauss-Jordan Elimination

We start with some definitions and notations related to the Gauss-Jordan
operations, where we use the common representation by matrix
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multiplications. It is convenient when the matrix is diagonally eliminable,
i.e., all pivots lie on the principal diagonal, and we verify that this can be
assumed without restriction of generality through a condition on minors, and
that then the pivots are non-zero indeed. Theorem 2.6 is the main theorem
and gives explicit expressions for the intermediate matrices of the Gauss-
Jordan procedure. Explicit formulas for the matrices representing the Gauss-
Jordan operations follow directly and are given in Theorem 2.7.

Theorem 2.11 is a straightforward consequence of Theorem 2.6, and
states, together with Proposition 2.10, that without restriction of generality,
we may impose a maximality condition on the principal minors, and then the

pivots are also maximal, and non-zero indeed.

We consider m x n matrices with m, n € N, m, n > 1. We denote by

M,, ,(R) the set of all m x n matrices over the field R.

Definition 2.1. Let 4 = [q;],,., € M}, ,(R) be of rank » > 1. Assume

mxn

that a; # 0. Welet G| = [gl(jl) be the matrix which corresponds to the

]me

multiplication of the entries of the first line of 4 by 1/a;, such that the first

pivot of A0 = Gi14 = [al(jl) becomes al(ll) = 1. This means that

]an

0 a1

Let G, be the matrix which corresponds to the creation of zero’s in the first

| S

column of A(l), except for al(ll), and let 4?) = QZA(I) = [ai(jz)
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1 0 - 0
5 —ay; 1 - 0
G =8P =| .
—a, 0 e 1
and
1 1
TRy
2 2
2 2 0 a a
42 _ [al(j )]mxn _ 2'2 ‘ 2n |,
2 2
0 a,(nz) afnn)
Assume that G, = [g(Zk)]mxm and A% = [a I(JZk)]mxn are defined for k < r,

and a,(ik& +1 # 0. The matrix Gy, corresponds to the multiplication of

row k+1 of A% by l/akaH, leading to A**) = G, 4% and
the matrix G,;,, corresponds to transforming the entries of column k&

of A into zero, except for the entry a; +1-/:L)1( 1), resulting in

2k+2 2k+1 2k+1
A@k+2) — g A% So we have Goy g = [g,g " )]mxm, where
1 ifi=j#k+1
ngZkH) 0 1 ifi# ] (2.1)
A1k +1
and g2k+2 - [gz 2k+2)]mxm’ where
0 if jel{i,k+1}
g =1 ifi=j (2.2)
a5 ikl j =k 1
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For 1 < g < 2r, we call the matrix A9 the qth Gauss-Jordan intermediate

matrix, and the matrix G ¢ 18 called the gth Gauss-Jordan operation matrix.
We write Q = ergzr_l Ql.

The product G, +1A(2k) corresponds to the Gaussian operation of

multiplying the (k +1)th row of the matrix 420 by the non-zero scalar

o and the product szA(Zk -1 corresponds to the repeated Gauss-
Ut 1k+1

Jordan operation of adding a scalar multiple of a row to some other row of
4(2k-1)

Definition 2.2. Assume 4 = [q;],,., € M}, ,(R) has rank r > 1. Then

mxn
A is called diagonally eliminable up to r if al(ik_z) #0 for 1<k < if

r =m < n, we say that 4 is diagonally eliminable.

Notation 2.3. Let 4 € M, ,(R). For each k € N such that 1 <k <

min{m, n}, let 1 <jj <---<ip <mand 1< jj <---< ji <

(1) We denote the k x k£ submatrix of 4 consisting of the rows with

i+l

indices {ij, ..., i } and columns with indices {jj, ..., j; } by Ajl'“jk'

1

. . iy iy
(2) We denote the corresponding  x k minor by m; % = det(Ajl---jk )-

(3) For 1 < k < min{m, n}, we may denote the principal minor of order
kby my = mll ;]§ We define formally m, = 1.

Let 4 be a matrix of rank » > 1. It is well-known and not difficult to
see that up to changing rows and columns, we may always assume that the
principal minors up to r are all non-zero. Proposition 2.5 shows that this
condition is equivalent to being diagonally eliminable, and gives also a
formula for the pivots. The proposition is a consequence of the following
lemma; its proof uses the idea found in [1], on how the value of certain
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elements of the matrices can be related to minors by simplifying
determinants.

