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Foreword 

The pages of this book unfold a compendium born from the IO2022—XXII Congress 
of the Portuguese Society of Operational Research, a pivotal event that convened 
in the venerable halls of the University of Évora in the year 2022. Guided by the 
resonant theme “OR in Turbulent Times: Adaptation and Resilience”, the congress 
provided a dynamic platform for the intersection of ideas, insights and advances 
in the field of Operational Research (OR). Operational Research, often referred to 
as the science of decision-making, is a multidisciplinary field that uses quantitative 
analysis, mathematical modelling and optimisation techniques to unravel complex 
problems and facilitate informed decisions in a variety of domains. The Congress, 
a manifestation of scientific dialogue and exchange, captured the essence of OR’s 
role in navigating the complexities of an ever-evolving world. Exploring the nexus 
of adaptation and resilience, it delved into the strategies and methodologies that 
enable industries and societies to respond dynamically to challenges, harnessing the 
power of data-driven insights to create solutions that withstand the test of change. In 
essence, the IO2022 Congress embodied the essence of operational research as an 
intellectual beacon that guides us through the maze of uncertainty, fosters innovation 
and equips us to thrive even in turbulent times. 

Specifically, the collection of 16 scientific papers presented in this book covers a 
wide range of fields, all underpinned by optimisation and decision support method-
ologies. Together, these papers contribute to the advancement of various industries 
and societal domains. From healthcare logistics to supply chain resilience, these 
papers demonstrate the power of optimisation techniques to address complex real-
world challenges. The common thread in these papers is the use of advanced mathe-
matical models, ranging from robust optimisation in radiotherapy planning to multi-
objective simulation optimisation in supply chain design. These methods are used 
to increase efficiency, reduce environmental impact and improve decision-making 
across sectors. By addressing issues such as transportation, disaster response, manu-
facturing and energy systems, this compilation underscores the lasting impact of 
optimisation-driven research on society, fostering smarter, more sustainable practices 
and systems.

v



vi Foreword

This is the end of Artificial Intelligence’s contribution to this preface. Two requests 
have been made to ChatGPT-3.5: 

This book presents a selection of papers presented in the IO2022—XXII Congress of the 
Portuguese Society of Operational Research, which was run in the University of Évora in 
2022, under the motto “OR in Turbulent Times: Adaptation and Resilience”. Can you write 
a paragraph about the congress and what is Operational Research? 

I need to write a one-paragraph summary of a book containing 16 scientific papers. The 
titles and abstracts are given below. I don’t want an abstract for each paper. I need an overall 
summary that highlights the commonalities and contributions to society. Can you do this for 
me? 

and the answers were perfected by DeepL Pro in terms of English usage. 
Should we be afraid? I don’t think so. These tools are not capable of sensing 

the challenges that the future will bring to our world and that we, as scientists, 
must anticipate and address. These tools are not capable of generating truly new, 
creative and disruptive ideas. Yes, they will be able to contribute to many steps 
of the research process by analysing literature, summarising data, automatically 
transforming mathematical expressions into computer code, designing and running 
computational experiments and so on. They will become ideal research assistants. 
They will be able to carry out incremental research by combining and rearranging 
existing methods and models. But this will allow us, human researchers, to focus 
on the truly creative phases of the research process, on using intuition to decide on 
research paths, on setting priorities and degrees of importance. Because all artificial 
intelligence tools depend on computing power, this will always be finite. Individually, 
each of us is also finite, but together we can go far beyond the limits of any machine. 
This is what the series of papers collected in this book show us. This is what the 
sense of community experienced at the IO2022 Congress, and which characterises 
every initiative of the Portuguese OR Society, shows us. The future is bright! 

Porto, Portugal 
August 2023 

José Fernando Oliveira



Acknowledgements 

This volume comprises 16 chapters of meticulously selected works presented during 
IO2022, the XXII Congress of APDIO, the Portuguese Association of Operational 
Research, hosted at the University of Évora from the 6th to the 8th of November in 
the year 2022. 

Foremost, our acknowledgement extends to the authors of these chapters, for 
sharing their current research insights, along with their vision in the domain 
of cutting-edge methodologies and techniques within the sphere of Operational 
Research, under the topic—Times of Turbulence: Adaptation and Resilience. 

We extend a special mention to José Fernando de Oliveira for his contribution as 
the author of the preface for this compendium. 

Sincere appreciation is also directed towards Martin Peters, the Executive Editor 
for Mathematics, Computational Science, and Engineering at Springer-Verlag, for 
his suggestions and expert guidance, which have been instrumental throughout the 
entire duration of this undertaking. 

Our deepest gratitude goes to the IO2022 Program Committee members, as well 
as to Adelaide Cerveira of the University of Trás-os-Montes e Alto Douro, Alcinda 
Barreiras of the Polytechnic of Porto, Dalila Fontes of the University of Porto, Filipe 
Gonçalves Rodrigues of the University of Lisbon, Gonçalo Figueira of the University 
of Porto, Isabel Cristina Correia of NOVA University of Lisbon, Joana Dias of the 
University of Coimbra, Leonor Santiago Pinto of the University of Lisbon, Lino 
Costa of the University of Minho, Luís Guimarães of the University of Porto, Manuel 
Vieira of NOVA University of Lisbon, Marta Mesquita of the University of Lisbon, 
Miguel Alves Pereira of the University of Lisbon, Nelson Chibeles-Martins of NOVA 
University of Lisbon, Pedro Coimbra Martins of the Polytechnic Institute of Coimbra 
and Raquel Bernardino of the University of Lisbon. These esteemed colleagues, who 
were responsible for meticulously reviewing the presented works, have elevated the 
scientific level of the chapters featured within this volume. Their excellent work as 
reviewers is deeply appreciated. 

In addition, it is with profound recognition that we acknowledge the indispens-
able efforts of the Organizing Committee of IO2022, who demonstrated remarkable 
dedication in planning this memorable congress.

vii



viii Acknowledgements

In a closing remark directed to prospective readers, this volume encapsulates 16 
chapters that collectively present an overarching panorama of the research performed 
by the Portuguese Operational Research community. Emphasis is placed on the 
resolution of practical, intricate challenges and the latest methodological develop-
ments in the realm of Operational Research. With these integral components, it is 
our fervent aspiration that this volume shall stand as a commendable contribution, 
serving the needs of students, researchers and all individuals engaged in the pursuit 
of Operational Research excellence. 

João Paulo Almeida 
Filipe Pereira e Alvelos 
Jorge Orestes Cerdeira 

Samuel Moniz 
Cristina Requejo



Contents 

A Study of a State-of-the-Art Algorithm for Mixed-Integer Linear 
Bilevel Optimization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 
Maria João Alves, Carlos Henggeler Antunes, and Inês Soares 

Using Supplier Networks to Handle Returns in Online 
Marketplaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 
Catarina Pinto, Gonçalo Figueira, and Pedro Amorim 

The Multiple Ambulance Type Dispatching and Relocation 
Problem: Optimization Approaches . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 
A. S. Carvalho and M. E. Captivo 

Automated Radiotherapy Treatment Planning Optimization: 
A Comparison Between Robust Optimization and Adaptive 
Planning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49 
Hugo Ponte, Humberto Rocha, and Joana Dias 

An Optimization Model for Power Transformer Maintenance . . . . . . . . . 63 
João Dionísio and João Pedro Pedroso 

Multi-objective Finite-Domain Constraint-Based Forest 
Management . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75 
Eduardo Eloy, Vladimir Bushenkov, and Salvador Abreu 

Implementation of Geographic Diversity in Resilient 
Telecommunication Networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89 
Maria Teresa Godinho and Marta Pascoal 

Are the Portuguese Fire Departments Well Located for Fighting 
Urban Fires? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99 
Maria Isabel Gomes, Ana C. Jóia, João Pinela, 
and Nelson Chibeles-Martins

ix



x Contents

Parcel Delivery Services: A Sectorization Approach 
with Simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113 
Cristina Lopes, Ana Maria Rodrigues, Elif Ozturk, 
José Soeiro Ferreira, Ana Catarina Nunes, Pedro Rocha, 
and Cristina Teles Oliveira 

Decision Support System for Scheduling the Production of Screw 
Caps in a Flexible Job-Shop Environment . . . . . . . . . . . . . . . . . . . . . . . . . . . 125 
José Filipe Ferreira and Rui Borges Lopes 

Bimaterial Three-Dimensional Printing Using Digital Light 
Processing Projectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139 
Daniel Bandeira and Marta Pascoal 

Supply Chain Resilience: Tactical-Operational Models, 
a Literature Review . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157 
Márcia Batista, João Pires Ribeiro, and Ana Barbosa-Póvoa 

Applying Deep Learning Techniques to Forecast Purchases 
in the Portuguese National Health Service . . . . . . . . . . . . . . . . . . . . . . . . . . . 179 
José Sequeiros, Filipe R. Ramos, Maria Teresa Pereira, 
Marisa Oliveira, and Lihki Rubio 

