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Abstract—This paper studies the controllability properties of
certain nonholonomic control systems, describing the rolling
motion of Grassmann manifolds over the affine tangent space
at a point. The control functions correspond to the freedom of
choosing the rolling curve. The nonholonomic constraints are
imposed by the no-slip and no-twist conditions on the rolling.
These systems are proved to be controllable in some submanifold
of the group of isometries of the space where the two rolling
manifolds are embedded. The constructive proof of controllability
is also addressed.

Index Terms—Grassmann manifold, Lie group of isometries,
rolling motions, no-slip, no-twist, Lie algebras, bracket generating
property, controllability.

I. INTRODUCTION

The present paper addresses a mathematical problem, the
controllability properties of a rolling system, but it is moti-
vated by the various applications of the Grassmann manifold.
These manifolds play an important role in many engineering
applications that deal with sets of images, such as face
recognition problems under varying illumination conditions, or
reconstruction of planar scenes from multiple views (see, for
instance, [7] for several interesting problems about this topic).
Rolling motions of Riemannian manifolds have lately attracted
the attention outside the mathematical community also due to
its importance in robotics and computer vision. One recent
interesting application concerning the use of rolling manifolds
for recognizing human actions from 3D skeletal data is nicely
treated in [6].

The basis for our work is the article [4], where the kinematic
equations of rolling the Grassmann manifold over its affine
tangent space at a point have been derived. Section II contains
an overview of those results. Our main contributions are
contained in Sections III and IV. In the former we prove that
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the kinematic equations, which can be seen as a nonlinear
nonholonomic control system evolving on a certain Lie group,
are controllable. In the latter we present a constructive proof of
controllability of the rolling system. The question about how
to control the system is answered in Section IV, by showing
how the forbidden motions of twisting and slipping can be
accomplished by rolling without breaking the nonholonomic
constraints of no-slip and no-twist.

II. REVISITING GRASSMANNIANS

A. The geometry of Grassmann manifolds

Grassmann manifolds (or Grassmannians), hereafter de-
noted by Gk,n, are smooth manifolds consisting of all k-
dimensional subspaces of Rn (0 < k < n). Its dimension
is k(n− k). We use a matrix representation of Gk,n in which
each point is an n× n projection matrix. More precisely,

Gk,n := {P ∈ s(n) : P 2 = P, rank(P ) = k}, (1)

where s(n) denotes the vector space of all n × n symmetric
matrices. For more details concerning this representation we
refer to [3].

These matrices are isospectral, with eigenvalues 1 (of multi-
plicity k) and 0 (of multiplicity n−k). So, for each P ∈ Gk,n,
there exists Θ ∈ SO(n) such that P = Θ>

[
Ik 0
0 0

]
Θ.

Consider s(n) equipped with the metric induced by the
Frobenius norm 〈A,B〉 := tr(AB), so that Gk,n is a Rieman-
nian manifold embedded in (s(n), 〈., .〉). The tangent space at
any point P ∈ Gk,n is given by

TPGk,n = {S ∈ s(n) : PS + SP = S.} (2)

Another useful representation of the tangent space is the
following, where so(n) is the set of all skew symmetric
matrices, and [., .] denotes the commutator.

TPGk,n = {[Ω, P ] : Ω ∈ so(n) and PΩ + ΩP = Ω}. (3)978-1-5386-5346-3/18/$31.00 © 2018 IEEE
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With respect to the above metric, the normal space at a point
P ∈ Gk,n is defined as

T⊥P Gk,n := {N ∈ s(n) : tr(NV ) = 0, ∀V ∈ TPGk,n}
= {S − [P, [P, S]], S ∈ s(n)}. (4)

In particular, for the point P0 =
[
Ik 0
0 0

]
, elements in TP0

Gk,n
and in T⊥P0

Gk,n are respectively represented by matrices with
the following structure

[
0 Z
Z> 0

]
and

[
S1 0
0 S2

]
, (5)

where Z is any real k × (n− k) matrix, S1 ∈ s(k) and S2 ∈
s(n− k).

