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Abstract: Accurately retrieving the position of football players over time may lay the foundations for a whole series of
possible new performance metrics for coaches and assistants. Despite the recent developments of auto-
matic tracking systems, the misclassification problem (i.e., misleading a given player by another) still exists
and requires human operators as final evaluators. This paper proposes an adaptive fractional calculus (FC)
approach to improve the accuracy of tracking methods by estimating the position of players based on their
trajectory so far. One half-time of an official football match was used to evaluate the accuracy of the pro-
posed approach under different sampling periods of 250, 500 and 1000 ms. Moreover, the performance
of the FC approach was compared with position-based and velocity-based methods. The experimental
evaluation shows that the FC method presents a high classification accuracy for small sampling periods.
Such results suggest that fractional dynamics may fit the trajectory of football players, thus being useful to
increase the autonomy of tracking systems.
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1. Introduction

Football is one of the most popular sports in the world be-ing of great interest for many scientific areas [1]. The main
∗E-mail: micael@isec.pt
†E-mail: filipe.clemente5@gmail.com (Corresponding author)
‡E-mail: fmlmartins@esec.pt

interest for sport sciences is to improve the teams’ perfor-mance increasing the opportunities to win [2]. Therefore,many mathematical and technological approaches havebeen proposed and developed over the last few years [3].One of them is the on-the-fly, i.e., online, match analysis[4]. Through tracking techniques, either manual or auto-matic, it has been possible to collect each player’s posi-tioning on the field at every instant [5]. Such information isconsidered one of the most relevant that may contribute toimprove the performance understanding [6]. This spatio-
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temporal information allows many kind of analysis suchas kinematical [7], technical and tactical [3]. Bearing suchidea in mind, some systems have been developed to collectthe players’ positional data [9]. Although there are othertechnological approaches such as Global Positioning Sys-tem (GPS) or Radio-Frequency Identification (RFID), thevideo analysis is, by far, the most adopted one in officialfootball, as it does not allow the use of devices on playersduring the matches [10]. Therefore, for now only two mainvideo analyses can be performed to collect the positionaldata from official matches: i) automatic tracking; and ii)manual tracking.The automatic tracking of only one player was originallypresented by Ohashi et al [11]. The method considered thecalculation of player’s position and speed through trigono-metric techniques. Over the years, many other automatictracking techniques were proposed, in which some fewsystems such as AMISCO Pro and ProZone already havethe ability to track all players and the ball at each iter-ation [12]. These kind of video-based multi-player track-ing systems generally require the permanent installationof several fixed cameras in optimally calculated positionsto cover the whole field [12]. Systems such as AMISCOPro or ProZone provide online information to coaches andtheir staff about players’ movements (e.g., energy spent bya player). Despite of their efficiency and autonomous pro-perties, many problems still remain. For instance, player-to-player occlusion, similar player appearance, number ofplayers changing over time, variability of players’ motionand noises or video blur present themselves as open prob-lems [13]. Therefore, despite being generally autonomous,these tracking systems still require some human input aswell as continual online verification by an operator tomake sure that players are correctly tracked by the com-puter program [12]. Hence, beyond their expensive devices(e.g., many high-definition video cameras), the automatictracking of multiple player still requires human operatorsto fix some mistakes.In order to overcome this situation, some studies have beenproposed using monocular solutions. For instance, in theapproach presented in [14], the authors use a particle fil-ter to track each player. Preliminary results suggest thatto overcome occlusions, the classifier detects players andresample the centre of gravity [14]. Despite their promis-ing results, some questions about the applicability of thistechnique still remain due to its computational complexity[15]. Moreover, this tracking strategy only allows to iden-tify the players without any memory properties. Neverthe-less, it is those memory properties that may provide furtherinformation about the variability, predictability and sta-bility level of each player. Moreover, these systems arebased uniquely on colour segmentation eve despite soc-