A Three-Level Decision Support Approach Based 
on Multi-objective Simulation-Optimization and DEA: 
A Supply Chain Application . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193 
Luís Pedro Gomes, António Vieira, Rui Fragoso, Dora Almeida, 
Luís Coelho, and José Maia Neves 

Modelling Forest Fire Spread Through Discrete Event Simulation . . . . . 209 
Catarina Santos, Ana Raquel Xambre, Andreia Hall, Helena Alvelos, 
Susete Marques, Isabel Martins, and Filipe Alvelos 

Multiobjective Evolutionary Clustering to Enhance Fault 
Detection in a PV System . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 227 
Luciana Yamada, Priscila Rampazzo, Felipe Yamada, Luís Guimarães, 
Armando Leitão, and Flávia Barbosa



A Study of a State-of-the-Art Algorithm 
for Mixed-Integer Linear Bilevel 
Optimization 

Maria João Alves, Carlos Henggeler Antunes, and Inês Soares 

Abstract In this paper, we address mixed-integer linear bilevel optimization prob-
lems. In bilevel optimization, a (lower-level) optimization problem is included in 
the constraints of another (upper-level) optimization problem. Thus, this frame-
work is especially adequate to model hierarchical decision processes. We analyze 
a state-of-the-art algorithm developed for this type of problems, which is based on 
an optimal-value-function reformulation and consists of an iterative deterministic 
bounding procedure. Computational experiments are made with data instances with 
different characteristics. The performance of the algorithm in the different groups of 
problems is discussed. 

Keywords Bilevel optimization · Mixed-integer linear programming · Optimal 
value-function reformulation 

1 Introduction 

Bilevel optimization (BLO) models are relevant in problems in which decisions are 
made sequentially, in a non-cooperative manner, by two decision makers (the leader 
and the follower) controlling different sets of variables to optimize their own objective 
functions. The leader first sets his/her decision variables (upper-level problem); the 
follower then optimizes his/her objective function within the options restricted by the 
leader’s decision (lower-level problem), i.e., the follower’s problem is a constraint of
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the leader’s problem. Since the follower’s decision influences the leader’s objective 
function value (and possibly his/her feasible options), the leader must anticipate 
the (rational) follower’s reaction. This type of sequential decision-making process 
often appears in the management of decentralized organizations and policy making, 
including in pricing and tariff design problems, energy markets, and defense of 
critical infrastructures. For instance, in electricity retail markets involving demand 
response, BLO models allow for capturing the sequence of decisions regarding the 
price announcement by the electricity retailer (the leader, aiming to design time-of-
use tariffs to maximize profit) and the consumers’ reaction involving changes in the 
energy use to minimize cost (subject to quality-of-service constraints). In this paper, 
we address mixed-integer linear bilevel optimization problems (MILBLO). 

Concerning exact procedures for MILBLO problems, the first generic branch-
and-bound method was developed by Moore and Bard [ 1], which was shown to 
converge when all leader’s variables .(x) are integer or all the variables controlled 
by the follower .(y) are continuous. DeNegre and Ralphs [ 2] built up on the ideas of 
this method and developed a branch-and-cut algorithm for the case in which all . x
and. y variables are integer and the upper-level constraints do not include. y variables. 
Xu and Wang [ 3] presented a branch-and-bound algorithm for MILBLO problems 
where all . x are integer, as well as the values of the functions of . x in the lower-level 
constraints. The algorithm branches on these functions, generating multiple branches 
at each node. A branch-and-cut algorithm has been proposed by Caramia and Mari 
[ 4] for linear BLO problems with integer . x and . y variables. Fischetti et al. [ 5] also  
proposed a branch-and-cut algorithm for MILBLO problems, which extends the valid 
intersection cuts for MILBLO proposed in [ 6]. In [ 5], new BL-specific preprocessing 
procedures and a general branch-and-cut exact method are developed, whose finite 
convergence relies on the assumption that continuous . x variables do not appear in 
the lower-level problem. A different approach has been proposed by Zeng and An 
[ 7] for MILBLO problems, allowing continuous and integer variables in both levels. 
The computation scheme is based on single-level reformulations and decomposition 
strategies (there is a master problem and subproblems). The reformulation involves 
the use of KKT conditions, being the master problem a MILP problem with comple-
mentarity constraints. Bolusani and Ralphs [ 8] propose a framework for MILBLO 
based on a generalization of Benders’ decomposition. The authors also provide a 
timeline of the main developments in the evolution of exact algorithms for MILBLO 
up to 2020, indicating the types of variables (continuous, binary, and general integer) 
that are supported in the upper and lower levels. 

The works of Mitsos [ 9] and Lozano and Smith [ 10] are representative of 
approaches that use optimal-value-function reformulations of the lower-level prob-
lem (see Sect. 2). Mitsos [ 9] proposed a deterministic algorithm for general mixed-
integer nonlinear BLO problems to obtain a sequence of increasingly tighter upper 
and lower bounds for the upper-level objective function. The algorithm finishes 
when the difference between these bounds is below a given tolerance . e, ensuring
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.e-convergence of the algorithm. Lozano and Smith [ 10] address MILBLO problems 
in which all . x are integer and the functions of these variables in the lower-level 
constraints are also integer-valued, profiting from this assumption to strengthen the 
formulation and proving convergence to a global optimal solution. Both algorithms 
in [ 9] and [ 10] solve a relaxation of the BLO problem with disjunctive constraints 
generated from optimal follower’s responses (already known) to obtain upper bounds 
for the maximizing upper-level objective function. Bilevel feasible solutions are used 
to obtain lower bounds. The authors do not prescribe tailored techniques for solving 
the subproblems that arise in their procedures, assuming that these subproblems are 
solved by appropriate algorithms available in the literature. In the case of the Lozano-
Smith algorithm, all the subproblems are MILP problems that can be solved by a 
MIP solver (e.g. cplex, gurobi, etc.). The computational experiments reported in [ 10] 
showed that Lozano-Smith algorithm outperformed the state-of-the-art algorithm by 
Xu and Wang [ 3] for the testbed provided in [ 3]. The Lozano-Smith algorithm has 
been used to develop specialized algorithms for optimizing dynamic electricity tariffs 
[ 11] and for optimizing pricing strategies at electric vehicle charging stations con-
sidering competition from other stations [ 12]. In both cases, the proposed algorithms 
benefit from the special structure of the problems. 

Tavaslıoğlu et al. [ 13] proposed a value-function reformulation to deal with BLO 
problems with multiple followers, in which the upper-level problem is pure integer 
and the lower-level problems are mixed-integer. This reformulation uses generalized 
value functions proposed by the authors for the followers’ mixed-integer programs, 
and takes advantage of the integrality of . x and the corresponding constraint matrix 
in the followers’ problems to enumerate solutions. 

In a recent comprehensive survey article, Kleinert et al. [ 14] review tailored 
approaches exploiting mixed-integer programming techniques to solve BLO prob-
lems. In addition to bilevel problems with convex and, in particular, linear lower-level 
problems, modern algorithmic approaches to solve mixed-integer bilevel problems 
that contain integrality constraints in the lower level are presented. 

In this paper, we present a study of the state-of-the-art Lozano-Smith algorithm, 
which is based on the optimal-value reformulation concept for MILBLO. The fun-
damentals of BLO and, in particular, for MILBLO, are presented in Sect. 2. The  
Lozano-Smith algorithm is described in Sect. 3; in Sect. 3.1, the algorithm is partic-
ularized for a special class of MILBLO problems, in which the upper-level variables 
do not appear in the lower-level constraints. Computational experiments are pre-
sented in Sect. 4, considering different features of the algorithm and instances with 
larger feasible regions. Conclusions are drawn in Sect. 5.
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2 Fundamentals of Bilevel Optimization 

A general BLO problem can be formulated as follows: 

. max
x∈X,y

F(x, y)

s.t. G(x, y) ≤ 0

max
y∈Y f (x, y)

s.t. g(x, y) ≤ 0

where .x ∈ Rn1 is the vector of variables controlled by the leader, .y ∈ Rn2 is the 
vector of variables controlled by the follower, and .X and . Y are compact sets. 

Let .y(x) denote the set of optimal solutions of the lower-level problem parame-
terized on . x , which is called the follower’s rational reaction set to a given . x : 

. y(x) := argmax
y∈Y

{ f (x, y) : g(x, y) ≤ 0}

Let . S be the set of all constraints of the problem: 

. S = {(x, y) ∈ X × Y : G (x, y) ≤ 0, g (x, y) ≤ 0}

The BLO problem consists of optimizing the upper-level objective function. F(x, y)
over the feasible set, which is generally called induced region: 

. I R = {(x, y) : (x, y) ∈ S, y ∈ y(x)}

We consider the optimistic formulation of the BLO problem. In this case, the leader 
also optimizes over the lower-level outcome.y ∈ y(x) if the lower-level solution set 
.y(x) is not a singleton. That is, if the lower-level problem has multiple optimal 
solutions for a given upper-level choice . x , then the upper-level optimizer chooses 
the best one for the leader. 