B. Rolling Gk,n over the affine tangent space at a point

The rolling motion of a manifold M1 over another manifold
M0 of the same dimension, both isometrically embedded in
a higher dimensional Riemannian manifold M , is described
by the action of the group of isometries of the embedding
space. For the sake of completeness, we recall here the formal
definition of rolling map. This definition is adapted from
that given in [11]. Depending on the context, there are other
variations of this definition in the literature, for instance in [1]
and [4].

Definition 2.1: Let M1 and M0 be two n-dimensional
connected manifolds isometrically embedded in a higher di-
mensional complete Riemannian manifold M and let G be
the connected component of the group of isometries of M
that contains the identity. A smooth rolling map of M1

over M0, without slip and without twist, is a smooth curve
χ : [0, τ ] → G, satisfying the following three properties, for
all t ∈ [0, τ ]:

1) Rolling conditions:

There exists a smooth curve α1 : [0, τ ]→M1, such that

a) χ(t)α1(t) ∈M0;
b) Tχ(t)α1(t) χ(t)M1 = Tχ(t)α1(t)M0.

The curve α1 is called the rolling curve and the curve
α0 : [0, τ ] → M0, defined by α0(t) := χ(t)α1(t), is
called the development of α1 on M0.

2) No-slip condition:
(
χ̇(t)χ(t)−1

)
α0(t) = 0. (6)

3) No-twist conditions:
a) (Tangential part)

(
χ̇(t)χ(t)−1

)
∗ Tα0(t)M0 ⊂ (Tα0(t)M0)⊥, (7)

b) (Normal part)
(
χ̇(t)χ(t)−1

)
∗ (Tα0(t)M0)⊥ ⊂ Tα0(t)M0. (8)

�

We note that χ̇(t)χ(t)−1 is a mapping from M to TM
defined by:

(
χ̇(t)χ(t)−1

)
(p) :=

d

dσ

∣∣
σ=t

[
(χ(σ)

(
χ(t)−1) (p)

)]
,

and
(
χ̇(t)χ(t)−1

)
∗ denotes its differential map. The previous

definition can be adjusted to piecewise-smooth rolling maps
and rolling curves, simply replacing “for all t” by “for almost
all t” in all the conditions involving derivatives. We use
the term pure rolling for rolling motions subject to the
constraints of no-slip and no-twist.

Rolling motions of Grassmann manifolds have been studied
in [4] and we refer to this paper for details that are not included
here. In which concerns the Grassmann manifold rolling over
the affine tangent space at a point P0,

M1 = Gk,n, M0 = T aff
P0
Gk,n := P0 + TP0Gk,n, M = s(n),

and the isometry group of M is the semi-direct product

G = SO(n) n s(n).

Elements in G are represented by pairs (Θ, X), and the action
of G on s(n) is defined by (Θ, X)S = ΘSΘ> +X .

Assume, without loss of generality, that P0 =
[
Ik 0
0 0

]
. Notice

that Gk,n ∩ T aff
P0
Gk,n = {P0}. A rolling map consists of a

curve in G whose velocity vector field is restricted to a certain
distribution due to the nonholonomic constraints of no-slip and
no-twist. This distribution caracterizes the kinematic equations
of the rolling motion. The following result has been derived
in [4] and will be the starting point for the main results in the
next section.

Theorem 2.1 ( [4]): If (Θ, X) is the solution of the follow-
ing coupled system of differential equations (the kinematic
equations)





Θ̇(t) = Θ(t)

[
0 −U(t)

U>(t) 0

]

Ẋ(t) =

[
0 U(t)

U>(t) 0

] (9)

with t 7→ U(t) ∈ Rk×(n−k), and satisfying (Θ(0), X(0)) =
(In, 0n), then t 7→ χ(t) = (Θ>(t), X(t)) ∈ G is a rolling
map along the curve t 7→ α1(t) = Θ(t)P0Θ>(t) ∈ Gk,n, with
development curve t 7→ α0(t) = P0 +X(t) ∈ T aff

P0
Gk,n.

