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Abstract

Some new sufficient conditions are established for the oscillation of all solutions of the second order
neutral difference equation of the form

A (rnA (Tn + aZp—r + bTnyo)) + Putn—g + @iy =0, 1> no,

where -7 | 1/, < co. The results obtained here are new and further improve and complement
some known results in the literature. Examples are provided to illustrate the main results.
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1 Introduction

This paper deals with the oscillatory behavior of solutions of second order neutral difference equation
of the form

A (rnA (Tn + atpn—r + bTnto)) + PuTh_i + qna:i_,_m =0, n>no (1.1)

where ng is a positive integer, A is the forward difference operator defined by Az, = zn11 — xn,
and « and g are ratios of odd positive integers. Further, we assume the following conditions without
further mention:

oo
n=ng

(C1) {r»}is a sequence of positive real numbers for all n > ng with 3 1/rn < oo;

(C2) @ and b are nonnegative real constants;
(C3) {p»} and {g.} are nonnegative real sequences, and not identically zero for many values of n;

(C4) T, 0, k and m are nonnegative integers.

By a solution of equation (1.1), we mean a real sequence {z, } defined for all n > no — 61 where
01 = max {7, k} and satisfies equation (1.1) for all n > ne. Let 2 = max {0, m} . Clearly, if the initial
conditions z, = ¢, for all n € [no — 61,n0 + 62 — 1] are given, then equation (1.1) has a unique
solution satisfying the initial conditions. A solution of equation (1.1) is said to be oscillatory if it is
neither eventually positive nor eventually negative, and nonoscillatory otherwise.

In recent years, there has been an increasing interest in obtaining sufficient conditions for the
oscillation and nonoscillation of solutions of neutral type difference equations, see for example [1],
[2], [3], [4], [B], [6], [7], [17] and the references cited therein. In [8], [9], [10], [11], [12], [13], [14],
[15] and [16] the authors considered equation of the form (1.1), and established some sulfficient
conditions for the oscillation of all solutions when 3777 “1/r, = cc. This is because such equations
have applications in science and technology [18].

However when b = 0 and either p,, = 0 or ¢,, = 0, there are some results available in the literature
dealing with the oscillatory behavior of equation (1.1) with ij’:no 1/rn < 00, see for example [1], [2],
[3] and [6], and the references cited therein. In particular in [17], the authors considered equation
(1.1) under the condition (C1), and obtained criteria which imply that all solutions of equation (1.1)
are either oscillatory or tend to zero as n — oo.

Equation (1.1) may be considered as a discrete analogue of the continuous equation
(r()(=(1))) + p(D)z(t — k) + g(t)z(t +m)” =0 (1.2)

where z(t) = z(t) + ax(t — 7) + bz(t + o). The oscillatory and asymptotic behavior of solutions
of equation (1.2) is studied in [19], [20] and [6] under various conditions on the known functions.
However we have found some results on the oscillatory behavior of solutions of equation (1.2) for
the particular case b = 0, ¢(¢t) = 0 and ft‘:f 1/r(t)dt < oo, see for example [21], and the references
contained therein.

Therefore the natural question arises whether all solutions of equation (1.1) are oscillatory if the
hypothesis (C1) is satisfied. Our purpose in this paper is to give answer to this question in a affirmative
way by obtaining some new sufficient conditions which ensure that all solutions of equation (1.1) are
oscillatory. In Section 2, we present some preliminary lemmas and in Section 3, we obtain some
new oscillation criteria for equation (1.1). Section 4 contains some examples to illustrate the main
results. Thus, the results obtained in this paper are new and further improve and complement to
those established in [2], [3], [6] and [17].
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2 Some Preliminary Lemmas

In this section we present some lemmas which will be needed to prove the main results. For the sake

of convenience, we define the following notations:
Tn + aTp—r + bTnio,

Zn
P, = min{pn,Pn—r,Pnto}t,
Qn = min {Qn,qnfTaq’ﬂ“FO'} ’

1 > 1
R, = ZT—S ,and A”:ZE'

s=ng

We begin with the following lemma.
Lemma 2.1. Let{z.} be an eventually positive solution of equation (1.1). Then one of the following

two cases holds for all sufficiently large n:

() zn >0, rhAzp >0, A(rnAz,)<0;
(M) zn >0, r,Az, <0, A(rnAz,) <0.
Proof. The proof can be found in [5]. O
Lemma 2.2. Let A >0,and B > 0. Then for~v > 1 ,we have
O

A"+ B > 5 (A+ B)".