We can also write the BLO problem as the optimal-value-function reformulation: 

. max
x∈X,y∈Y F(x, y)

s.t. G(x, y) ≤ 0

g(x, y) ≤ 0

f (x, y) ≥ φ(x)

where .φ(x) is the so-called optimal-value-function of the lower-level problem: 

.φ(x) := max
y∈Y

{ f (x, y) : g(x, y) ≤ 0} .
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Solving a BLO problem is very challenging due to its intrinsic nonconvexity 
and nondifferentiability [ 15]. Even the linear bilevel problem has been shown to be 
strongly NP-hard [ 16]. The existence of discrete variables, particularly in the lower-
level problem, further heightens the difficulty of solving the BLO problem. Thus, as 
will be discussed below, it is important to make the most of the structure and features 
of the BLO model to develop computationally efficient algorithms. 

Let us consider BLO problems with linear objective functions and constraints, 
including continuous and/or discrete variables. The mixed-integer linear bilevel opti-
mization (MILBLO) problem can be formulated as follows: 

. max
x,y

F(x, y) = c1x + d1y

s.t. A1x + B1y ≤ b1
x ∈ X (1) 

max 
y 

f (x, y) = c2x + d2 y 

s.t. A2x + B2 y ≤ b2 
y ∈ Y 

with .c1, c2 ∈ Rn1 , .d1, d2 ∈ Rn2 , .A1 ∈ Rm1×n1 , .A2 ∈ Rm2×n1 , .B1 ∈ Rm1×n2 , . B2 ∈
Rm2×n2 and.b1 ∈ Rm1 ,.b2 ∈ Rm2 . The  sets.X ⊆ Rn1 and.Y ⊆ Rn2 may include upper 
and lower bounds on the variables and impose integrality constraints on all or some 
of the variables . x and . y, respectively. 

In addition to the linear BLO problem with continuous variables in the upper and 
lower-level problems (C-C case), three cases can be distinguished considering that 
all variables at one level are continuous or integer: only the upper-level variables are 
integer (I-C case); both the upper and the lower-level variables are integer (I-I case); 
only the lower-level variables are integer (C-I case). 

In the C-C and I-C cases, a common approach to solve the problem is replacing 
the lower-level problem with its Karush-Kuhn-Tucker (KKT) conditions, which pro-
vide the necessary and sufficient conditions for optimality. The resulting single-level 
optimization model is nonlinear due to the complementarity conditions, but these 
conditions can be linearized by means of auxiliary binary variables and constraints 
resulting in a mixed-integer linear programming (MILP) model, which can then be 
solved using an off-the-shelf MIP solver. 

If the constraint set. S is non-empty and compact, and there are no upper-level con-
straints involving both the upper-level and the lower-level variables (usually called 
connecting or coupling constraints), then the linear BLO problem (C-C case) has 
certainly an optimal solution. However, if there are connecting constraints, the exis-
tence of a solution is not guaranteed and more assumptions are needed [ 17]. Vicente 
et al. [ 18] showed that the I-C and I-I problems always have optimal solutions under 
hypotheses similar to the C-C case. The existence of an optimal solution to the C-I 
problem seems to be a more difficult task: the problem may not have an optimal 
solution even if there are no connecting constraints, because the induced region may 
not be closed.
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Fig. 1 Induced regions of problems C-C, I-C, C-I, I-I 

Figure 1 illustrates induced regions of problems C-C, I-C, C-I and I-I. The fol-
lowing property was proved in [ 18]: the induced regions of I-C and I-I problems 
are included in the induced regions of the C-C and C-I problems, respectively. This 
property can be observed in Fig. 1. 

3 The Lozano-Smith Algorithm for MILBLO Problems 

The Lozano-Smith algorithm [ 10] is devoted to the MILBLO problem, requiring 
all upper-level variables to be integer. It also assumes that .A2x in the MILBLO 
formulation (1) is integer-valued for all .x ∈ X , which guarantees the exactness of 
the algorithm.
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The single-level optimization problem obtained by relaxing the optimality require-
ment of the follower’s objective function is the so-called high point relaxation (HPR) 
problem. This problem consists of computing the point.(x, y) satisfying the leader’s 
and the follower’s constraints that optimizes the leader’s objective function: 

. max
x,y

F(x, y) = c1x + d1y (2) 

s.t. (x, y) ∈ S 

. S is the constraint set, which is defined for the MILBLO problem (1) as:  . S =
{(x, y) ∈ X × Y : A1x + B1y ≤ b1, A2x + B2y ≤ b2}. 

An optimal solution to the HPR problem gives a valid upper bound for .F∗ (the 
optimal upper-level objective function value for the bilevel problem). 

Let .Y (x) = {y ∈ Y : B2y ≤ b2 − A2x}. 
A solution.(x, y) ∈ S is feasible to the MILBLO problem if and only if. f (x, y) ≥

f
(
x, ŷ

0
for every .ŷ ∈ Y (x). 

This proposition means that disjunctive constraints can be added to the HPR prob-
lem (in which the leader controls . x and . y variables) to enforce bilevel feasibility. 
Let .ϒ = U

x∈χ Y (x), with .χ = {x ∈ X : ∃y such that (x, y) ∈ S}. These disjunc-
tive constraints impose that for every .ŷ ∈ ϒ , the leader must either select an . (x, y)
such that . f (x, y) ≥ f

(
x, ŷ

0
, or  block the follower’s solution . ŷ by selecting an . x

such that .ŷ /∈ Y (x) (i.e., at least one of the lower-level constraints is not satisfied). 
Therefore, the additional constraints to be added to the HPR problem (2) are:  

. ŷ /∈ Y (x) ∨ f (x, y) ≥ f
(
x, ŷ

0
, ∀ ŷ ∈ ϒ (3) 

⇐⇒ (A2 j x + B2 j ŷ > b2 j for at least one j ∈ {1 . . .  m2}) ∨ 
(c2x + d2 y ≥ c2x + d2 ŷ) ,  ∀ŷ ∈ ϒ 

The HPR (2) with the additional constraints (3) is equivalent to the bilevel problem 
(1). Thus, if all the follower’s feasible solutions in.ϒ could be computed, solving (2) 
with (3) would give the optimistic optimal solution.(x, y) for the MILBLO problem. 
However, computing all the follower’s feasible solutions is not practicable. Therefore, 
a sub-set .ϒk = {

y1, . . . , yk
} ⊂ ϒ is considered, leading to an upper bound for the 

optimal .F value (.F∗). A sequence of HPR problems (2) including constraints (3) is  
iteratively solved by adding to.ϒk a follower’s feasible solution.yk+1 in each iteration 
to obtain .ϒk+1 (thus building a sample of . ϒ), providing successively tighter upper 
bounds for .F∗. 

In the first iteration of the algorithm, the HPR problem (2) is solved, i.e., an empty 
set.ϒ0 is considered. The lower-level problem is then solved for the resulting solution 
. x , giving a solution . y that is included into .ϒ0 to form .ϒ1; the HPR problem with 
additional constraints is solved again considering the updated set .ϒ1. The steps of 
the Lozano-Smith algorithm are summarized in the flowchart in Fig. 2 and described 
below.
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Fig. 2 General scheme of the Lozano-Smith algorithm 

In this algorithm, solving HPR(.ϒk) means solving a MILP problem resulting 
from (2) with the logical conditions (3) for.ϒk converted into linear constraints with 
additional binary variables. Let us look at the first term in (3) for a given solution 
.yν ∈ ϒk (which contains . k solutions). Since there are .m2 constraints in the lower-
level problem, then these conditions become .A2 j x + B2 j yν > b2 j for at least one 
. j ∈ 1 . . .m2. By assumption, .A2x is integer-valued for any . x , so conditions (3) for  
.ϒk can be equivalently written as: 

.
(
A2 j x ≥ ην

j for at least one j ∈ {1 . . .m2}
0 ∨ f (x, y) ≥ f (x, yν) , ∀yν ∈ ϒk (4) 

with .ην
j = |b2 j − B2 j yν| + 1 , j = 1 . . .m2. 