cer matches can occur at different moments of the day withor without artificial light [15]. It is due to those reasonsthat many scientific studies have been using the manualtracking as a low-cost solution to overcome the expensiveautomatic multi-player tracking.Many manual tracking methods only use a single high-definition video camera to collect the positional data fromthe players [16]. In this context, the image treatmentis performed after the match, i.e., in an offline fashion.The TACTO software is one of the many manual track-ing systems with accuracy levels reported as superior to95% [17]. Similarly, many other software’s designed forspecific applications have been used in the literature [8].Most of those software’s use the Direct Linear Transforma-tion (DLT) technique to relate an object point located inthe object space/plane and the corresponding image pointon the image plane of the camera [18]. Despite of itsuser-friendly technology, the manual tracking to analyseofficial football matches can be a massive and exhaustivework since it requires the manual tracking of 22 playersand the ball at each iteration. Furthermore, as most ofthose use only one camera it reduces the possibility toconcretely define the players’ identification and position.In sum, both manual and automatic tracking systemspresent advantages and disadvantages. Nevertheless,they still require human operators to ensure the accu-racy of players’ identification. Next section formalizes ourproblem and presents a couple of classical initial strate-gies to estimate the current position of a given player.
1.1. Problem formulation
In both manual and automatic multi-player tracking sys-tems, a matrix containing the planar position of eachplayer n of team δ over time is generated. Let us callthis as the positioning matrix Xδ [t] wherein row n repre-sents the planar position of player n of team δ at time t,
i.e.,

Xδ [t] =

x1[t]...
xNδ [t]

 , xn[t] ∈ R2, (1)
wherein Nδ represents the current number of players inteam δ at iteration/time t. For the 11-football match,teams will start with an initial number of 11 players, i.e.,
Nδ = 11,thus resulting in a 11×2 positioning matrix Xδ [t].Nevertheless, the row-order of the matrix may be incor-rectly retrieved due to all the problems previously men-tioned. Therefore, many techniques may be proposed toovercome this issue.For instance, the most easiest way to correctly sort thepositioning matrix at iteration t + 1, i.e., Xδ [t + 1], maybe carried out as a minimization problem of the distance
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between its rows, i.e., xn[t + 1], and the rows from thepositioning matrix at iteration t, i.e., xn[t]. Nevertheless,the accuracy of estimating the current position based onthe previous one may significantly decrease as the timebetween iterations, i.e., sampling period T , increases. Forinstance, as the average velocity of football players mayreach 3.06 m/s [19], and considering a sampling period of1 second, i.e., T = 1, results in an average difference be-tween two consecutive positions of 3.06 meters. This mayeasily lead to the misidentification of players. Moreover,players’ velocity may vary between 0 and 6.39 m/s [19],with some outstanding cases such as Cristiano Ronaldo(second FIFA world player of the 2012) that is able toachieve an average maximum velocity of 9.33 m/s, whichwould result in difference between two consecutive posi-tions of 9.33 meters. Although limited, the estimation ofthe current position based on the previous one only re-quires a memory complexity of O[Nδ ] as it only requiresmemorizing the previous position of all players in team δ .Alternatively, and considering players’ dynamics, one maycontemplate the velocity vector of players. Note that, aswe consider discrete systems with a constant sampling pe-riod, the velocity vector of a given player may be obtainedbased on its consecutive planar positions, thus returningboth magnitude and direction [20]. To do this, let us con-sider the discrete case in which the motion of player nmay be defined as:
xn[t + 1] = xn[t] + vn[t + 1], (2)

in such a way that the position of player n from team δ atiteration t+1 will be its previous position incremented ofits current velocity vector vn[t + 1]. Nevertheless, as thecurrent velocity vector is unknown, the following approxi-mation may be carried out:
xsn[t + 1] = xn[t] + vn[t], (3)

in which xsn[t + 1] is the estimated position of player nand vn[t] is the velocity vector retrieved from the previousiteration which may be calculated as:
vn[t] = xn[t]− xn[t − 1], (4)

This may only be accomplished for small sampling periods(e.g., T ≤ 1), as players may not be able to drasticallychange their velocity between two consecutive iterations.The estimation of the current position based on the previ-ous velocity vector may overcome the non-dynamical char-acteristics of the previous method. Such higher accuracyis achieved by slightly increasing the memory complexity

of the algorithm to O[2Nδ ] as the two previous positionsof all players in team δ are necessary to compute thevelocity vector of each player (cf. equation (4)).Nevertheless, considering the unpredictable movements offootball players, the previously presented strategies maybe inefficient as they do not consider the whole trajectoryperformed by players so far. A possibility to overcome suchlimitations is by taking advantage of Fractional Calculus(FC) properties.
1.2. Statement of contribution

