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Abstract. This paper presents a computational semi-anallyticadel for the post-buckling analysis
and ultimate strength prediction of stiffened patender longitudinal uniform compression. The
possibility of considering fully free in-plane diapements at longitudinal edges (or unloaded ediges)
the innovation of this model over existing modetsere these displacements are assumed constrained
to remain straight. Comparisons between the seralydinal model results and nonlinear finite element
model results are presented. This study showstlieatieveloped semi-analytical model predicts with
accuracy the elastic critical buckling stress, theckling modes, the ultimate strength and the failu
modes obtained through the nonlinear finite elemmethod. The semi-analytical model enables
versatile and comprehensive analysis of resultsitisdccomputationally efficient when compared with
the nonlinear finite elements methods.

1 INTRODUCTION

Recent work in the field of semi-analytical methadsed for the nonlinear analysis and
design of stiffened plates with buckling problenasé shown an important and alternative tool
that provide an efficient and understandable resp¢h,2].

Nowadays two computational programs use the sealical method to analyse the post-
buckling behaviour of plates and to predict thdtrmate strength. The computer program
ALPS/ULSAP [3], which uses a semi-analytical metlpoeviously known as the incremental
Galerkin method [4] and the computer program PURBdeveloped at Det Norske Veritas
(DNV) and accepted as general buckling code fqu ahd offshore platform structures as part
of the DNV specifications [6].

The existing semi-analytical models are restridietiffened plates supported by rigid
transverse and longitudinal girders. This typerofr@gement is typical in ship, aircraft, tanks
and offshore platform structures where it is assuithat the analysed stiffened plate is simply
supported and the in-plane displacements perpdaditmthe edges are constrained to remain
straight in all edges. Generally, in bottom flangéssteel box girder bridges there are no
neighbouring panels in the longitudinal edges twvjole this kind of constraint and it is more
conservative to consider the longitudinal edge# Witly free in-plane displacements that are
characteristic of edges free from stresses.

This paper presents a computational semi-analyticadel for the post-buckling analysis
and ultimate strength prediction of stiffened pgatender longitudinal uniform compression.
The possibility of considering fully free in-plardisplacements at longitudinal edges (or
unloaded edges) is the innovation of this modelr exesting models. Comparisons between
the semi-analytical model results and nonlineatdialement model results are presented.
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2 METHOD OF ANALYSIS

2.1 General

In order to validate the results obtained by thmissnalytical model that was developed, all
nonlinear simulations were performed using the semalytical method and the finite element
method.

The simulations with both methods were performedstering a yield stresdy) of 355
Nmm?2, Young's modulusH) of 2.1x13 Nmm? and Poisson's coefficient)(of 0.3.

The stiffened flanges were considered simply supgdomunder longitudinal uniform
compression ) with the following two cases for the in-plane mlecement boundary
conditions: in-plane displacements perpendiculdh¢oedges constrained to remain straight in
all edges (case CC) and in-plane displacementgpdigular to the edges constrained to remain
straight at loaded edges and free at unloaded €dass CF).

Unless otherwise indicated an equivalent geometrpgerfection, including the geometric
imperfections and residual stresses in accordantteBuropean standard [7] was considered
for the initial imperfection. Amplitude of 1/400 dfe minimum between the length and width
of the half-wave of the imperfection mode was cdesed for the equivalent geometric
imperfection with a global imperfection mode shdper. a local imperfection mode shape the
same principle was considered, with amplitude 20/

2.2 Implementation of the semi-analytical method

The semi-analytical method uses the two nonlineautih order partial differential equations
of the large deflection theory, the equilibrium acwimpatibility equations derived by von
Karman in 1910 [8] for perfect plates and extenttegblates with initial imperfections by
Marguerre [9]. The method is called semi-analytiEatause in a first step an analytical solution
for the Airy stress functionH) is obtained solving the compatibility equatiomigbnometric
series for the out-of-plane displacememisdnd for the initial imperfectionsv) are adopted,
which satisfy the boundary conditions.