Condition (4) can be reformulated as MILP constraints with auxiliary variables. 
Let.wν

j , . j = 1 . . .m2, ν = 1 . . . k be binary variables such that.wν
j = 1 if constraint 

. j blocks solution . yν , i.e., constraint .A2 j x ≥ ην
j holds; if .w

ν
j = 0, then constraint . j

may or may not block . yν . Thus, HPR(.ϒk) can be formulated as:
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. max
x,y

F(x, y) = c1x + d1y (5) 

s.t. 
A2 j x ≥ −M1 

j + (M1 
j + ην 

j )w
ν 
j , j = 1 . . .  m2 , ∀ yν ∈ ϒk (5a) 

f (x, y) ≥ f (x, yν ) − M2 
ν 

m2E

j=1 

wν 
j , ∀ yν ∈ ϒk (5b) 

(x, y) ∈ S 
wν 

j ∈ {0, 1} , j = 1 . . .  m2, ν  = 1 . . .  k 

The first group of constraints (5a) ensures that, for every lower-level constraint 
. j , .wν

j = 0 for all .yν ∈ ϒk that satisfy constraint . j for that . x , i.e. .A2 j x < ην
j . If  . y

ν

satisfies all constraints. j = 1 . . .m2, it means that.yν is not blocked and, so, the second 
condition in (4) must be satisfied. In this case, since.wν

j = 0 for all. j = 1 . . .m2, then 
.M2

ν

Em2
j=1 wν

j = 0 and (5b) ensures that . f (x, y) ≥ f (x, yν). If .wν
j = 1 for some. ν, 

then .A2 j x ≥ ην
j which means that .yν is blocked by constraint . j . In this case, the 

condition . f (x, y) ≥ f (x, yν) does not need to be satisfied; the constraint for .yν in 
(5b) becomes redundant. 

The authors [ 10] consider a more compact formulation of HPR(.ϒk), which 
reduces the number of constraints of (5a) from  .m2 × k to .m2. For each solution 
.yν ∈ ϒk , the following set is defined: 

. B(yν) =
{
(yν '

, j) | ην '
j ≥ ην

j , yν ' ∈ ϒk, j = 1 . . .m2

}

This set represents all ordered pairs.(yν '
, j) such that if. x blocks solution.yν '

by con-
straint . j , then . x also blocks solution .yν by constraint . j . Consider, for instance, 
three solutions .yν1, .yν2 and .yν3 such that .ην1

j ≥ ην2
j ≥ ην3

j . Then, .B(yν1) con-
tains .{(yν1, j)}, .B(yν2) contains .{(yν1, j), (yν2, j)} and .B(yν3) contains . {(yν1, j),
(yν2, j), (yν3, j)}. The main idea of the compact formulation is that.wν1

j = 1 if con-
straint . j blocks solutions .yν1, yν2, yν3, but .wν2

j = wν3
j = 0. 

Thus, the alternative formulation to (5) for the HPR(.ϒk), which is the one imple-
mented in the algorithm, is: 

. max
x,y

F(x, y) = c1x + d1y (6) 

s.t. 
A2 j x ≥ −M1 

j +
E

yν∈ϒk 

(M1 
j + ην 

j )w
ν 
j , j = 1 . . .  m2 (6a) 

f (x, y) ≥ f
(
x, yν

0 − M2 
ν

E

(yν'
, j )∈B(yν ) 

wν'
j , ∀ yν ∈ ϒk (6b) 

(x, y) ∈ S 
wν 

j ∈ {0, 1} , j = 1 . . .  m2, ν  = 1 . . .  k
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Since.wν
j can be equal to. 0 if constraint. j blocks or does not block. yν , then. wν

j = 0
by default and .wν

j = 1 only when necessary. This implies that at most one .wν
j will 

be equal to . 1 for each . j = 1 . . .m2 and .
E

ν wν
j ≤ 1. Therefore, constraints (6a) are  

never made impossible by some.+M1
j within the summation that is not canceled out 

by the first .−M1
j . 

Let us suppose that .yν1 is blocked by constraint . j and .wν1
j = 1. Constraint . j in 

(6a) becomes .A2 j x ≥ ην1
j , and the constraints in (6b) must be redundant for . yν1

and for all .yνa such that .ηνa
j ≤ ην1

j (interpret .νa as representing the index of all 
solutions under these conditions). Since .wν1

j = 1 and .wνa
j = 0 for all .yνa , then for 

each of these solutions .
E

(yν'
, j)∈B(yν ) wν '

j = 1 and the corresponding constraint in 
(6b) becomes . f (x, y) ≥ f (x, yν) − M2

ν (i.e., a redundant constraint). 
Now, let us consider the case of .yν that is not blocked by any constraint . j . So, 

.wν
j = 0 for all . j = 1 . . .m2. Since .A2 j x < ην

j ,∀ j = 1 . . .m2, then .A2 j x < ην '
j for 

all .yν '
such that .ην '

j ≥ ην
j , which means that .wν '

j = 0 for all .(yν '
, j) ∈ B(yν). Thus, 

. f (x, y) ≥ f (x, yν) must be satisfied in (6b). 
Indications on how to set large enough .M1

j and .M
2
ν values required in (6a) and 

(6b) are  given in [  10]. 
In iteration. k of the algorithm, let .(xk, ykU ) be the optimal solution obtained from 

solving HPR(.ϒk) (6). Then, .UBF = F(xk, ykU ) is the current upper bound for the 
upper-level objective function. The lower-level problem for the leader’s solution. xk , 
i.e., LL(. xk), is then solved: 

. max
y

f (xk, y) = c2x
k + d2y

s.t. B2y ≤ b2 − A2x
k (7) 

y ∈ Y 

Let the optimal follower’s reaction to the leader’s solution.xk be.ykL . This solution is 
inserted into the set of lower-level solutions for the next iteration:.ϒk+1 = ϒk ∪ {

ykL
}
. 

If, for the same leader’s solution . xk , the lower-level solutions .ykU and .ykL are such 
that . f (xk, ykU ) = f (xk, ykL), then no other feasible solution exists that is better than 
.(xk, ykU ) for the leader, .LBF = UBF , and the optimal solution to the MILBLO 
problem is found. Otherwise, the upper-level feasibility should be checked for the 
solution .(xk, ykL) since lower-level decision variables may appear in the upper-level 
constraints. If upper-level feasibility is satisfied and the upper-level objective function 
value for .(xk, ykL) is better than the current .LBF , then this solution becomes the 
incumbent one and the lower bound is updated .LBF = F(xk, ykL). If  . LBF = UBF

then the algorithm stops. Otherwise, the next HPR(.ϒk+1) is solved. 
Lozano and Smith [ 10] propose a sampling scheme that leverages information 

obtained in the nodes of the branch-and-bound tree used to solve the HPR problem 
(2) to generate an initial set of solutions.ϒ0. This scheme analyzes every node with a 
feasible HPR solution.(x̂, ŷU ). If.ŷU optimizes LL(. x̂) then.(x̂, ŷU ) is bilevel feasible 
and.ŷU is inserted into the sample. Otherwise, the optimal follower’s response.ŷL for
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that . x̂ is inserted into the sample. In both cases, the .LBF is updated if a better value 
for .F is obtained and the solution is bilevel feasible (note that this may not happen 
with .(x̂, ŷL) because it may not satisfy the upper-level constraints). The sampling 
procedure stops when the best upper bound from the branch-and-bound tree is equal 
to.LBF or a maximum initial sample size limit is reached. When this sampling scheme 
is implemented, the first HPR problem in the cycle already considers all the solutions 
included in the initial sample. The authors propose additional techniques to strengthen 
the HPR(.ϒk) formulation, namely fixing variables and supervalid inequalities. In the 
computational experiments in Sect. 4, these additional techniques are not considered. 

3.1 Solving a Special Class of MILBLO Problems 

A special class of MILBLO problems is when upper-level variables do not appear in 
lower-level constraints and lower-level variables do not appear in upper-level con-
straints. These conditions are common in pricing problems, in which the leader’s 
decision variables . x are prices that are charged to consumers. For example, in elec-
tricity retail markets, the retailer sets electricity prices and consumers respond by 
trying to minimize their electricity bill. Lower-level decision variables and constraints 
model the operation of appliances, as consumers can reschedule the working periods, 
change thermostat settings, etc., in order to minimize costs. In these problems, the 
prices . x appear in the objective function of the lower-level problem but generally 
do not appear in the constraints of this problem. Also, the consumer variables . y
do not enter the leader’s constraints, because these usually concern only price con-
ditions. In pricing problems, both objective functions involve products of . x and . y
variables (typically prices and quantities). When . y variables are implicitly defined 
by binary control variables, as in [ 11], or they are integer, then the products .x .y can 
be linearized leading to a model with the following structure: 

. max
x,y

F(x, y) = c1x + d1y

s.t. A1x ≤ b1
x ∈ X (8) 

max 
y 

f (x, y) = c2x + d2 y 

s.t. B2 y ≤ b2 
y ∈ Y 

In this setting, any optimal solution .ykL to the lower-level problem for a given 
.xk is feasible to the BLO problem for any feasible . x . This enables to simplify the 
Lozano-Smith algorithm (Fig. 2) because: (i) the test of whether the upper-level 
constraints are satisfied for the solution .(xk, ykL) does not need to be done; (ii) the 
additional constraints in HPR(.ϒk) are much simpler, not requiring the additional 
binary variables .wν

j . That is, since .y
k
L ∈ Y (x) for any . x , the first condition in the
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disjunctive constraints in (3) is never satisfied, so the second condition, i.e.. f (x, y) ≥
f
(
x, ykL

0
, must be ensured in HPR(.ϒk). The problem HPR(.ϒk) for model (8) takes 

the following form: 

. max
x,y

F(x, y) = c1x + d1y (9) 

s.t. f (x, y) ≥ f (x, yν ) , ∀ yν ∈ ϒk 

(x, y) ∈ S 

Note that the simplification (ii) is the most important one to streamline the algo-
rithm, which results from upper-level variables not appearing in lower-level con-
straints. 