Only a few number of applications based on FC has beenreported so far within sport sciences literature. One ofthem was the development of a correction metric for golfputting to prevent the inaccurate performance of golferswhen facing the golf lipout phenomenon [21]. The au-thors extended a performance metric using the Grünwald-Letnikov approximate discrete equation to integrate amemory of the ball’s trajectory.Although FC was not fully explored in sport sciences,many other areas have been taking full use of its pro-perties. For instance, FC has been used to describe thedynamical characteristics of robots’ motion since it is wellsuited to describe irreversibility and chaos due to its in-herent memory property [22, 23]. In this line of thought,the dynamic phenomena of a robot’s trajectory configurea case where fractional calculus tools fit adequately [22].Football has been regularly identified as a complex dy-namic system wherein the motion of each player is usuallychaotic and difficult to predict [24]. Under those assump-tions, this paper proposes a new strategy to estimate thecurrent position of football players benefiting from frac-tional calculus concepts. This will allow overcoming theautomatic and manual tracking problems described above.
2. Fractional order estimation

2.1. Preliminaries

This section summarizes some preliminaries regardingfractional calculus. For a more detailed description pleaserefer to Machado et al [25] or Couceiro et al [22]. Briefly,Fractional Calculus (FC) can be considered as a general-ization of integer-order calculus, thus accomplishing whatinteger-order calculus cannot. As a natural extension ofthe integer (i.e., classical) derivatives, fractional deriva-tives provide an excellent instrument for the description ofmemory and hereditary properties of processes. The con-cept of Grünwald-Letnikov fractional differential is pre-sented by the following definition.
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Definition 1.[25] Let Γ be the gamma function defined as:
Γ(k) = (k − 1)! (5)

The signal Dα [x [t]] given by
Dα [x [t]] = lim

h→0
[ 1
hα

+∞∑
k=0

(−1)kΓ(α + 1)x(t − kh)Γ(k + 1)Γ(α − k + 1)
]
, (6)

is said to be the Grünwald-Letnikov fractional derivative
of order α, α ∈ C, of the signal x [t].
An important property revealed by (6) is that while aninteger-order derivative just implies a finite series, thefractional-order derivative requires an infinite number ofterms. Therefore, integer derivatives are “local” operatorswhile fractional derivatives have, implicitly, a “memory”of all past events. However, the influence of past eventsdecreases over time. The formulation in (6) inspires adiscrete time calculation presented by the following defi-nition.
Definition 2.[25] The signal Dα [x [t]] given by

Dα [x [t]] = 1
T α

r∑
k=0

(−1)kΓ(α + 1)x(t − kT )Γ(k + 1)Γ(α − k + 1) , (7)
where T is the sampling period and r is the truncationorder, is the approximate discrete time Grünwald-Letnikov
fractional difference of order α, α ∈ C, of the discrete
signal x [t].
The series presented in (7) can be implemented by a ra-tional fraction expansion which leads to a superior com-promise in what concerns the number of terms versus thequality of the approximation. That being said, it is possi-ble to extend an integer discrete difference, i.e., classicaldiscrete difference, to a fractional-order one, using thefollowing definition.
Definition 3.[26] The classical integer “direct” discrete difference ofsignal x [t] is defined as follows:

∆dx [t] =
 x [t], d = 0
x [t]− x [t − 1], d = 1∆d−1x [t]− ∆d−1x [t − 1], d > 1 , (8)

where d ∈ N0 is the order of the integer discrete dif-ference. Hence, one can extend the integer-order ∆dx [t]assuming that the fractional discrete difference satisfiesthe following inequalities:
d − 1 < α < d. (9)

The features inherent to fractional calculus make thismathematical tool well suited to describe many phenom-ena, such as irreversibility and chaos, because of its inher-ent memory property. In this line of thought, the dynamicphenomena of a player’s trajectory configure a case wherefractional calculus tools may fit adequately.
2.2. Fractional calculus approach
FC will be addressed in our study based on problem for-mulation presented in Section 1.1. At first, let us rewriteequation (3) as:

xsn[t + 1]− xn[t] = vn[t], (10)
Hence, xsn[t+1]−xn[t] corresponds to the discrete versionof the fractional difference of order α = 1, i.e., the firstorder integer difference. By Definition 2 it is possible toconsider:

Dα [xsn[t + 1]] = vn[t]. (11)
Based on the FC concept and Definition 3, the order ofthe position derivative can be generalized to a real number0 < α < 1, thus leading to a smoother variation and alonger memory effect. Equation (11) can then be writtenas:
xsn[t + 1] = vn[t]− 1

T α

r∑
k=1

(−1)kΓ(α + 1)x(t − kT )Γ(k + 1)Γ(α − k + 1) . (12)
Replacing vn[t] in function of the position as presented inequation (4) results in:
xsn[t+1] = xn[t]−xn[t−1]− 1

T α

r∑
k=1

(−1)kΓ(α + 1)x(t − kT )Γ(k + 1)Γ(α − k + 1) .