In a second step approximate solutions for the awknamplitudesd) of the out-of-plane
displacements are obtained solving the equilibraguation using a variational method. Based
on the approximate solutions for the unknown amgét of the out-of-plane displacements,
the kinematic and constitutive relations and tletdycriterion it is possible to analyse the post-
buckling behaviour and to predict the ultimatersgth of plates.

The computational implementation of the semi-amedyitnodel developed in the framework
of this study uses the Rayleigh-Ritz method to edlve equilibrium equation and it was
implemented using the programming language of Matiga6 [10]. The initial imperfections
(wo) and out-of-plane displacementw) (considered in the computational semi-analytical
model, which satisfy the boundary conditions fongly supported plates, are given as follow

& . MX . N
W, = ZZqOmnsstany (1)
m=1 n=1
w=>> g, sin % gin Y 2)
mel =1 a b

wheremis the number of half-waves in the longitudinakdtion,n is the number of half-waves
in the transverse directioqp is the prescribed amplitudes of the initial impetfon,q is the
unknown amplitudes of the out-of-plane displaceneigt the plate length is the plate width,
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x is the longitudinal coordinate apds the transverse coordinate. Theplane coincides with
the plate mid-surface. Figure 1 illustrates an wwev of the semi-analytical model developed.
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Figure 1: Overview of the semi-analytical model eleped.

The stiffened plate analysis through this semigicl model is achieved considering the
separate analyses of the plate and the stiffeR&te and stiffeners are modelled as an isotropic
plate and as beam elements, respectively.

The compatibility equation for the isotropic plaiged in the first step of the semi-analytical
model to obtain the analytical solution for theyAstress functionF) is expressed as

4 _ 2
U°F = E(W,xy ~W Wy + 2W0,xywxy = WoxWyy ~ WO,yyWXX) 3)

The stiffener deformations are defined through dbmpatibility of the deformation field
between the isotropic plate and the beam elemensdering the stiffener curvatunej equal
to the longitudinal plate curvature for bendin@/ £x) and the stiffeners straigs() equal the
longitudinal plate membrane straig}) at their intersection. The strain of the stifferis
evaluated at transverse stiffener locatipy) Gnd the general expression is given by

8SI (Z) = [8;” - (Z - Zst)W,xx V=Yg (4)

wherezis the height coordinate measured from the platesurfacezst is the geometric centre
of the cross-section composed of the plate andtifieners.

The transverse (or lateral) displacements and dh&onhal rotation of the stiffeners are
accounted for in the total potential energy offstiers. By compatibility the angle of twid)(
and the transverse displacement at the shear adritre single stiffenengc) are defined as

B=w, ()

Vsc = _W,yzsc (6)

wherezsc is the coordinate of the shear centre of the single stiffener.

The local buckling effect of the stiffener elemeigtsiot considered in the response. This
assumption is reasonable if the local buckling ols in the stiffener elements are prevented
by satisfying minimum requirements for the stiffegeometric properties as established in the
European standard [7]. These minimum requiremergsused in the standards because the
collapse of stiffened plates by local buckling lo¢ stiffeners (lateral torsional buckling of the
stiffener or local buckling of the stiffener elem®may exhibit a very unstable response.
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This semi-analytical model enables to take intooant the initial imperfections, cases CF
and CC for the in-plane displacement boundary d¢andi, the interaction between local and
global buckling, the geometric nonlinearity and am approximate way, the material
nonlinearity associated with the stiffness reductfter reaching the yield in the extreme fibre
of the plate. The von Mises yield criterion wasuased for the plate and the stiffeners.

The plate yield criterion was defined for the sunm@mbrane and bending stresses at one-
quarter of the plate thickness. This criterionaBdor the formation of plasticity through the
possibility of an additional strength after yieldim outer fibres in order to take into account
in an approximate way for the material nonlinearity

The stiffener yield criterion was defined by thelgistress, in tension or compression, at the
location of the maximum stiffener stress. Thiserrdn gives conservative ultimate strength
predictions for global buckling cases when thdestiér extreme fibres are compressed.