4 Computational Results 

The Lozano-Smith algorithm presented in Sect. 3 for generic MILBLO prob-
lems and a special class of MILBLO problems (cf. Sect. 3.1) has been used 
to solve a set of 10 problems, one for each .n1 = n2 and .m1 = m2 = 0.4n1 of 
their paper [ 10]. The code of the problems is . n1_1, with .n1 taking values in 
.10, 60, 110, 160, 210, 260, 310, 360, 410, 460, and _1 meaning the first instance of 
group . n1. 

Four sets of experiments have been performed using the Java code also used in 
[ 10]: 

– Exp. 1—using the original version of the code as proposed by [ 10]; 
– Exp. 2—using the original version but disabling the construction of the initial 
sample; 

– Exp. 3—using the original version but considering all the right-hand sides of the 
constraints multiplied by 10, thus enlarging the feasible region; 

– Exp. 4—modifying the instances of Exp. 3 into the special class of MILBLO 
problems (8), so that lower-level decision variables do not appear in upper-level 
constraints and vice-versa, and disabling the construction of the initial sample. 

The aim is to assess the algorithm performance, the importance of building a good 
quality initial sample, and make a critical assessment of the difficulty of convergence 
in practice when the feasible region contains a high number of potential solutions. 

A computation budget of 1800 s was given to solve each instance of Exp. 1, 2 
and 4, and 3600 s for Exp. 3, including a maximum of 900 s for building the initial 
sample in Exp. 1 and 3. All the runs were carried out in a computer with an Intel 
Core i7-7700K CPU@3.6GHz and 64GB RAM. The instance data are available at 
https://home.deec.uc.pt/~ch/data_MILBLO.

https://home.deec.uc.pt/~ch/data_MILBLO
https://home.deec.uc.pt/~ch/data_MILBLO
https://home.deec.uc.pt/~ch/data_MILBLO
https://home.deec.uc.pt/~ch/data_MILBLO
https://home.deec.uc.pt/~ch/data_MILBLO
https://home.deec.uc.pt/~ch/data_MILBLO
https://home.deec.uc.pt/~ch/data_MILBLO
https://home.deec.uc.pt/~ch/data_MILBLO
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Table 1 Results of Exp. 1 

Instance Initial Sample Algorithm Run time (s) 

.UBF .LBF # 
sample 

# iter. .UBF .LBF =
F∗

#. ϒk

10_1 399.286 351.833 1 1 351.833 351.833 1 0.17 

60_1 196.289 153.197 79 1 153.197 153.197 1 26.17 

110_1 205.882 181.667 27 1 181.667 181.667 27 2.33 

160_1 186.625 165.000 23 1 165.000 165.000 23 4.29 

210_1 146.766 136.800 23 1 136.800 136.800 23 4.46 

260_1 160.463 139.000 12 1 139.000 139.000 12 9.09 

310_1 142.763 117.000 74 1 117.000 117.000 74 69.47 

360_1 166.088 133.000 170 1 133.000 133.000 170 412.58 

410_1 139.004 103.504 32 1 103.504 103.504 32 120.85 

460_1 154.344 97.588 222 1 97.588 97.588 222 465.00 

Table 2 Results of Exp 2 

Instance Initial iteration (. k = 0)  Algorithm Run time (s) 

.UBF .LBF # iter.=#.ϒk .UBF .LBF . F∗

10_1 399.286 351.833 1 351.833 351.833 351.833 0.15 

60_1 196.289 120.706 35 153.197 153.197 153.197 20.39 

110_1 205.882 .−∞ 5 181.667 181.667 181.667 1.76 

160_1 186.625 37.953 8 165.000 165.000 165.000 5.20 

210_1 146.766 2.003 4 136.800 136.800 136.800 2.57 

260_1 160.463 98.245 5 139.000 139.000 139.000 5.01 

310_1 142.763 60.485 16 117.000 117.000 117.000 22.98 

360_1 166.088 0.328 52 133.000 133.000 133.000 468.44 

410_1 139.004 -44.908 20 103.504 103.504 103.504 69.26 

460_1 154.344 -59.439 78 100.181 97.588 — § 

§—no solution after 1800s 

The results of experiments 1-4 are displayed in Tables 1, 2, 3 and 4, respectively. 
Table 1 shows the results of Exp. 1, considering the original version of the algo-

rithm including the construction of the initial sample.The first column identifies the 
instance (the same identifier that is used in [ 10]). The next three columns under the 
header Initial Sample refer to the upper-bound and lower-bound of .F in iteration 
.k = 0, and the size of the initial sample (# sample) to be used in iteration 1 of the 
algorithm: the .UBF results from the HPR without additional constraints (problem 
(2)) and the .LBF results from the bilevel feasible solutions in the initial sample. 
Using this sample, the algorithm finds the optimal solution in just one iteration. 
The other columns present the number of iterations (# iter.), the upper-bound and 
the lower-bound of .F at the end of the algorithm (.UBF and .LBF , respectively),
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Table 3 Results of Exp 3 
Instance Initial Sample Algorithm Run time (s) 

.UBF .LBF # sample # iter. .UBF .LBF #. ϒk

10_1a 3995.429 3914.333 38 6 3914.333 3914.333=.F∗ 43 1.93 

60_1a 1999.511 1554.536 3823 1 – – 3823 § 

110_1a 2130.228 1994.291 6377 1 – – 6377 § 

160_1a 1978.199 1439.700 4527 1 – – 4527 § 

210_1a 1706.102 1539.000 4464 1 – – 4464 § 

260_1a 1669.148 1540.380 3195 1 – – 3195 § 

310_1a 1639.361 1021.809 1740 1 1620.601 1023.727 1740 2411.43 

360_1a 1775.679 1190.934 767 1 – – 767 § 

410_1a 1504.862 1001.779 1004 1 – – 1004 § 

460_1a 1663.952 1040.196 647 1 – – 647 § 

§—no solution after 3600s 

Table 4 Results of Exp 4 

Instance Initial iteration (. k = 0)  Algorithm Run time (s) 

.UBF .LBF # iter.=#.ϒk .UBF .LBF . F∗

10_1b 6613.000 6175.333 1 6175.333 6175.333 6175.333 0.28 

60_1b 6036.720 5297.495 1 5297.495 5297.495 5297.495 0.59 

110_1b 5271.851 4385.000 1 4385.000 4385.000 4385.000 0.62 

160_1b 5871.734 3481.623 1 3481.623 3481.623 3481.623 2.83 

210_1b 5087.836 3451.424 1 3451.424 3451.424 3451.424 2.38 

260_1b 5327.763 4031.825 1 4031.825 4031.825 4031.825 242.60 

310_1b 4810.362 3424.941 1 3424.941 3424.941 3424.941 8.16 

360_1b 5038.987 3457.085 1 – – – § 

410_1b 4997.388 3199.961 1 3199.961 3199.961 3199.961 141.99 

460_1b 5019.918 3183.537 1 3183.537 3183.537 3183.537 74.17 

§–no solution after 1800s 

being this.LBF equal to the.F-optimal value (.F∗), the number of follower’s feasible 
solutions computed (# .ϒk ) and the total run time (in seconds). 

Table 2 shows the results of Exp. 2, differing from Exp.1 just in disabling the 
construction of the initial sample. The .UBF in iteration .k = 0 is the same as in 
Table 1, but  the .LBF is, in general, different because only one solution results from 
iteration .k = 0 that can provide the lower-bound of . F , which is .(x0, y0L). In this  
experiment, only one solution is generated as input for iteration .k = 1. Note that 
.LBF = −∞ for the instance 110_1 at .k = 0; this may happen when .(x0, y0L) does 
not satisfy the upper-level constraints, i.e., it is bilevel infeasible. The algorithm 
could not compute the optimal solution for the biggest problem with 460 constraints 
within 1800 s. In this instance and some others, the construction of the initial sample 
reveals to be interesting for the good performance of the algorithm, which is still 
reinforced when the optimal solution is already included in the initial sample.



A Study of a State-of-the-Art Algorithm for Mixed-Integer Linear Bilevel Optimization 15

The results in these tables indicate that the algorithm finds the optimal solution 
in a reasonable computation time when the feasible region is not large. 

The performance worsens significantly when the original feasible region is 
enlarged—Exp. 3 with results in Table 3. A very high number of solutions in the 
initial sample is computed, but disabling the utilization of the sample, in this case, 
does not provide results even with a significantly larger computation time. For the 10 
test problems, the optimal solution was obtained just for the smallest one (10 vari-
ables and 4 constraints in each level) after 6 iterations, and the algorithm was able 
to generate bounds for the problem with 310 variables. For all other problems, the 
algorithm was not able to complete the iteration.k = 1 and did not provide solutions 
after 1 hour of computation. 