Proof. The proof can be found in Chapter Ill, page 70 of [22].
Lemma 2.3. Let{z,} be a positive solution of equation (1.1) satisfying case (I) of Lemma 2.1. Then
(2.1)

Zn > RornAzp

and {;—’;} is nonincreasing for alln > N.
O

Proof. The proof of (2.1) can be found in [13]. Further
A(g) = —%[%{:ﬁz"} < 0 since AR, = --. The proof is now completed.
Lemma 2.4. Let{z,} be a positive solution of equation (1.1) satisfying case (Il) of Lemma 2.1. Then
(2.2)

Zn 2 _AnTnAZn

foralln > N.
Proof. Since r, Az, is nonincreasing, we have

rsAzs <rplAz,, s>n>N.

Dividing the last inequality by s and summing it from n to I, we obtain

l
1
Zi41 < zn + rnlAzy E s Il >n>N.
S

s=n

Letting I — oo, we have
n > N.
O

0<zn + ATLTTLAZTH

The proof is now completed.
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3 Oscillation Theorems

In this section, we obtain some new sufficient conditions for the oscillation of all solutions of equation
(1.1). We begin with the following theorem.

Theorem 3.1. Assume thatl < 8 < a,0 < a,b < 1,k—7>1andm — o > 0. If the difference
inequality

P n z—k

a—1
B (1408 + 58
has no eventually positive nonincreasing solutions, and the difference inequality

B
Qn An+m B
- 46*1 ( b3 )ﬁw7b+m—a Z 07 n Z no, (32)

Awn + awsz+7 S Oa n 2 o, (31)

Awn,
1+a5+257,1

has no eventually positive nondecreasing solutions, then every solution of equation (1.1) is oscillatory.

Proof. Let {z,} be a nonoscillatory solution of equation (1.1). Without loss of generality, we may
assume that z,_g, > 0 for all n > N1 > ng, where N; is chosen so that both the cases of Lemma
2.1 hold for all n > N;. From the equation (1.1), we have

A (rnlzn) 4+ Pate g + qnthy + 0P A (rp—rAzn_r) + a’pr_rai_j .

v’ v’ o
+a6qn77w—§+m77— + 2{*}7—1A (Tn+o'AZn+o) + Fpn#»dmn—k—ko'
bP
557 dntoTnimis =0, n > Ni. (3.3)

Since B < a,a<1landb <1, we have
8 b?
A (TnAzn) +a A (Tn—TAZn—T) + 25*1 A (Tn+0'Azn+o.)

ba
+Pn |:1’sz +a%ry ks + 2(1771:17%776+0:|
8 6.8 b7 s
+QTL |:mn+'m + a xn+7n7‘r + 25_1 xn+'m+a:| S 07 n Z Nl'

Using the Lemma 2.2, we obtain

bP
A (TnAzn + a‘ﬂT"l—TAZTL—T + Frn-kaAzn-kcr)

4o¢71
Next we consider the two cases of Lemma 2.1.

Case (l). Assume that case (I) of Lemma 2.1 holds for all n > N;. From (3.4) and Lemma 2.3, we
obtain

22+ @n 5 0, n> Ni. (3.4)

+ 151 Pntm <

v’ Prn pa o
A (yn + aﬁynff + 257_1?/71+o'> + Jo—1 Ry xyn—r <0, (3.5)

where y,, = r, Az, and y, > 0 is nonincreasing for all n > N;. Now we define, w, = yn + a’yn_» +
Wg’—’ilywm then w,, > 0, n > Ny, and

bP
Wy < (1‘|'llﬂ + 2/_}71) Yn—7, N 2> Ni.
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Using the last inequality in (3.5), we obtain that inequality (3.1) has an eventually positive nonincreasing
solution, a contradiction.

Case (Il). Assume that case (ll) of Lemma 2.1 holds for all n > N;. From (3.4) and Lemma 2.4, we
have

v’ n
A <yn + aﬁynfr + 2[37_1yn+a> - 4652_1 A£+my5+m Z 01 (36)

where y, = —r, Az, and y,, > 0 is nondecreasing for all n > N;. Now we define
8 b s, bV
Wn = Yn + @ Yn—r + Fyn-&-cr <|1+a" + 98-1 Ynto, T2 Ni.

Using the last inequality in (3.6), we obtain that the inequality (3.2) has an eventually positive nondecreasing
solution, a contradiction. This completes the proof. O

Corollary 3.2. Assume0<a,b<l,a=p=1,k—72>1,andm —o >0 hold. If

.. — k—rT Tk
lim _inf s:g;_kPSRH >M (m) , (3.7)
and
n+m-—o m—o 1+m—o
lim_inf ; QsAsim > M (m) (3.8)

where M = (1 + a + b) are satisfied, then every solution of equation (1.1) is oscillatory.