The computational semi-analytical model developead the following assumptions: the
plate has a widtlb, lengtha and uniform thickness it is possible to consider one or more
longitudinal stiffeners positioned symmetricallyemcentrically about the middle plane of the
plate, the material is considered isotropic anddirelastic, characterized by Young’s modulus
E, Poisson’s coefficient and yield stres$, and the stiffened plate is subject to uniform
compressiom in the longitudinal direction.

The complete definition of each step and the procesl of the semi-analytical model
developed can be found in Ferreira [11].

2.3 Finite element modelling

The commercial program ADINA [12] was used to parfahe nonlinear simulations by the
finite element method. The program uses a largplatisment/small strain with a Total
Lagrangian formulation. The stiffened flanges weradelled using a four-node shell element
for the plate and the stiffeners. This type of edamallows for finite strains due to in-plane
displacements (membrane) and out-of-plane displan&r(bending). A collapse analysis was
performed in the full range behaviour of the stifd flanges, including the post-buckling
regime and assuming a von Mises yield criterion.

The nodes of each stiffener at loaded edges wengenbed with rigid links in order to assure
their planar rotation about the supported edgett@plate edges with in-plane displacements
constrained to remain straight it was used a camgtfor all nodes of the edge to ensure a
uniform in-plane displacement.

The material behaviour for all elements was modedssuming elasto-plastic behaviour
with linear strain hardening. A value of Young’s datus/100 was adopted for the yield branch,
in accordance with European standard [7].

3 RESULTSAND DISCUSSIONS

To compare the results obtained by the semi-amalythodel with the results obtained by
the finite element program ADINA a stiffened flanggth five longitudinal equally spaced
symmetric stiffeners, relative cross-sectional abegcross-sectional area of the stiffeners
without any contribution of the platg to the cross-sectional area of the plét ratio) of 0.5
and relative flexural stiffnesg(second moment of area of the stiffened plat® the second
moment of area for bending of the plate correctgdhe effect of the Poisson coefficient
(bt¥[12(1v?)]) ratio) of 65 was considered. The stiffened fjaras a plate aspect rai¢ratio
between the lengtlh and the widttb of the plate) of 5, plate slendern@ss (ratio between the
width b and the thicknessof the plate) of 150 and panel slenderngs¢ratio between the
width of the panels between stiffenépsand the thicknessof the plate) of 25.
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The reasons for choosing this stiffened flangedaeeto the fact that it is possible to validate
the present model for the simplest case of stifigplates with symmetric stiffeners, slender
plates have a considerable post-critical resistambiEh enables to study the effect of boundary
conditions for the in-plane displacements on pastkbng and the panels between the stiffeners
do not have problems of local buckling which reduttee number unknown amplitudes in the
semi-analytical model.

The g1 was the unknown amplitude for the out-of-plang@disements assumed to be non-
zero in the semi-analytical model. Two cases dfahimperfections were considered in the
analysis: (i) an ideally perfect flangeoE0) and (ii) an equivalent geometric imperfectioithw
the shape of the critical buckling mode=2 andn=1) with an amplitudeqp,21) of b/400.

Figure 2 presents the three dimensional view otthieal buckling mode obtained from the
semi-analytical model.
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Figure 2: Three dimensional view of the criticatkling mode obtained from the semi-analytical
model developed.

The elastic critical buckling stresscf) and the critical buckling mode obtained by theaise
analytical model illustrated in Figure 2 are in exagreement with the theoretical analysis
exposed in reference works [8,13]. Although FigRngresents an apparent mesh of elements
the critical buckling mode of the semi-analyticahsvgenerated through a three-dimensional
plot based on single unknown amplituder).