€ M,, ,(R) be of rankr > 1. Assume

mxn

Lemma 2.4. Let A= [aij]

that ayq, ag12), e al(ik_z) are non-zero for 1 <k <r. Thenfor 1 <k <r, it
holds that
2 2k-2) (2k
mip = anga%y) - af el . (2.3)
As a consequence, ajq, a%), - al(ik_z), al(c2+k13c+1 #0 if and only if
my, oo, My # 0.
Proof. Assume that 1 < & < r and that a;q, aglg, - al(ik_z) are all non-

zero. Then we may apply the Gauss-Jordan operations up to 2k and obtain

a1 alk Af+1
mk+1 = det
3] Qgk e +1
ar+11 o Aiylk A +1k+1
- (2k=1)]
1 0 a4y
— . (2k-1) : T :
= all akk det (Zk—l) .
0 - 1 gy,
(2k)
0 0 @ k]

The Laplace-expansion applied to the last row yields

1 - 0

I 2 e VN 9] coe | o (2k-1) (2K)
Miy) = Ay i 4 det oot E A Ay Ak

Using induction and formula (2.3), we derive the last part of the lemma. [
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Proposition 2.5. Let 4 = [a;;],,,., € M,, ,(R) be of rankr > 1. Then A

mxn
is diagonally eliminable up to r if and only if my, ..., m, # 0. In both the

cases, for 1 < k < r, it holds that

(2k) _ Mpy
Uerlke+1 = my, : (2~4)

Proof. Applying Lemma 2.4 with k& =r -1, we derive that 4 is
diagonally eliminable up to r if and only if my, ..., m, # 0. Then (2.4)

follows from (2.3) applied to £ +1 and . U

(2k)

Next theorem is the main result and gives formulas for the entries a;;

of the matrices 4%*). The formulas are similar to (2.4) below to the right of
the pivots, and above to the right they come with alternating sign. Again they
are proved by simplifying determinants.

Theorem 2.6 (Explicit expressions for the Gauss-Jordan intermediate

matrices). Let 4 = [a;],,., € M, ,(R) be of rankr >1 and diagonally

eliminable up tor. Let k < r. Then

M (2k) (2k) T
Lo 00 gy
(2k) (2k)
40 _ 0 - b agy o a
(2k) (2k) |’
0 - 0 @Zlpg v 4L,
2k 2k
_0 ves 0 a}(’nk-ZI e a’(nn ) ]
where
ol
o0 (_1)"“%*”'1 F1<i<k,k+1<j<n
_ k
a; "= Loeki (2.3)

ml/g
my

ifk+1<i<mk+1<j<n
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Proof. Firstly,let k +1<i<m and k+1< j < n Let

a4y 4y

Ui ;= .
o la o A
) N ajj

Then det(U i j) = mll ,];’ By applying the first 2k Gauss-Jordan operations

to U; ;, we obtain
2k-1
1 - 0 al(j )
2k-2 : o : 2k
det(Ul,J) = all a](fk )det 0 | al({JZk_l) = mkals )
2k
0 - 0 al(j )
1---ki
Hence aiS-Zk) = l—kj,
my

Secondly, welet 1 <i<k+1and k+1< j <n Let

a1 G| Ai+1 Ak a;
di-11 0 41 Qi+ 7 G-l G-y
Viji=|a - @G TS N ajj
diell 7 Gigli-1 Qi+l 7 Gitlk Gi4lj
| 9kl Afi—1 Ai+1 Ak A |

Then
Lok
det(V;, ;) = mi. il it k-

Let V; ; be the matrix obtained by applying the first 2k Gauss-Jordan

operations to V; ;. Then, using (2.3),



On the Explicit Formula for Gauss-Jordan Elimination 163

i 2k)]
1 - 0 0 - 0 al(j )
2k
0 -« 1 0 - 0 al(—lj)'
2k-2 %
det(Vi,j)=a11'"a,(€k Vde{0 - 0 0 - 0 al(j )
2k
0O - 0 1 - 0 az(+1])‘
: A S
0 = 0 0 - 1 ag

Expanding det(V; ;) along the ith row, we derive that
' i+k (2k
det(1; ;) = (1) *F ).
Combining, we conclude that

1k
(k) _ (_pyrk i lind

al] m;

The next theorem gives explicit formulas for the matrices G, associated

to the Gauss-Jordan operations. At odd order ¢ = 2k + 1, we have to divide

the row k£ +1 by a,(ik& +1 as given by (2.4), and at even order g =2k +2, in

the column j =k +1, we have to subtract by al(szl+ D as given by (2.5). O

Theorem 2.7 (Explicit expressions for the Gauss-Jordan operation

matrices). Let 4 = [a;],,., € M, ,(R) be of rankr >1 and diagonally

eliminable up to r. For k < r, the Gauss-Jordan operation matrix of odd

(2k+1)

order Gopy1 = [g;7" " Ly satisfies
1 ifi=j#k+1
g =10 i+ (2.6)
mj

ifi=j=k+1
mp41
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and the Gauss-Jordan operation matrix of even order Gyi,n =

[glg-zk+2)]mxm satisfies
0 if jeli,k+1}
1 ifi=j
2ke+2 kriel MUy
gls +2) _ (_1) +i+l M —1i41- - k41 if1<i<k, j=k+1
my
Tk i hk+l<i<m j=k+l.
my

Proof. The theorem follows from formulas (2.1), (2.2) and
Theorem 2.6. (]

Applying Theorem 2.6 to a diagonally eliminable 7 x n matrix, we find
at the end the identity matrix /,. As a result, the product of the Gauss-

Jordan operation matrices is equal to the inverse matrix.