Remark 2.1: When U is constant, the kinematic equations
can be solved explicitly to obtain

{
Θ(t) = etA

X(t) = tB
, (10)

where A =

[
0 −U
U> 0

]
and B =

[
0 U
U> 0

]
.

In this case the rolling curve α1(t) = etAP0e
−tA is a geodesic

in Gk,n and its development α0(t) = P0 + tB is a geodesic
in T aff

P0
Gk,n.
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It is clear that the choice of the function U completely
determines the rolling curve (or equivalently its development,
since α0(t) = χ(t)α1(t)). So, the kinematic equations (9) may
be seen as a control system, with unrestricted controls given
by the entries of the matrix function U , evolving on the Lie
group G = SO(n)×V , where V = TP0

Gk,n is an additive Lie
group. A natural question to ask is whether or not this system
is controllable. The next section addresses this issue, following
a procedure that has been used to prove controllability of the
rolling sphere in [8] and [12].

III. CONTROLLABILITY OF THE KINEMATIC EQUATIONS

In the language of geometric control theory, the kinematic
equations (9) form a sub-Riemannian control system without
drift, evolving on the connected Lie group G = SO(n) ×
V , where V = TP0

Gk,n. The Lie algebra of this group is
L(G) = so(n) ⊕ V , equipped with the Lie bracket which is
the commutator in the first component and the trivial bracket
in the second component of this direct sum. Controllability
means that every two points in G can be joined by trajectories
of the system in finite time.

In which concerns proving controllability of the kinematic
equations, the first thing that needs to be checked is the
algebraic property, known in the literature as bracket generat-
ing property. This is a necessary condition for controllability
but, in general, it is not sufficient. We refer to [5] and [8]
for details concerning controllability of systems evolving on
Lie groups. However, in the present situation, we can use
a pioneer result about control systems on Lie groups which
guarantees that, under some conditions, the bracket generating
property is equivalent to controllability. Theorem 3.1 below is
a paraphrase of Theorem 7.1 in [5]. Although the statement
of the theorem in [5] is for right-invariant control systems, it
is also true for left-invariant control systems, since these two
classes of control systems are equivalent via inversion. More
precisely,

Ż = ZW (t)⇐⇒ Ẏ = −W (t)Y, where Y = Z−1.

Theorem 3.1: A left-invariant control system without drift
and unrestricted controls, evolving on a connected Lie group
G, is controllable if and only if the control vector fields gen-
erate the Lie algebra of G, i.e., satisfy the bracket generating
property.

It is not clear from the kinematic equations (9) that we are
in the presence of a control system that fits the conditions of
this theorem, namely that it is a left-invariant control system.
To convince the readers that this is the case, we rewrite (9) in
the form

Ż(t) = Z(t)

(
r∑

i=1

ui(t)Wi

)

︸ ︷︷ ︸
W (t)

, Z ∈ G, Wi ∈ L(G),

where r = k(n− k). For that, first define

A(t) :=

[
0 −U(t)

U>(t) 0

]
and B(t) :=

[
0 U(t)

U>(t) 0

]
,

so that the kinematic equations are written in the form
{

Θ̇(t) = Θ(t)A(t)

Ẋ(t) = B(t)
. (11)

Now, define Z in terms of Θ and X , and W in terms of A
and B, as block diagonal matrices:

Z := diag

(
Θ,

[
In X
0n In

])
,

W := diag

(
A,

[
0n B
0n 0n

])
.

(12)

With these identifications, a simple calculation shows that the
kinematic equations (9) can be written as

Ż(t) = Z(t)W (t), (13)

which is a left-invariant control system without drift, evolving
on the connected Lie group G = SO(n) × V . So, according
to Theorem 3.1, all we need to prove is that the control vector
fields generate the Lie algebra of G. To do this without getting
too weird notations, we work with the first representation of
the kinematic equations, i.e., with equations (9).