Figures 3-4 presents the comparison between thiélegum paths obtained by the semi-
analytical model and nonlinear finite element siatioins for the stiffened flange considering
the cases CC and CF for the in-plane displacemammidary conditions. Figure 3 shows the
equilibrium path for the perfect flange and Figdishows the equilibrium path for the imperfect
flange. The equilibrium paths are presented in $emh normalized load (longitudinal
compressiom to the yield stresf ratio) as a function of the normalized total defilen (ratio
between the sum of out-of-plane displacemerdnd initial imperfectionvg with the plate
thicknesg).
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Figure 3: Comparison between the equilibrium patitained by the semi-analytical model (SAM)
and nonlinear finite element simulations (FEM) tlee perfect flange.
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Figure 4. Comparison between the equilibrium patitained by the semi-analytical model (SAM)
and nonlinear finite element simulations (FEM) tlee imperfect flange.

The load-deflection responses and the ultimategthe(oy) obtained by the semi-analytical
model shown in Figures 3-4 are in close agreeméhtthe finite element results for both cases
of modelling the in-plane displacements at unloaeidgkes.

The main differences between the results obtainiéd tve semi-analytical model and the
nonlinear finite element simulations occur in lagge-of-plane displacements at the end of the
load-deflection response. This can be explainethbyfacts that the nonlinear finite element
simulations allow an increase in load and the gsgive extension of plastification after local
yielding of the stiffened plate, while in the seamalytical model the plastification is accounted
for through the vyield criterion in an approximateayvand the nonlinear finite element
simulations use a large number of degrees of fr@eddhich allow to consider the interaction
between displacement modes while in the semi-analytmodel only single unknown
amplitude for the out-of-plane displacements wasius

Nevertheless, the differences between the semidacell model and the nonlinear finite
element simulations for the ultimate strength asslthan 4% in the flange with fully free in-
plane displacements at unloaded edges (case CRbaud 1% in the flange with uniform in-
plane displacements at unloaded edges (case C&eHBmall differences can be reduced with
an increase in the number of unknown amplitudeshierout-of-plane displacements.

Based on these results it can be verified thaptst-buckling behaviour and the ultimate
strength differs considerably according to the lemp displacement boundary conditions at
unloaded edges. In fact with the condition of fulge in-plane displacements at the unloaded
edges, the transverse stresses are significardlyceel and consequently the stiffness of the
plate also decreases. This point is particularlpartant for plates with higher post-critical
resistance.

As expected, the elastic critical buckling stress)(does not depend on the in-plane
displacement boundary conditions at unloaded edges.

The evaluation and definition of the type of coastt for the in-plane displacements at
unloaded edges of stiffened plates is a very ingmblissue to estimate a correct value for the
ultimate strength. In European standard [7] thenalte strength of webs and internal flanges
with longitudinal stiffeners used in steel box girdoridges is obtained through the same
condition and this condition is independent of itnglane displacement boundary conditions
of the plate. Just apparently both elements mag iz same in-plane displacement boundary
conditions. Indeed, the webs are usually conndcatdldnges that possess sufficient rigidity to
consider uniform the in-plane displacements at itognal edges, while the flanges are
connected to webs that usually do not providetttge of constraint and it is more conservative
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to consider free the in-plane displacements atitodmal edges, as shown in the work of
Ferreira & Virtuoso [14] through a comparison betwenumerical and experimental results.

4 CONCLUSIONS

From this study the main conclusions can be sunsears follows: (i) the results obtained
by the computational semi-analytical model arelose agreement with the nonlinear finite
element results for both cases of modelling thplame displacements at unloaded edges, (ii)
the semi-analytical model prove to have a cleaemidl to provide reasonably accurate
solutions require only a short computer time, (g boundary conditions for the in-plane
displacements at unloaded edges significantly emfte the post-buckling behaviour and the
ultimate strength of plates and (iv) the desigresudf stiffened plates cannot neglect the in-
plane displacement boundary conditions of the plate
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