(13)It should be noted that such strategy increases the memorycomplexity as it requires memorizing the last r positionsof each player, i.e., O[rNδ ]. Nonetheless, the truncationorder r does not need to be too large and will alwaysbe inferior to the current iteration/time t, i.e., r ≤ t. Forinstance, considering a truncation order r = 10, α = 23and T = 1 second, i.e., considering the last 10 previousseconds, results in an attenuation of players’ position attime t − 9, i.e., the x [t + 1− 10], of approximately 99.5%,
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i.e., (−1)10Γ[ 23 +1]Γ[10+1]Γ[ 23−10+1] . Correctly choosing the possible nextposition of player n may be achieved by minimizing thedistance between the estimated position xsn[t + 1] and thepositions on the football match matrix Xδ [t + 1]:
[dminn , iminn ] = min

i∈Nδ
(xsn[t + 1]− xi[t + 1]) , (14)

where dminn is the minimal distance between the last knownposition at time t of player n and all new positions storedon an estimated positioning matrix X s
δ [t + 1], with X s

δ [t +1] = [xs1 [t + 1] · · · xsn[t + 1]]T , retrieved by the method attime t+1, in such a way that the position represented byplayer iminn has a strong possibility of being player n.Considering α as the fractional order derivative, then byusing α values near 0, past events are not that relevant

to the final result. On the opposite, using α values near1, it means that past events have a major influence in thefinal result (cf., [21]). In football context, analysing thefractional coefficient α of each player may imply the pre-dictability of players’ motion. Therefore, the α value canbe useful information to analyze the level of unpredictabil-ity of each player.Yet, a problem arises regarding the tuning of the fractionalcoefficient α that may vary from player to player and fromiteration to iteration. Hence, one should find out the mostfitted α for player n at time t, i.e., αn[t], based on its lastknown positions so far, i.e., the αn[t] that would result ina smaller dminn . This αn[t] will be used to assess the nextpossible position and, once again, be systematically up-dated at each t. This may be formulated by the followingminimization problem:

min
αn [t] dminn (αn[t]) = ∣∣∣∣∣−xn[t + 1] + xn[t]− xn[t − 1]− 1

T α

r∑
k=0

(−1)kΓ(αn[t] + 1)x(t + 1− kT )Γ(k + 1)Γ(αn[t]− k + 1)
∣∣∣∣∣ (15)

s.t αn[t] ∈ [0, 1].We will not focus on the most adequate type of optimiza-tion method in this paper. In this paper, the solution ofequation (15) was based on golden section search andparabolic interpolation. Successive parabolic interpola-tion allows finding the minimum distance by successivelyfitting parabolas to the optimization function at threeunique points and, at each iteration, replacing the “old-est” point with the minimum value of the fitted parabola.This method is alternated with the golden section searchhence increasing the probability of convergence withouthampering the convergence rate. For a more detailed de-scription about this optimization methods please refer to[27, 28].A particular case occurs for an iteration/time inferior to2. Considering that the game starts at the 1 second and
T = 1, it is noteworthy that for an iteration/time inferior to2, i.e., t < 2, it is impossible to compute xsn[2] due to xn[0].In other words, it is necessary to have the first two consec-utives positions of a given player. A way to overcome thisproblem is to consider the pregame start position equal tothe first ingame position, i.e., xn[0] = xn[1]. This assump-tion holds for a small periodic time t between iterations.Due to the human movement dynamics, and since footballplayers are still in the first iteration/time, i.e., vn[1] = 0,the difference between the first two steps (immediately preand after game start) is usually minor, i.e., vn[0] ≈ vn[1].As the average velocity of football players is 4 m/s, onemay considered a maximum iteration time of 1 second, i.e.,

T = 1, thus representing an average difference of 4 metersbetween two consecutive positions. In other words, for thesecond iteration and considering the main equation, onemay approximate xsn[2] as:
xsn[2] = 32α [1]xn[1]. (16)