Let Ei,j denote the square matrix with entry (i, j) equal
to 1 and all other entries equal to 0. Define the elementary
skewsymmetric matrices Ai,j := Ei,j −Ej,i, and the elemen-
tary symmetric matrices Bi,j := Ei,j+Ej,i. A canonical basis
for the Lie algebra L(G) is defined as:

{(Ai,j , 0), 1 ≤ i < j ≤ n}

∪ {(0, Bi,k+j), i = 1, · · · , k; j = 1, · · · , n− k}.
(14)

The left-invariant control vector fields in (9) can be identified
with the following elements in L(G):

{(Ai,k+j , Bi,k+j), i = 1, · · · , k; j = 1, · · · , n− k}. (15)

Note that dim(L(G)) = k(n − k) + n(n − 1)/2, while the
system has only k(n − k) control functions, which are the
entries of the matrix function U . So, we are in the presence
of an underactuated control system. The following commutator
properties, where δij denotes the Kronecker delta (which is 1
if i = j and 0 if i 6= j), will be important:

[Ai,j , Af,l] = δilAj,f + δjfAi,l − δifAj,l − δjlAi,f . (16)

In our situation, to prove that the kinematic equations (9)
are controllable reduces to showing that every element in the
canonical basis (14) can be written as linear combinations of
the k(n−k) control vector fields in (15) and their Lie brackets.

Theorem 3.2: The control vector fields in (9) are bracket
generating, except when k(n− k) = 1.
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Proof - It is enough to show that every element in the
canonical basis (14) can be written as linear combinations of
the k (n − k) elements in (15) and their Lie brackets. Recall
that if (Y1, Z1) and (Y2, Z2) belong to L(G) = so(n) ⊕ V ,
then

[(Y1, Z1), (Y2, Z2)]L(G) = ([Y1, Y2]so(n), 0). (17)

Using (16) and (17), we show that all the basis elements can be
obtained by, at most, second order brackets of control vector
fields in (15).
First, we generate basis elements of the form (Ai,j , 0) and
(Ai,k+j , 0):

For 1 ≤ i < j ≤ k, and any l ∈ {1, · · · , n− k},

(Ai,j , 0) = − [(Ai,k+l, Bi,k+l), (Aj,k+l, Bj,k+l)] ;
(18)

For 1 ≤ i, j ≤ n− k, and any m ∈ {1, · · · , k},

(Ak+i,k+j , 0) = [(Am,k+j , Bm,k+j), (Am,k+i, Bm,k+i)] .
(19)

Second, we generate basis elements of the form (Ai,k+j , 0)
using elements from (15) and from (18):

For i = 1, · · · , k; j = 1, · · · , n− k,

(Ai,k+j , 0) = [(Ai,l, 0), (Al,k+j , Bl,k+j)] .
(20)

Finally, we generate elements of the form (0, Bi,k+j) using
elements from (15) and from (20):

For i = 1, · · · , k; j = 1, · · · , n− k,

(0, Bi,k+j) = (Ai,k+j , Bi,k+j)− (Ai,k+j , 0).
(21)

This completes the decoupling and proves the statement.
Notice that we have to exclude the situation when k(n−k) =
1, or equivalently k = 1 and n = 2, since in this case
dim(L(G)) = 2 and there is only one control vector field
that can’t generate a 2-dimensional Lie algebra.

�

Corollary 3.3: Whenever k(n− k) 6= 1, the control system
(9), describing the pure rolling motions of the Grassmann
manifold Gk,n over the affine tangent space at the point P0,
is controllable in G = SO(n)× TP0

Gk,n.

IV. HOW TO GENERATE FORBIDDEN MOTIONS

Due to the nonholonomic constraints of the rolling, there
are some motions resulting from the action of G on Gk,n that
are forbidden. These are the slips and the twists that we define
next.