In the special class of MILBLO problems (8), the algorithm displays a better 
performance (Table 4). The structure of the problem (in which lower-level constraints 
do not include upper-level variables) allows to simplify the sub-problems solved 
by the algorithm which do not require additional binary variables, as discussed in 
Sect. 3.1. The optimal solution was obtained after just one iteration, even without 
the initial sample, for all problems of Exp. 4 except instance 360_1b in which the 
algorithm could not complete the iteration .k = 1 within the computation budget. 

5 Conclusions 

In this paper, we analyzed the Lozano-Smith algorithm, which is a state-of-the-art 
approach based on an optimal-value-function reformulation, to solve the mixed-
integer linear bilevel optimization problem. This algorithm solves a relaxation of the 
bilevel optimization problem with disjunctive constraints generated from optimal 
follower’s responses to obtain upper bounds for the maximizing upper-level objective 
function. The lower bounds are derived from bilevel feasible solutions. Since all the 
subproblems solved by the algorithm are mixed-integer linear programs, off-the-shelf 
MIP solvers can be used without the need to implement more complex procedures. 
We show how the algorithm can be made more efficient when upper-level variables 
do not appear in the lower-level constraints. 

We designed a set of computational experiments to assess the algorithm perfor-
mance with different features in data instances of different dimensions and charac-
teristics. The performance of the algorithm in the different groups of problems is 
discussed showing that it performs well for problems with moderate-size feasible 
regions, but the computation effort becomes impracticable when the feasible region 
expands. Nevertheless, the Lozano-Smith algorithm is very ingenious from theoret-
ical and methodological perspectives, also displaying good results in practice for 
problems with particular characteristics. 
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13. Tavaslıoğlu, O., Prokopyev, O.A., Schaefer, A.J.: Solving stochastic and bilevel mixed-integer 
programs via a generalized value function. Oper. Res. 67(6), 1659–1677 (2019) 
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Using Supplier Networks to Handle 
Returns in Online Marketplaces 

Catarina Pinto, Gonçalo Figueira, and Pedro Amorim 

Abstract To encourage customers to take a chance in finding the right product, 
retailers and marketplaces implement benevolent return policies that allow users 
to return items for free without a specific reason. These policies contribute to a 
high rate of returns, which result in high shipping costs for the retailer and a high 
environmental toll on the planet. This paper shows that these negative impacts can 
be significantly minimized if inventory is exchanged within the supplier network 
of marketplaces upon a return. We compare the performance of this proposal to the 
standard policy where items are always sent to the original supplier. Our results show 
that our proposal—returning to a closer supplier and using a predictive heuristic for 
fulfilment—can achieve a 16% cost reduction compared to the standard—returning 
to the original supplier and using a myopic rule for fulfilment. 

Keywords Returns management · Online marketplaces · Fulfillment 

1 Introduction 

Marketplace business models appear simple at first glance. Marketplaces facilitate 
transactions of items between suppliers and customers, retaining a margin in each 
sale. Suppliers are the owners of inventory and, therefore, responsible for sourcing 
and sharing their items in the platform [ 3]. We refer to marketplaces and platforms 
interchangeably in the paper. Once an order arrives, the marketplace confirms which 
suppliers can source the item and evaluate them according to different criteria— 
e.g. cost of shipping, distance to the customer, and other performance metrics that 
describe the supplier. The item is sent from the selected supplier to the customer and, 
in the case of a return, sent back to the former. 
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Understandably, the location of suppliers and customers plays a significant role in 
marketplace logistics, both in terms of forward-shipping and return costs, and cus-
tomer experience (e.g., lead time of the delivery). Location is especially important 
in global marketplaces with scarce items (i.e., seldom sourced by different suppli-
ers). For example, it is not uncommon for a European customer of eBay to receive 
electronics from a supplier in China as the item was specific for this supplier. Indus-
tries such as fashion see their logistics problems exacerbated due to the high level 
of returns. As clothing fit and features are not easy to perceive without trying on the 
garments, the return levels in the industry hits 15%-40%, and is prone to grow as 
customers get more used to purchase online. 1 When an item is returned in a mar-
ketplace, this translates into 2x the number of trips (and costs) per item, which can 
often include transcontinental flights. 

The financial and environmental impact of online returns does not come as news 
for retailers. For example, in 2018, the company Revolve recorded 499M$ in sales 
while spending 531M$ in returns after accounting for processing costs and lost 
sales [ 13]. Other companies, such as Amazon, Walmart, and Chewyin, requested 
customers to keep the products they wished to return at zero cost during the 2020 
Christmas holidays. For these players, some returns were more expensive to process 
and ship than the actual products, averaging 10$ to 20$ per return 2 [ 17]. Processing 
returns is often such a burden that retailers end up throwing away 25% of returned 
items (translating into over 2.3 billion kg of goods in landfills per year), a number 
expected to double in the next years [ 5]. As for the environment, these returns result 
in approximately 15 million tonnes of carbon emissions in transportation per year 
[ 13]. 

Understanding the challenges of global marketplaces with high return levels and 
scarce items, we discuss in this paper how to leverage the network of suppliers to 
reduce the financial and environmental impact of returns. We start by analyzing the 
choice of the sourcing supplier, comparing two selection approaches: one that selects 
the supplier based solely on current costs and one that considers the future demand 
and the probability of customer returns from different geographic areas. We name 
these policies myopic and predictive, respectively. Then, we question one critical 
assumption in the process. Namely, we ask, What if the item does not have to return 
to the sourcing supplier? What if the item can be sent to a supplier closer to the 
customer? In such a case, the distance traveled in the return leg might drastically 
decrease, reducing the impact on the company and the planet. 

We base our experiments on a case study in luxury fashion and conduct our analy-
sis for different scenarios of global dispersion of suppliers and consumers. We show 
that shipping costs can be greatly minimized if the platform can facilitate inventory 
exchanges within its supplier network upon a return. This can keep the inventory 
in the regions where demand is higher, decrease shipping costs, and improve cus-
tomer experience. The cost reduction is even larger if the retailer adopts a predictive

1 Due to the higher level of online purchasing during the COVID-19 pandemic, the number of 
returns in e-commerce jumped 70% in 2020 relative to 2019 [ 17]. 
2 Excluding transportation. 
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approach that considers the expected future shipping costs in the fulfilment decision, 
rather than a myopic heuristic that assigns suppliers to customers only looking at the 
immediate costs. We test our idea in different supplier network designs and find that 
cost savings increase with supplier geographical dispersion. We further analyzed the 
sustainability impact of our proposal. We show that using the supplier network can 
save almost 12K tonnes of .CO2 emissions in our use case. 

Our contribution is twofold. First, we show that marketplaces are not using an 
important asset—their supplier network. We reveal that using this network for returns 
management significantly impacts financial and environmental costs for market-
places. Second, we test our proposal in different supplier network designs, showing 
it performs best when suppliers are dispersed and closer to high-demand locations. 
This result is important for supply chain managers responsible for sourcing the nec-
essary suppliers. 

The rest of the paper is organized as follows. In Sect. 2, we review the literature 
related to our research. In Sect. 3, we describe the returns optimization problem 
of marketplaces. In Sect. 4 we explain our dataset and the different supply chain 
scenarios. In Sect. 5 we explore the impact of our policies on return costs and the 
environment, extending to the case where there is a warehouse in the marketplace 
supply chain. We conclude our paper in Sect. 6. 

2 Literature Review 

Online returns are a plague for many retailers. Despite their negative financial impact, 
retailers still see them seen as a necessary evil to drive demand to the online channel. 
Indeed, companies today must provide customers with the option to return (com-
monly) for free, which leads to even more returns. 

Benevolent returns are so common that they can be seen as part of the customer 
purchasing process. For example, [ 12, 15] look at returns as part of the purchase 
episode between the retailer and the customer who aims to fulfill a need. This episode 
may result in zero, one, or multiple returns until the customer finds the right product 
or gives up. To minimize the cost of returns for the company, the authors use price 
and assortment to guide the retailer on how to handle return costs. Other authors 
propose to handle returns by directly reducing their frequency. For example, [ 9] use  
supply chain coordination contracts, giving retailers incentives to actively prevent 
(false) returns. 

To minimize the number of returns, retailers started to actively dampen factors 
that foster online returns, such as the information available [ 6], existing customer 
reviews [ 18], and the return period granted by the retailer [ 7]. Instead of attempting 
to decrease the number of returns, this paper focuses on optimizing the fulfillment 
process. 