Considering that a player is considerably near the sameposition for the first 2 seconds after the game starts, whichmay be assumed due to players’ dynamics, then αn[t] maybe initially defined as 23 for all players, αn[1] = 23 , ∀n ∈[1, Nδ ]. Figure 1 depicts the predicted position of twoplayers using the methods presented in this paper. It isnoteworthy that although the position-based method isnot explicitly presented, it corresponds to the exact pointof the previous position of each player.As one may observe, the crossing events between twoplayers from the same team can be one of the most chal-lenging and deceiving aspects for estimation methods. Forinstance, from Figure 1b to Figure 1c, the velocity vectormethod turns out to provide erroneous information sincethe position estimation of each player gets closer to thereal position of the opposing player. This would inducethe tracking system into the misclassification of players.This misinformation can be critical to analyze the behaviorof a specific player over time. On the other hand, the frac-tional calculus method starts following a certain tendencysince it takes into account the whole trajectory so far. In
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Figure 1. Estimation position of two players.

other words, the fractional calculus and its inherent mem-ory property provide a better alternative for multi-playertracking systems.Next section evaluates and compares the herein proposedapproach on a real example of football match.
3. Results
To evaluate the accuracy of the proposed method, onehalf-time of an official football match was analysed. Allplayers’ position in the field was acquired using a single

camera (GoPro Hero with 1280 × 960 resolution), withcapacity to process images at 30 Hz (i.e., 30 frames persecond) and recording with a wide angle of 180◦. Thecamera was placed on an elevated position on the sta-dium to capture the whole field without any changes fromthe beginning to the end of the match. The movements ofthe 22 players (goalkeepers included) from the two com-peting teams were recorded during the entire game. Aftercapturing the football match, the physical space was cal-ibrated using direct linear transformation (DLT) [29], thusobtaining the Cartesian planar positioning of all play-ers and the ball over time. The whole process inherent
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Figure 2. Comparing adaptive fractional coefficients αn [t] with pre-
defined values αn.

to this approach, such as the detection and identificationof players’ trajectories, the space transformation and thecomputation of metrics, was handled using the high-levelcalculation tool MatLab.For a matter of efficiency, only play moments were used,hence excluding all the pause moments in which the ballwas not in the field (i.e., ball out-of-bounds). This resultedin 1833 seconds of useful match, i.e., approximately 31minutes. To evaluate the methods under different con-figurations, sampling periods of T = {250, 500, 1000}[ms] were used. Moreover, the players were afterwardidentified by a human operator at each iteration so as tocompare the accuracy of the methods, i.e., the number oftimes they correctly predict the right player, i.e., numberof true positives. The human operator performed the man-ual tracking at each iteration, depending on the samplingperiod T , following the players in such a way to correctlysort the positional matrix Xδ [t] over time. Afterwards, thehuman operator manual tracking was compared with thesorting performed by the estimation methods.As the fractional methodology herein proposed havehigher memory complexity than the other methods, a trun-cation order of r = 10 was settled (cf. Section 2.2, thusresulting in a memory complexity of O[10Nδ ]. The firstexperiment was used to compare the method using adap-tive fractional coefficients αn[t] with predefined αn values(Figure 2). As a performance metric, the overall accuracyof the fractional method was defined as the fraction of cor-rectly classified players over the whole process, i.e., ratiobetween the number of samples and the number of truepositives.The horizontal lines on Figure 2 (i.e., constant values) cor-respond to the accuracy of the algorithm under the adap-tive mechanism (adaptive αn[t] for each player). The corre-sponding curves (i.e., with the same line style) representsthe accuracy of the algorithm for each αn between 0 and1. Therefore, as one may observe, the adaptive αn[t] gen-erally results in a higher performance than when using a