Corollary 2.8. Let 4 = [aij ]nxn be a diagonally eliminable matrix. Then
GA=1,and G=A"",

Proof. By Theorem 2.7, the matrices G, are well-defined for all 1< ¢

< 2n. Then G4 = A" = I, by Theorem 2.6. Hence G = A7 O

Theorem 2.6 holds under the condition that the matrix is diagonally
eliminable, which is equivalent to asking that the principal minors are non-
zero. Alternatively, we may ask that the absolute values of the principal
minors my . are maximal with respect to minors of the same size which

share the first £ rows and columns. It is well-known that by appropriately
changing rows and columns this may always be achieved, and then we speak
of properly arranged matrices. We will use Theorem 2.6 to show that the
principal minors of properly arranged matrices are non-zero, which implies
that they are diagonally eliminable. From a numerical point-of-view, we are
better off, the pivots being maximal.

Definition 2.9. Assume 4 = [a;], . € M, ,(R) has rankr > 1. Then

mxn

A is called properly arranged, if
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lag | <[ay| forall 1<i<m, 1< j<n, 2.7
and for every k € N such that 1 < k < min{m, n},
| mi K < mpy | forall k+1<i<m k+1<j<n. (2.8)

Proposition 2.10. Assume A = [a;],,, € M,, ,(R) has rankr > 1. By

mxn
changing rows and columns of A, if necessary, we may obtain that A is

properly arranged.
e M, ,(R) be of rankr>1 and

mxn

Theorem 2.11. Let A4 =[a;;]
properly arranged. Then A is diagonally eliminable up to r. Moreover,

|a,(ik13€+1|2|al(j2k)|f0rallkwith 0<k<randi, jwithk+1<i<m

and k+1< j < n

Proof. Suppose that there exists k with 0 < k < r such that m;_; = 0.

We may also assume that & is the smallest index satisfying this condition. If
my =0, also ay; =0, and then by (2.7), all entries of 4 are zero. Hence

rank(4) = 0, a contradiction. From now on, we suppose that k£ > 1. By
Theorem 2.7, the matrices Gy, ..., G, are well-defined. By Theorem 2.6, it
follows that

r 2%k 2%) T
1 0 al(k+% al(n )
CeR (k)
420 _|° ! el
2% 2%) |’
0 @lua 0 Y
o (2k) ok
0 0 gt a’(nn)_
where
ml
(ki Y i <i<k k+1<j<n
“l(J'Zk) T 1k "
i

mlk]
my

ifhk+1<i<mk+1<j<n
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Because A is properly arranged

1.--ki
(2k) = M.k < ‘ M 41
my;

2k
j et = |k 2.9)

| a

for k+1<i<m, k+1=<j<n Because my, =0, it holds that

afhe =25 = 0. Then afY) =0 for k+1<i<m k+1<j<n
k

Hence rank(A(Zk)) =k < r. Then also rank(4) = rank(A(zk)) =k<r, a

contradiction. Hence for 0 < k < r, we have m; . # 0, and also (2.9). U

Corollary 2.12. Let A =g, € M,(R) be non-singular and
properly arranged. Then A is diagonally eliminable.

Proof. Because 4 = [q;;],,,, is non-singular, it follows that rank(4) = n.

nxn

By Theorem 2.11, the matrix A4 is diagonally eliminable. U

Acknowledgement

The authors thank the anonymous referees for their valuable suggestions

and comments.

References

[1] F.R. Gantmacher, The Theory of Matrices, Vols. I and II, Chelsea Publishing Co.,
New York, 1960.

[2] D. P. Grossman, On the problem of the numerical solution of systems of
simultaneous linear algebraic equations, Uspekhi Mat. Nauk 5(3) (1950), 87-103.

[3] D. S. Parker, Explicit formulas for the results of Gaussian elimination, 1995.
Available from: http://web.cs.ucla.edu.

[4] N. V. Tran, J. Justino and I. P. van den Berg, The explicit formula
for Gauss-Jordan elimination and error analysis. Available from:
http://arxiv.org/abs/2005.10647.

[5] Y. Li, An explicit construction of Gauss-Jordan elimination matrix, 2009.
Available from: http://arxiv.org/pdf/0907.5038.pdf.