Definition 4.1: A slip is any motion of Gk,n that results
from the action of elements in G of the form (In, X), where
X ∈ TP0

Gk,n. That is, a slip is a pure translation (in the
embedding space) by the vector X .

Definition 4.2: A twist is any motion that results from the
action of elements in G that keep P0 invariant.

Remark 4.1: Notice that for (Θ, X) to keep P0 invariant we
must have ΘP0Θ> + X = P0, and this identity implies that
P0 − X ∈ Gk,n ∩ T aff

P0
Gk,n. But the only point that belongs

to this intersection is P0, so X = 0. Moreover, we must have
ΘP0Θ> = P0, that is, Θ belongs to the isotropy subgroup of
SO(n) at P0, which is defined as

K := {Θ ∈ SO(n), such that ΘP0Θ> = P0}.

We conclude that twists are generated by elements in G of
the form (Θ, 0), with Θ ∈ K. Also notice that elements in K
have the following structure:

K =

{
Θ =

[
Θ1 0
0 Θ2

]
, Θ1 ∈ SO(k), Θ2 ∈ SO(n− k)

}
.

Controllability of the rolling system means that the forbid-
den motions (slips and twists) can be performed using only
admissible motions, that is, by rolling without twisting or
slipping. So, a natural question to ask at this point is: how
can we generate forbidden motions?

The generation of the forbidden motions using only ad-
missible motions is similar to what happens for the rolling
sphere. Cartan decompositions of the Lie algebra so(n) and
corresponding decompositions of SO(n) play a crucial role
to address this problem, but for a particular case, such as
the Grassmann manifold, those decompositions only appear
implicitly. We are inspired by the work [9] to generate twists
and by the work [10] to generate slips.

A. Generating twists

It is known that any element in SO(n) can be written as a
finite product of Givens rotations, which are elements of the
form eτAi,j , τ ∈ R (see, for instance, [9] for some details).
So, every twist can also be decomposed as a finite product of
elements of the form

[
eτ1Ai,j 0

0 eτ2Ak+l,k+m

]
, (22)

where 1 ≤ i < j ≤ k and 1 ≤ l < m ≤ n− k.
In order to generate a twist out of admissible motions it is

enough to show that each one of the block diagonal elements
in (22) can be decomposed into products of Givens rotations
generated by elements of the form Ar,k+s, for r = 1, · · · , k
and s = 1, · · · , n−k, so that the sum of all angles of rotation
adds up to zero. Note that these are the elements in the Lie
algebra of SO(n) related to the control vector fields.

In order to show that this is indeed possible, we first prove
the following result.

Proposition 4.1: Let A,B and C be any three square
matrices of the same arbitrary order that satisfy the following
commuting relations:

[A,B] = C and [A,C] = −B. (23)
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Then, for any real parameter τ ,

eτC = e(π/2)AeτBe−(π/2)A

= e−(π/2)A e−τB e(π/2)A,
(24)

and, consequently,

eτC = e(π/2)A e(τ/2)B e−πA e−(τ/2)B e(π/2)A. (25)

Proof - The proof of the identity (25) is based on the com-
muting relations above and on properties of the exponential
mapping, including the Campbell-Hausdorff formula

etAB e−tA = etadA B =
+∞∑

i=0

ti

i!
adiAB,

where adA is the adjoint operator defined by adAB := [A,B],
and adiAB := adi−1A (adAB), for i = 2, 3, · · · . Indeed, when
the commuting relations (23) hold, then

etAB e−tA = B cos t+ C sin t,

and so, choosing t = ±π/2, we get

C = e±(π/2)A (±B) e∓(π/2)A,

which implies

eτC = e±(π/2)A e±τB e∓(π/2)A.

The identity (25) is obtained from the previous, with a
convenient choice of the signals, as follows.

eτC = e(τ/2)C e(τ/2)C

= e(π/2)A e(τ/2)B e−πA e−(τ/2)B e(π/2)A.