fixed αn. For sampling periods of 250 and 500 ms, suchperformance may be almost attained by using a fixed αnbetween 0.8 and 0.9. The only case in which this tendencyis broken may be observed for a larger sampling period of1 second. Under such sampling period, a fixed αn between0 and 1 results in a better accuracy when compared to theadaptive one. This may be explained by the fact that alarge sampling period may not be ideal to represent thedynamic behaviour of players.Despite this specific situation, it may be observed thatthe adaptive mechanism turns out to partially overcomethe unpredictability of players, thus presenting an overallaccuracy above 90% for smaller sampling periods. Hence,the fractional method with adaptive αn[t] (FC) was com-pared with the traditional methods presented in the pre-liminaries, namely the estimation based on the velocityvector (VEL) and the estimation based on the previousposition (POS).Once again, the classification accuracy was used to evalu-ate the performance of the methods. Due to the number ofclasses (i.e., players) and to allow a straightforward com-parison between the three methods under different con-figurations (i.e., sampling period T ), the traditional con-fusion matrices were used. The confusion matrix will berepresented by a Nδ − by − Nδ matrix, where each (i, j)entry will be the number of samples whose target is the ithplayer that was classified as the j th player. For instance,Figure 3 presents the confusion matrix for a sampling pe-riod of T = 250 ms wherein the 3rd player was misclassi-fied as the 2nd player 5 times, as the 4th player 3 times,as the 5th player and 7th players only once and as the6th player 4 times using the proposed fractional method.Even so, the overall classification accuracy of the frac-tional method (FC) greatly outperforms the other methodswith a success percentage of 99.65% against the 99.36%and the 97.18% from velocity vector method (VEL) and theprevious position method (POS), respectively. The sameconclusions may be withdrawn from a sampling period of
T = 500 ms (Figure 4). Nevertheless, one may observethat for a higher sampling period of T = 1000 ms (Figure5), the fractional method (FC) presents a higher misclassi-fication ratio, thus failing to correctly identify the team ateach second 23.67% of the time, against a misclassificationpercentage of 20.79% and 14.31% from the velocity vectormethod (VEL) and the previous position method (POS).This is an interesting phenomenon and may be explainedby the common strategy of football teams. At each match,players have a playing position wherein they spend mostof their time (e.g., goalkeeper, defender, etc . . .). With alarge sampling rate, the position method (POS) turns outto present a better accuracy since players keep aroundtheir playing position. Although this was verified in this
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FC 7330 0 0 0 0 0 0 0 0 0 0 1,0000 

VEL 7330 0 0 0 0 0 0 0 0 0 0 1,0000 

POS 7330 0 0 0 0 0 0 0 0 0 0 1,0000 

2 

FC 0 7310 5 0 0 4 3 2 4 1 1 0,9973 

VEL 0 7304 8 0 0 7 4 0 5 1 1 0,9965 

POS 0 7195 38 0 2 39 7 2 37 1 9 0,9816 

3 

FC 0 5 7316 3 1 4 1 0 0 0 0 0,9981 

VEL 0 8 7308 3 2 9 0 0 0 0 0 0,9970 

POS 0 27 7214 26 5 31 7 7 9 1 3 0,9842 

4 

FC 0 0 4 7310 9 4 1 1 0 1 0 0,9973 

VEL 0 1 5 7304 12 5 1 2 0 0 0 0,9965 

POS 0 1 20 7182 54 14 12 21 5 10 11 0,9798 

5 

FC 0 0 1 8 7297 0 3 12 1 8 0 0,9955 

VEL 0 0 1 12 7271 0 4 28 1 13 0 0,9920 

POS 0 3 4 58 7118 9 8 92 5 29 4 0,9711 

6 

FC 0 4 3 5 0 7300 9 3 6 0 0 0,9959 

VEL 0 7 4 8 0 7269 19 7 13 2 1 0,9917 

POS 0 35 37 12 8 7068 88 27 38 7 10 0,9643 
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FC 0 4 1 1 3 9 7282 14 2 5 9 0,9935 
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FC 0 1 0 3 11 3 13 7288 4 6 1 0,9943 

VEL 0 0 0 2 26 8 16 7258 5 12 3 0,9902 
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VEL 0 4 1 0 0 11 15 4 7280 3 12 0,9932 
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VEL 0 1 0 0 14 1 10 10 4 7284 6 0,9937 

POS 0 2 2 4 38 2 31 38 10 7157 46 0,9764 

11 

FC 0 1 0 0 0 0 10 0 6 5 7308 0,9970 

VEL 0 1 0 0 0 0 32 3 11 6 7277 0,9928 

POS 0 2 0 3 1 6 118 17 34 50 7099 0,9685 

         
Overall Accuracy FC 0,9965 

         
Overall Accuracy VEL 0,9936 

         
Overall Accuracy POS 0,9718 

Figure 3. Confusion matrix for the sampling periods of T = 250 ms.
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3 