Proof. The proof follows from Theorem 3.1 and Theorem 7.6.1 of [23]. O

Corollary 3.3. Assume0<a,b<1,8=1,a>1,k—7>1,andm— o > 0. If condition (3.8) holds

and there exists a A\ > *—loga such that

-7

lim inf [PnRz,kexp(—eM)} >0, n>N

n—00

then every solution of equation (1.1) is oscillatory.

Proof. The proof follows from Theorem 3.1, and Theorem 2 of [24]. O

In the following we derive some new oscillation criteria for the equation (1.1) where ¢,, = 0 for all
n > ng. In this case the equation (1.1) takes the form

A (1nA (n + aZpn—r + bTnto)) + Pnn_r =0, n > ng. (3.9)

Theorem 3.4. Assume that0 < a < 1, (1 —a— m}_g‘*i_“:”) > 0 for all n > no, and there exists a

positive nondecreasing real sequence {p,} such that for any constant M, > 0

= Rn+a—k ¢ MlliaA,on
b [ 1—a — - = 00. )
n:ZnO {p D ( a—>b R ) Ro () (3.10)
If there exists a positive real sequence {6, } such that
571 6ﬂ—f—k
AS, <0, —a— - — , .
Tan+ <0 (1 a5 b) >0 (3.11)
and for any constant Ms > 0
= a—1 677,77’7]{3 « 1 _
> [M2 PrAnit (1 - b) A Anﬂ} =0 (3.12)

n=ng

then every solution of equation (3.9) is oscillatory.
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Proof. Let {z,} be a nonoscillatory solution of equation (1.1). Without loss of generality, we may
assume that z,,_g, > 0 foralln > N > ng, where N is chosen so that both the cases of Lemma 2.1
hold for all n > N. From the equation (3.9), we have

A (rnAzy) + pnan_p =0, n>N. (3.13)

Case (l). Assume that case () of Lemma 2.1 holds for all n > N. From Lemma 2.3, we have {z./R.}
is nonincreasing for all n > N. By the definition of z,,, we have

Tn > Zn — AZn—7 — bZnto

(l—a—b%) o (3.14)

n

\%

where we have used {z,} is nondecreasing and {z./R,} is nonincreasing. Using (3.14) in (3.13),
we obtain

A (rnAzn) + By _pPnin—r <0, n>N (3.15)
where By, = (1 —a— b%)a . Define
‘n—k
wy = DB s
Zp—k—1

Then w, > 0 and from (3.15), we have

rnlzn PrTnAzy

[e% « «
n—k Zn—k®n—1—k
ApnrnAzy

< —Fn nB;l— +
= Pnp 1—k R,,o:,k (Tn—k:Azn—k:)a

where we have used (2.1). From the monotonicity of {r,Az,} and 0 < o < 1, we have from the last
inequality

Awy, < —pppnBn_i + I?&p" M=, n>N, (3.16)
n—k
where My = ry_pAzn_k. Summing the inequality (3.16) from N to n — 1, we obtain
n—1 Ap
0 < wy < wy, — :ZN (pspsB?_k + R;’,Sk Mll,a) _ (3.17)

Letting n — oo in (3.17), we obtain a contradiction to (3.10).

Case (ll). Assume that case (ll) of Lemma 2.1 holds for all n > N. Define
o = T'nAZn’ n> N. (3.18)

Zn

Then v, < 0 for n > N. From Lemma 2.4, we have

A 255 1 forall > N. (3.19)

n

By virtue of (3.18) and (3.19), we have
1< Apv, <0, n>N. (3.20)
On the other hand, it follows from (3.19) that
Az, > 1

Zn Apry’
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Then, we have

A (zn/0n) >

__Zn On
- 577, 6n+1

Ady | >
86 20

and then {z,/d,} is nondecreasing. Hence we obtain from the definition of z, that

Tn > (1 fa(s"é*T fb) Zn, M > N. (3.21)

From (3.13) and (3.21), we obtain
A(rnDzn) + prcn_rzn—kr <0, n>N (3.22)

where ¢, _, = (1 — qfn=r=k _ b)a . From (3.18) and (3.22), we have

Sp—k

(e a 2
7p7’bcn—kzn+l—k: o Tn(AZn)

Av, <
Zn+1 Znin+1
2
_1 v.
< _panszerlfk - Tlv n > N, (3.23)
n

where we have used {z, } is positive and decreasing. From (3.23), we have

2
Avy + MS  pnct_ ) + In <0, n>N, (3.24)

n

for some constant M2 = zn+1—k. Multiplying (3.24) by A1 and then summing it from N ton — 1,
we have

n—1 n—1 n—1 2
Agi1Avs M peAgirc A 2 <. 3.25
S;V +1 U+S;V 3 P +1Csk+§v +1- < (3.25)

Using the summation by parts formula in the first term of (3.25), and then rearranging, we obtain

r
s=N s=N s

n—1 n—1 2
— Us Vs
Anvn — Anvn + E MQ 1psAs+1C?7k + E (* + ZAs-kl) <0.