Several authors have studied fulfillment optimization for the forward supply 
chain. For instance, [ 19] reevaluate the fulfillment plan of the not-yet-picked orders 
and rematches supply and demand to minimize costs, [ 11] aggregate orders before
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allocating them to facilities, which is accomplished via a quasi-dynamic allocation 
policy, and [ 1] allocate orders as soon as they arrive while looking into the future by 
approximating expected future shipping costs. However, the former authors do not 
consider that products will be returned. In our paper, we use a heuristic inspired by 
the work of [ 1] and extend it to consider returns. 

While reducing the financial impact of returns is important, its impact on sus-
tainability must also be considered. In a 2018 study, [ 4] showed that, under most 
circumstances, online shopping is better for the planet than in-store shopping. How-
ever, excessive packaging [ 8], customer behaviour [ 14] that leads to higher delivery 
frequency, and product returns [ 4] negatively contribute to its sustainability. While 
practices such as waste management, recycling, or reuse have been standards for 
improving the impact of reverse logistics [ 14], in this paper we minimize the effect 
of the carbon footprint by decreasing the number of kilometers traveled in the reverse 
logistics process. Namely, we propose a new model where an internal market among 
suppliers is created, which enables items to be returned to a closer supplier (rather 
than the original one), improving the financial and environmental impact of returns. 

3 Problem Formulation and Approach 

Consider a global marketplace where both suppliers and customers are dispersed 
worldwide. When a customer orders, the platform identifies all the suppliers with 
the requested product . n in stock. To reduce the granularity of our data, we group 
suppliers and customers by geography, representing the latter groups by . i and . j , 
respectively. The inventory available of. n in a given geographical region depends on 
the number of suppliers in that region carrying. n and the number of units carried by 
each supplier, and thus described by .Xi,n . 

After identifying the pool of suppliers with . n, the platform can use a panoply of 
policies to select the sourcing supplier. A simple inventory allocation policy might 
only account for the forward shipping costs of the order, for example. In this case, 
the platform will select the supplier where .ci, j , the cost of shipping an item from a 
store in region. i to a customer in region. j , is minimum. We denominate such a policy 
by Myopic Shipping. As an item in inventory that is sold cannot be used to fulfill a 
future purchase, it might also be interesting to evaluate the future forward shipping 
costs, as did [ 1]. Imagine the case where two suppliers, one in Zaragoza, Spain and 
another in Bilbao, Spain, carry one unit of an item that a customer in Madrid, Spain, 
ordered. Zaragoza is closer to Madrid, so the platform selects this supplier to fulfill 
the order. However, a few minutes later, another order of the same item arrives from 
Barcelona, Spain. The item must now be sent from Bilbao. The difference between 
this myopic policy and a policy which would take into account the future demand
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from Barcelona is more than 200 km. 3 We denominate such policy as Predictive 
Shipping. 

The policies mentioned above (Myopic Shipping and Predictive Shipping) are  
focused on forward shipping costs. Analyzing the reverse flow, whenever a customer 
returns an item, the usual procedure is to send it to its original supplier. However, 
there might be customers nearby who will order the item shortly again. Instead of 
returning the item to the original supplier to then send it back again for a future 
purchase, we propose to leverage the network of of the platform to attend future 
demand by returning items to suppliers which are closer 4 to the customer (and 
therefore cheaper) instead of the original supplier. 

We formulate and compare, using different indicators, the four combinations of 
the above policies—Myopic Shipping with Return to Original Store (.Mo), Predictive 
Shipping with Return to Original Store (.Po), Myopic Shipping with Return to Closer 
Store (.Mc), Predictive Shipping with Return to Closer Store (.Pc). Let us define each 
component of the policies individually. 

Myopic shipping. In this policy, the marketplace uses only .ci j to decide on the 
best supplier . i . The supplier region selected with the myopic policy for a given cus-
tomer order can be defined by.argmini∈I (ci j ), where. I includes all regions with non 
negative inventory at the moment of the order. 

Predictive shipping. Our predictive shipping policy extends the work of [ 1] to  
include product returns. The authors have already demonstrated that it is possible to 
improve forward shipping costs by accounting for future expected delivery costs. 

The authors start by describing the structure of the optimal cost-to-go function 
.Jn(Xn, t), which represents the future expected cost to fulfill product . n when its 
inventory position is .Xn = [Xin], i ∈ {1, ..., I } at moment . t . The goal is to find the 
supplier . i to source the item . n, which minimizes the current shipping costs and the 
future expected shipping costs. To get a tractable solution, the problem is approx-
imated by a linear transportation program, which minimizes the costs of shipping 
an item subject to its availability and demand. We expand the linear transportation 
program also to include product returns. Let the demand of product . n over the cur-
rent period . τ be .α jndnτ , where .dn is the average demand per day of product . n, 
.τ ∈ [t, t + 2T ] (in days) is a moving window with double the size of the return 
period . T , and .α j,n is the ratio of the demand from region . j over the demand of all 
regions, with.

E
j α j,n = 1,∀n. The probability of an item being returned is encoded 

in .ρ j,n(τ ) ∈ [0, 1] , which can be estimated by the ratio of the orders from product 
. n returned in region . j over the total number of orders from product . n in the same

3 Using Maps from Google, we estimate the distances between the cities to be Bilbao-Madrid: 403 
km, Zaragoza-Madrid: 322 km, Bilbao-Barcelona: 608 km, Zaragoza-Barcelona: 306 km. Choosing 
to source the Madrid customer from Zaragoza leads to 930 km travelled while sourcing it from Bilbao 
leads to 709 km travelled, a 221 km difference. 
4 Due to deals with third-party logistic companies, the closest store is not always the less expensive 
to ship to. Throughout this paper, we use the term closer to indicate that stores with higher proximity 
to the customer are usually less expensive than stores further away. 
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region. Finally, we use .wi j as the decision variable of the linear transportation pro-
gram, which represents the flow between supplier region . i and customer region . j . 
The resulting linear transportation program reads as follows (note that . n is dropped 
for simplicity and the cost matrix is symmetric, i.e., .ci j = c ji ): 

.minw
E

i, j

ci jwi j +
E

i, j

ρ j ci jwi j (1) 

. subject to
E

j

wi j ≤ Xi ∀i (2) 

.

E

i

wi j = α j dτ ∀ j (3) 

wi j  ≥ 0 ∀i, j 

The first constraint, Eq. (2), ensures that the amount of supply leaving a supplier 
region is less or equal to the amount available in that region. The second constraint, 
Eq. (3), ensures that demand in a given customer region is met. The formulation 
assumes that the available supply is sufficient to meet the demand in the moving 
window . τ . Otherwise, we change the expected demand in that period, . d, to match 
the available inventory level. The cost-to-go function is then approximated by the 
dual value, .si (X), associated with the inventory constraint of the specific item at 
supplier region . i (i.e, Eq. (2)). The best supplier is the one that minimizes the sum 
of the current and future shipping costs, i.e., .argmini∈I (ci j − si (X)). Note that the 
dual variable is non-positive, and hence when subtracted is either increasing the total 
cost or maintaining the same value. 

Return to original store. As mentioned, it is common practice to send returned 
products back to their original supplier—this policy. However, such a policy means 
that if a product is sent from London to Sydney, it must return to London, even if local 
customer orders are coming soon for the same product. Model (1)–(3) incorporates 
this traditional policy. 

Return to a closer store. This policy returns products to the cheapest store, min-
imizing return shipping costs. This store is usually close to the customer. In order 
to convert model (1)–(3) to this new situation, we simply replace .ci j by .cL j , j in the 
second term of objective function (1), where.L j is the cheapest (closer) store region 
to customer region . j . When using the Predictive Shipping model the optimization 
function is therefore rewritten as: 

.minw
E

i, j

ci jwi j +
E

i, j

ρ j cL j , jwi j (4)
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4 Framework for Evaluation 

This section discusses the data provided to us and the supplier network structure 
scenarios used throughout the paper. 

4.1 Data Overview 

In this work, we partnered with a multi-brand luxury fashion retailer that runs an 
online marketplace. The company does not own stock, working in a drop-shipping 
model and assuring that products go from their original supplier to the customer 
that requested them using a third-party logistics partner. The data provided by our 
partner includes the purchase history between 2016-06-01 and 2017-12-31. The avail-
able data can be distinguished into order-related data (e.g., order value and items), 
customer-related data (e.g., customer country and city), and product-related data 
(e.g., product type and category). To evaluate the impact of the different fulfilment 
and return policies for different return levels, we selected 120 products with vary-
ing percentages of return (corresponding to the ratio between the number of times 
the item was returned by the number of times the item was ordered), with a return 
percentage evenly distributed between 2% and 25%. These products were mainly 
clothes (43.3%), shoes (47.5%), lifestyle items, bags, and accessories. All products 
were from big brands like Kenzo, Valentino, Chiara Ferragni, Saint Laurent, Gucci, 
or Adidas, with prices ranging from 20e (belt) to 800e (denim). More than half 
of the returns originated from 12 regions, 5 including California (11.29%), Australia 
(10.68%), United Kingdom, New York, Germany, Russian Federation, Brazil, China, 
France, Hong Kong, Korea, and the Netherlands. To compare the performance of the 
different policies across products, we selected the first 150 orders of each item and 
assumed a similar amount of inventory in the network. The orders and the respective 
customers are kept constant across the different experiments. 