FC 0 5 7316 3 1 4 1 0 0 0 0 0,9981 

VEL 0 8 7308 3 2 9 0 0 0 0 0 0,9970 

POS 0 27 7214 26 5 31 7 7 9 1 3 0,9842 

4 

FC 0 0 4 7310 9 4 1 1 0 1 0 0,9973 

VEL 0 1 5 7304 12 5 1 2 0 0 0 0,9965 

POS 0 1 20 7182 54 14 12 21 5 10 11 0,9798 

5 

FC 0 0 1 8 7297 0 3 12 1 8 0 0,9955 

VEL 0 0 1 12 7271 0 4 28 1 13 0 0,9920 

POS 0 3 4 58 7118 9 8 92 5 29 4 0,9711 

6 

FC 0 4 3 5 0 7300 9 3 6 0 0 0,9959 

VEL 0 7 4 8 0 7269 19 7 13 2 1 0,9917 

POS 0 35 37 12 8 7068 88 27 38 7 10 0,9643 

7 

FC 0 4 1 1 3 9 7282 14 2 5 9 0,9935 

VEL 0 4 3 1 5 20 7229 18 11 9 30 0,9862 

POS 0 10 4 7 16 95 6901 137 40 24 96 0,9415 

8 

FC 0 1 0 3 11 3 13 7288 4 6 1 0,9943 

VEL 0 0 0 2 26 8 16 7258 5 12 3 0,9902 

POS 0 2 6 34 85 33 120 6967 24 41 18 0,9505 

9 

FC 0 4 0 0 1 6 3 4 7306 1 5 0,9967 

VEL 0 4 1 0 0 11 15 4 7280 3 12 0,9932 

POS 0 53 5 4 3 33 38 22 7128 10 34 0,9724 

10 

FC 0 1 0 0 8 0 5 6 1 7303 6 0,9963 

VEL 0 1 0 0 14 1 10 10 4 7284 6 0,9937 

POS 0 2 2 4 38 2 31 38 10 7157 46 0,9764 

11 

FC 0 1 0 0 0 0 10 0 6 5 7308 0,9970 

VEL 0 1 0 0 0 0 32 3 11 6 7277 0,9928 

POS 0 2 0 3 1 6 118 17 34 50 7099 0,9685 

         
Overall Accuracy FC 0,9965 

         
Overall Accuracy VEL 0,9936 

         
Overall Accuracy POS 0,9718 

Figure 4. Confusion matrix for the sampling periods of T = 500 ms.

   
 

 
   

Predicted Player 

Accuracy 
  

Method 1 2 3 4 5 6 7 8 9 10 11 
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1 