Using completing the square in the last term of the above inequality, we obtain

n—1 n—1 2
- o As 1
Apvn — Anun + Z MY peAgprc® s, + Z T-H (Us + 5 +1)

s=N s=N
N 47"sAs+1
or
n—1 ) 1
Apvn < Aoy — SZN (M;‘_ psAst1Co_j — m) .

Letting n — oo in the last inequality and using (3.20), we obtain a contradiction to (3.12). The proof
is now completed. O
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Theorem 3.5. Assumethata>1,(1—a— "R}T%"“) > 0 for alln > ng, and there exists a positive

increasing sequence {p»} such that for any constant M > 0 such that

= o Rn—o’—k ¢ _ 1 (Apn)Q Tn—k _
E [pnpn (1 a—>b R, ) Todfo=1 o = oo0. (3.26)
n=ng

If there exists a positive real sequence {6, } such that (3.11) holds and for any constant D > 0

¢S]

2 : a adp—r—k ¢ o
n{An4+1— - . - e 27
[ A ok (1 6n—k b) DailAs—krs—k] > (3 )

n=ng
then every solution of equation (3.9) is oscillatory.

Proof. Proceeding as in the proof of Theorem 2.2, we see that Lemma 2.1 holds for all n > N > ny.
Case (l). Assume case (I) of Lemma 2.1 holds. Define

wnzpnrsﬂ7 n > N. (3.28)
Zn—k—1
Then from (3.28) and (3.5), we obtain
Awn < —pupnBr_k + Apn T"+1§2n+1 —fn W1 Aig_k_l, n > N. (3.29)
Zn—k Pr+1 Zn—k—1
By Mean Value Theorem
AzZS o =t Az
where z,, -1 < t < zn—k. Since a > 1, we have
AZ8 1> a2’ Azp k. (3.30)

Using (3.30) in (3.29) we obtain

P

Wnt1 — Q P Wn41 , n>N. (3.31)

n+1 Pn+1 ankfl

Awn < —pupnBr_j +

Since {z,} is increasing and {r,Az,} is nonincrasing, we have from (3.31)

A Mafl 5
Awy < —pnpnBy_i + P Wn+1 — & é)n — Wnp41
Pn+1 pn+1 Tn—k

where M = zx_j. Summing the last inequality from N to n — 1, and using completing the square we
have

n—1

0 < w, <wn — Z {pspst,k —

s=N

1 (Aps)Qrs—k
daMa-1 Ps

Letting n — oo in the last inequality, we obtain a contradiction to (3.26).
Case (ll). Assume case (ll) of Lemma 2.1 holds. Define

- TnAZn’ n> N. (3.32)

@
Zn—k
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Then v, < 0 for n > N. From Lemma 2.4, we have

rnlzn
Anfk

> -1, n>N.
Zn—k

Then
B Tz (=1 Azy )~
20
So, by A(—r,Az,) > 0 and (3.32), we have

1 o
_W <wvpAn_p <0, n>N,

where D = —ryAzy. From (3.32), we have
A(rpAzy) rnAzn

_ _ «
Av, = o Jrm— Azp_.
n—k+1 n—k“n—k+1

1
An_p <L

By Mean Value Theorem
AzZS = at® " Azn_i
where z,,_gt+1 < t < zn—k. Since a > 1 and Az, < 0, we have
Azy . < azg:;HAzn,k.
Therefore

«
PnTo_ arp Az
Ay, < —t0on=hktl T AzZp_ k.

Zpi1—g 2y Zn—k+1
From (3.21) and (3.34), we obtain
Avp + prcp_p <0, n> N.

Multiplying (3.35) by A}, ; and then summing it from N to n — 1, we have

n—1 n—1
DAL WA+ > AL pscti < 0.
s=N s=N

Summation by parts formula yields

n—1 n—1

2 : « a a z : «
Ag-i,—l—kAvs = An_kvn — AN_k’UN — UsAAs_k~

s=N s=N

By Mean Value Theorem, we obtain
v s

Ts—k

AAT > —

Since v, < 0, we have

n—1 a—1

Z Ad ik Avg > Ap_jun — AY_guN + Z

s=N s=N

Using (3.37) in (3.36), we obtain

a—1
s AT,

Ts—k

-1 — -1

QUg
a a
An,k'Un — Aka-UN + E —_
Ts—k
s=N s=N

+ Z Ps A1k i < 0.