�
Corollary 4.2: The following identities hold:

a) For 1 ≤ i < j ≤ k, l ∈ {1, · · · , n− k} and τ1 ∈ R,

eτ1Ai,j = e(π/2)Aj,k+l e(τ1/2)Ai,k+l e−πAj,k+l

e−(τ1/2)Ai,k+l e(π/2)Aj,k+l .
(26)

b) For 1 ≤ l < m ≤ n− k, i ∈ {1, · · · , k} and τ2 ∈ R,

eτ2Ak+l,k+m = e(π/2)Ai,k+m e(τ2/2)Ai,k+l e−πAi,k+m

e−(τ2/2)Ai,k+l e(π/2)Ai,k+m .
(27)

Proof - This is an immediate consequence of the fact that
the triples

{Aj,k+l, Ai,k+l, Ai,j} and {Ai,k+m, Ai,k+l, Ak+l,k+m}

satisfy the commuting relations (23), as the triple {A,B,C}
does.

�

B. Generating slips

Without loss of generality, we may restrict to the situation
of a slip from the point P0 to the point Q1 = P0+τB1,k+1, for
some τ > 0. This is a pure translation in the ambient space by
the vector τB1,k+1 ∈ TP0Gk,n. The distance from P0 to Q1 is
easily computed, since we know that t 7→ β(t) = P0+tB1,k+1

is the geodesic that satisfies β(0) = P0 and β(τ) = Q1, and

d(P0, Q1) =

∫ τ

0

‖ β̇(t) ‖ dt = τ
√

tr(B2
1,k+1) = τ

√
2.

There are two situations to consider, the first one when τ
is a multiple of 2π, and the second one otherwise. The
corresponding development curves are shown in Fig. 1., and
details about this construction are given after this figure.

Fig. 1. Triangle showing the development curve for the rolling map that
generates a slip from P0 to Q1.

1. τ is a multiple of 2π, say τ = 2πl.
In this case, the slip can be generated by rolling (without slip
or twist) Gk,n along a geodesic arc so that its development
curve is the geodesic arc in T aff

P0
Gk,n that joins P0 to Q1. This

geodesic arc is represented in the previous figure by the red
line. The corresponding rolling map is

χ(t) =
(
etA1,k+1 , t B1,k+1

)
.

At t = 2πl, we have

χ(2πl) =
(
e2πlA1,k+1 , 2πl B1,k+1

)
= (In, 2πl B1,k+1).

So, we have generated the slip from P0 to Q1 by rolling
without twist or slip.

2. τ is not a multiple of 2π.
In this case, we can generate the slip by rolling (without slip
or twist) along a broken geodesic composed of two geodesic
arcs of equal length. These arcs, which are represented in the
previous figure by the blue lines, form an isosceles triangle
together with the geodesic arc joining P0 to Q1. There are
many possible choices for the plane where such triangle lives,
and one possible choice for the third vertex Q2 is

Q2 = Q1 + τ1B1,k+2 = P0 +
τ

2
B1,k+1 + τ1B1,k+2,
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where Q1 is the midpoint between P0 and Q1 and τ1 must be
chosen so that

d(P0, Q2) = d(Q1, Q2) = 2
√

2πr, for some r ∈ N.

The first equality follows from the requirement that the triangle
is isosceles, and the second equality ensures that rolling along
each one of the equal sides of the triangle generates a slip. A
simple calculation shows that τ1 must satisfy

τ21 = 4π2r2 − τ2/4, for some r ∈ N.

Rolling Gk,n along that broken geodesic arc will not affect its
orientation and generates the slip from P0 to Q1, as required.

V. CONCLUSION

We have proved that the kinematic equations that describe
the pure rolling motions of the Grassmann manifold Gk,n
(with k(n − k) 6= 1) over the affine tangent space at a
point, is controllable in G = SO(n) × TP0Gk,n. This is the
counterpart of a result about controllability of the rolling
n-sphere that can be found for instance in [8] and [12]. We
have also shown how the forbidden motions of twisting and
slipping can be generated just by rolling without twisting or
slipping.
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