FC 1833 0 0 0 0 0 0 0 0 0 0 1,0000 

VEL 1833 0 0 0 0 0 0 0 0 0 0 1,0000 

POS 1833 0 0 0 0 0 0 0 0 0 0 1,0000 

2 

FC 0 1405 78 20 10 105 59 27 91 12 26 0,7665 

VEL 0 1457 61 28 7 101 45 27 81 8 18 0,7949 

POS 0 1457 61 28 7 101 45 27 81 8 18 0,8762 

3 

FC 0 73 1442 114 20 50 31 30 34 14 25 0,7867 

VEL 0 77 1492 90 24 33 24 24 31 15 23 0,8140 

POS 0 77 1492 90 24 33 24 24 31 15 23 0,8893 

4 

FC 0 20 102 1438 74 50 39 63 14 14 19 0,7845 

VEL 0 16 97 1483 71 43 30 51 21 9 12 0,8091 

POS 0 16 97 1483 71 43 30 51 21 9 12 0,8816 

5 

FC 0 16 20 71 1436 32 35 105 21 76 21 0,7834 

VEL 0 9 23 77 1479 26 32 79 10 74 24 0,8069 

POS 0 9 23 77 1479 26 32 79 10 74 24 0,8707 

6 

FC 0 120 72 41 25 1273 101 88 61 14 38 0,6945 

VEL 0 82 54 35 31 1356 89 85 62 15 24 0,7398 

POS 0 82 54 35 31 1356 89 85 62 15 24 0,8112 

7 

FC 0 44 33 33 33 106 1160 146 90 66 122 0,6328 

VEL 0 45 28 23 22 91 1253 139 75 49 108 0,6836 

POS 0 45 28 23 22 91 1253 139 75 49 108 0,7561 

8 

FC 0 18 39 69 125 90 129 1209 33 66 55 0,6596 

VEL 0 21 31 61 105 98 113 1280 30 52 42 0,6983 

POS 0 21 31 61 105 98 113 1280 30 52 42 0,7812 

9 

FC 0 97 21 20 22 63 84 35 1370 24 97 0,7474 

VEL 0 93 26 8 13 48 79 39 1408 18 101 0,7681 

POS 0 93 26 8 13 48 79 39 1408 18 101 0,8554 

10 

FC 0 9 10 12 68 29 69 65 25 1470 76 0,8020 

VEL 0 11 10 12 53 17 54 61 21 1522 72 0,8303 

POS 0 11 10 12 53 17 54 61 21 1522 72 0,8773 

11 

FC 0 31 16 15 20 35 126 65 94 77 1354 0,7387 

VEL 0 22 11 16 28 20 114 48 94 71 1409 0,7687 

POS 0 22 11 16 28 20 114 48 94 71 1409 0,8265 

         
Overall Accuracy FC 0,7633 

         
Overall Accuracy VEL 0,7921 

         
Overall Accuracy POS 0,8569 

Figure 5. Confusion matrix for the sampling periods of T = 1000
ms.

match, some football strategies include switching play-ing positions which would greatly jeopardize the positionmethod.It is noteworthy, however, that such misclassification isrelated with the distance between the estimated position
xsn[t + 1] and the real one xn[t + 1], i.e., dminn . Therefore,and to further compare the three methods, the averageaccumulated error distance over time was analysed. Onceagain it is possible to observe that the fractional method(FC) presents a higher performance for sampling periodsof 250 ms and 500 ms (Figures 2 and 3).Also, the previous position method (POS) is considerablyworse than the other methods for a small sampling pe-riod, presenting an error almost 3 times higher than thefractional method (FC) for T=250 ms. This means thatthe dynamical characteristics of players may be more ac-curately represented as the sampling period decreases,thus being able to predict their position with a higherperformance using the fractional (FC) and velocity vector(VEL) methods. However, for a larger sampling period of
T = 1000 ms, the previous position method (POS) onceagain presents a better classification accuracy. The ex-planation about this phenomenon still remains the sameand allows concluding that a large sampling rate of 1 sec-ond turns out to be too high to correctly represent play-

721



Analysis of football player’s motion in view of fractional calculus
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Figure 6. Comparing FC, VEL and POS methods for the sampling periods of T = 250 ms, T = 500 ms and T = 1000 ms.

ers’ dynamics. Therefore, and as players usually playaround a specific region, the previous position method(POS) present a better performance, and yet with a highaccumulated error of almost 10 km.
4. Discussion and conclusion

Increase the autonomy and accuracy of multiplayer foot-ball tracking systems is one of the main goals to improvethe performance analysis of football players and teams.Nevertheless, problems such as players’ occlusion canproduce erroneous information that may deceive the auto-matic tracking system, requiring the intervention of humanoperators to solve such situations. This paper proposed afractional calculus method to predict the position of play-ers over time in the field. The first step was to analyze theinfluence of the fractional coefficient in the performance ofthe method. This analysis showed that an adaptive αn[t]generally results in a higher performance than when us-ing a fixed αn. Afterwards, the adaptive fractional calculusapproach was compared with two other classical methodsbased on the previous position and the previous velocity

of players. It was possible to observe a superior accu-racy using the proposed strategy for sampling rates of
T = 250 and T = 500. These results suggest that themotion of football players may be explained using frac-tional dynamics for small sampling periods, especially forlong periods of time. Using the fractional order intrin-sic memory property, one can predict the location of oc-cluded players based on their trajectory so far. Also, asimple exclusion mechanism may be used to reinforce therobustness of the approach, i.e., the fractional method canpredict the position of all visible players with high ac-curacy in such a way that the remaining players will bethe lasts to be considered. Note that if it turns out to beimpossible to detect a player due to a high level of occlu-sions, as the fractional algorithm still returns an estimatedposition based on its trajectory so far, one may considerit as the correct one and posteriorly correct it based onnew acquired positional data. This is an assumption thatholds as the positional error obtained on the results isstill considerably inferior to other methods.
Regardless on that, the experiments fulfilled so far showedthat it was possible to overcome most of occlusions oc-curring during the game combining the herein proposed
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fractional approach with a single monocular camera. Nev-ertheless, the fractional coefficient still has a major influ-ence on such accuracy. Therefore, we propose to furtheranalyze this parameter and, at some extent, evaluate thestability of players.In sum, this study fostered the use of fractional calculus toimprove the accuracy of tracking systems, thus overcom-ing some of the misclassification problems that still occurin most traditional methods. Moreover, using this infor-mation one may benefit from online tactical metrics, thushelping coaches to understand how players behave in acollective way.
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