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)
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Therefore from (3.33) and (3.38), we obtain

n—1
1

@ (e} [e3 « «
a1 = Anitn S Ax_puN — ;V [ sAsriokCoor = oy oy
Letting n — oo in the last inequality, we obtain a contradiction to (3.27). This ends the proof. O

Theorem 3.6. Assume thata>1, (1 —a — Z’R};*%;") > 0 for alln > no, and there exists a positive

nondecreasing sequence {p,} such that for any constant M > 0, (3.26) holds. If there exists a
positive real sequence {6, } such that (3.11) holds, and

> = ad. a

ST = pAl (1 _ Sonorok b) =0 (3.39)
Tn 5n—k

n=ng s=ng

then every solution of equation (3.9) is oscillatory.

Proof. Proceeding as in the proof of Theorem 2.3, we see that Lemma 2.1 holds and Case (I) is
eliminated by the condition (3.26).
Case (ll). Proceeding as in the proof of Theorem 3.2 (Case (ll)), we have

Zn—k > —TnlAzpAp_i > —TNAZNAn_k = dAn_j
where d = —ryAzy. From (3.22) we have
A(_TnAzn) 2 dap’rch—kAg#»lfIm n Z N.

Summing the last inequality from N to n — 1, we obtain

n—1

—rnAzp > —rNAzn +d° Z PsCo_pASi1 k-
=N

Dividing the last inequality by r,, and then summing from N to n — 1, we have

n—1 s—1
[e% (% «
ZN 2 ZN —2zn 2> d E - E PeCi Atk
s=N ° t=N

Letting n — oo in the last inequality, we obtain

¢S} 1 n—1
Z . ZPSCS—kA?H—k <zn

n=N """ s=N

a contradiction to (3.39). This ends the proof. O

4 Examples

In this section, we present some examples to illustrate the main results.

Example 4.1. Consider the neutral difference equation

1 1
A <2”“A (acn + T2 + Zznﬂ)) +22(2")zn—3 4 2" T2 =0, n>1. (4.1)

Here,r, =2"" ' a=F=1,a=1/2,b=1/4,p, = 22(2"), qn = 2", 7=2,0 =2,k =3, and
m = 2. Then R, = § — 5= and A, = 5. It is easy to verify that all condition of Corollary 3.1 are
satisfied, and hence every solution of equation (3.41) is oscillatory. In fact {z.} = {(—1)"} is one
such solution of equation (4.1).
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Example 4.2. Consider the neutral difference equation

1 )
A (2"+1A (mn + %xn_l + 5$n+2>) + exp(e*™)zd_o 4+ 2 000 =0, n>1. (4.2)
Here,r, =2""', a=3,8=1,a= %, b= %, pn = exp(e'™), g =2", 7 =1,0 =2,k =2, and
m = 2. Then R, = 3 — 5= and A, = 3. It is easy to verify that all conditions of Corollary 3.2 are

satisfied, and hence every solution of equation (4.2) is oscillatory.

Example 4.3. Consider the neutral difference equation

1 1
A (2”+1A (:gn + T2 + gxn+1)> +45(2" )2 =0, n>1. (4.3)

Here, 1, = 2" o = 5,0 = %5, b= §,pn =45(2"7%), 7 = 2,0 =1, and k = 2. Then R, =
1 — 5= and A, = ;. By taking p, = 1 and § = 5, it is easy to see that all conditions of Theorem
3.4 are satisfied, and hence every solution of equation (4.3) is oscillatory. In fact {z,.} = {(—1)3"} is

one such solution of equation (4.3).

5 Conclusion

We conclude this paper with the following remark:

Remark 5.1. The results given in [2], [3], [4], [5] and [8] can not be applicable to the equations (4.1)
to (4.3) since these equations contain advanced terms. Also the results in [9], [10], [11], [12], [14],
[15] and [16] can not be applicable to the equations (4.1) to (4.3) since the condition (C1) is not
satisfied. Further from the theorems in [17] we conclude only that all solutions of equations (4.1)
to (4.3) are either oscillatory or tend to zero monotonically. But the theorems obtained here ensure
that all solutions of equations (4.1) to (4.3) are oscillatory.Therefore our results improve and further
complement to some of the results in [2], [3], [4], [5], [17] and [8].
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