We rely on three assumptions to evaluate the different policies. First, the inventory 
available in each supplier is known to the platform [ 2]. Second, the platform can 
forecast demand and return rates with high accuracy. This assumption is reasonable 
given a large amount of supply and demand data from marketplaces. Third, as most 
of our partner’s returns are not due to product damage, we assume that items become 
available for sale after a return (we use a lead time. T of 5 days based on conversations 
with the firm).

5 We consider a region to correspond to a country or a United States state. 
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4.2 Supplier Network Design 

Platforms need to balance the two sides of the market—customers and suppliers— 
to grow. Deciding where to recruit suppliers depends on the type of industry (for 
example, luxury fashion producers are more concentrated in Europe), the location 
of the customers, the platform, and the interest of the suppliers to participate. The 
supplier network is flexible as these factors vary with time and the company’s growth 
stage. Therefore, to make our insights applicable to distinct marketplaces, we decided 
to detach from our partner network (which has also changed substantially since 2016). 
We use three scenarios with different locations, as shown in Fig. 1. In the first one, 
all suppliers are in a single European hub. In the second, we add a few suppliers on 
the United States East Coast. Lastly, we add three extra suppliers in high-demand 
locations, such as Hong Kong, Russia, and California. 

As inventory management in luxury fashion fits a newsvendor model (suppliers 
have one shot at selling their seasonal inventory with little to no replenishment during 
a season), we used a single supply period without opportunity for replenishment. The 
initial inventory level is fixed at 150 units for all the scenarios. This assumption is 
relaxed in Sect. 5.2. 

European Hub European Hub + US stores 

European Hub + World stores 

Fig. 1 Supply Network Design Scenarios. The size of the blue bubbles corresponds to the number 
of units of inventory available in the different locations. The total inventory is set to 150 units in 
the three cases
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5 Leveraging the Supplier Network 

In this section, we demonstrate the effectiveness of our proposal—Predictive Ship-
ping with Return to Closer Store—in reducing shipping and environmental costs. We 
further perform a sensitivity analysis of the different policies over distinct inventory 
levels. 

5.1 Policies Comparison 

We start by evaluating the performance of the four fulfillment policies .Mo, .Mc, 
.Po, and .Pc, for the three configurations described above (Sect. 4.2). Our results are 
depicted in Fig. 2. The percentage value on the top of each bar corresponds to the 
improvement gap w.r.t. the .Mo policy from the same scenario, and is calculated by 
.(CE − CMo)/CMo , where .E corresponds to the evaluated policy. By analyzing the 
chart, we can see that there is a reduction in costs as the dispersion of the supply 
network increases. For the policies that return to the original store, we verify that the 
.Po records slightly better results than .Mo, which is in line with the values presented 
by [ 1], who reported a reduction in outbound shipping costs in the order of 1%. 
From a different perspective, the policies that route returned inventory to closer 
suppliers outperform those which return to the original supplier. Specifically, they 
reduce shipping costs between 3.23% and 11.90% for .Mc, and between 4.90% and 
16.31% for .Pc. 

We further analyze the performance evolution of the different policies by the 
return level (c.f. Fig. 3). We again use the improvement gap as described before. 
We conjecture that larger return rates correspond to higher savings, on average. 

Fig. 2 Total shipping costs obtained with the proposed policies for the different supply network 
scenarios
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Fig. 3 Improvement gap of shipping costs by return level for the different supplier network scenarios 

Let us start by analyzing the different scenarios. When there is only one hub, the 
performance of the different policies goes from almost no improvement to a reduction 
of 5% in costs. However, the difference in performance between the different policies 
is not so evident. In the scenarios where inventory is more dispersed, the cost savings 
with.Mc and.Pc substantially increase with an increased return level. Specifically,. Pc
achieves reductions of 17% and 23% for European Hub + US and European Hub 
+ World  scenarios, respectively. Overall, the results for the different return levels 
reiterate the interest of .Pc across the different possible networks. The advantage of 
this policy grows with higher return rates. On the other hand, the performance of 
current policies, such as .Po, deteriorates with increasing return rates. 

5.2 Sensitivity Analysis 

So far, we have assumed that supply levels equal the demand levels observed through-
out the season. However, in practice, this is often not the case. Therefore, we tested 
the sensitivity of our policies in scenarios when there is 20% less and 20% more 
inventory at the season start. Our results are presented in Table 1. We show that the 
performance of our policies is reduced for the single European Hub when there is 
excess inventory but amplified in the case of shortages. In the other scenarios, our 
policies perform similarly or better than .Mo. Therefore, we conclude that our pro-
posed policy, .Pc, performs well in excess or scarce inventory cases, especially when 
suppliers are geographically dispersed.
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Fig. 4 Total distance travelled in km for the different supply network scenarios 

5.3 Impact on Sustainability 

One of the primary focuses of every company today is to reduce carbon emissions. 
Transportation is a big part of the problem, as it is challenging to minimize trans-
portation costs when customers request faster and more frequent shipping [ 16]. 
We also analyze our policies’ impact on the number of kilometers (km) traveled. 
Figure 4 shows that, as expected, the total number of km decreases as suppliers are 
more dispersed using the proposed policies. As mentioned before, distance does not 
hold a 1:1 relationship with costs. As we use historical costs that account for special 
deals made between our partner and the third-party logistic companies, frequently, 
the regions implying lower costs are not the closest ones. This particularity is the 
reason behind the variation observed in the European Hub scenario in Fig. 4. 

In 2018, the DPDgroup, the largest parcel delivery network in Europe, estimated 
an average of 0.83kg of CO2 emitted per parcel delivered [ 10]. Notice that fashion 
marketplaces, parcel delivery is the usual mode of transportation. Using this value, 
we estimate that the .Pc policy saves more than 4K tonnes of .CO2 in the European 
Hub+US scenario and almost 12K tonnes of .CO2 in the European Hub+World 
scenario. This result strengthens the added value of pursuing this policy. 

6 Conclusions 

Supplier networks are an underrated asset of marketplaces. Indeed, we show in 
our study that these networks can be leveraged to reduce reverse shipping costs 
and transportation’s carbon footprint. Specifically, we find that by routing returned 
products to closer suppliers (rather than the original supplier that provided the item), 
the platform can achieve cost savings in the order of 1–16%, depending on the policy
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used. We also demonstrate the impact of these policies in reducing the distance 
travelled, which maps to the CO. 2 emission, recording almost 10% reduction with 
the best performing policy. 

Our insights have a clear impact on supplier network design in online market-
places. We show that, when using a return to closer store policy, marketplaces may 
establish a strong supplier network in a given region (in our case study, in Europe, 
where most suppliers are). Still, they should also maintain a small number of suppliers 
dispersed in the rest of the world where supply is harder to find. 

While showing that using the supplier network can yield several benefits to a 
marketplace’s value chain, this research work also opens avenues for further research, 
namely, in understanding how to incentivize the closer suppliers to receive these 
items. Several different mechanisms can be tested to this end. For example, the 
platform could use the shipping savings to incentivize suppliers to receive products 
they have not planned for. 

7 Appendix: Nomenclature for Mathematical Formulation 

Indices 
.i suppliers 
. j customers 

Parameters 
.Xi inventory carried by supplier. i
.ci, j cost of shipping an item from a store in region. i to a customer in region. j

.cL j , j cost of shipping an item from a customer in region. j to the cheapest (closer) store 
.dτ average demand in the moving forecast window 
.α j ratio of the demand from region. j over the demand of all regions 
.ρ j probability of a good being returned in region. j

Decisions Variables 
.wi j flow of products between supplier region. i and customer region. j
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The Multiple Ambulance Type 
Dispatching and Relocation Problem: 
Optimization Approaches 

A. S. Carvalho and M. E. Captivo 

Abstract Ambulance dispatching and relocation decisions in the Emergency Medi-
cal Services (EMS) context are crucial in minimizing emergency response times and, 
consequently, in avoiding dangerous consequences to the patients’ health. Several 
ambulance types exist, which vary in the equipment and crews, and should be con-
sidered depending on the emergency severity. We propose optimization approaches 
to solve these problems that incorporate a preparedness measure which aim is to 
achieve a good service level for current and future emergencies. As a case study we 
consider the Portuguese EMS for the Lisbon area. The current strategy dispatches 
the closest ambulance and always relocates ambulances to home bases. We highlight 
the potential of using preparedness and allowing relocations to any base since we 
can improve the current system’s response. To help in the decision-making process 
we propose a decision-support system which embeds the proposed approaches. 

Keywords Emergency medical service · Ambulance management · Dispatching ·
Relocation 

1 Introduction 

Emergency Medical Service (EMS) is one of the most important healthcare services. 
It aims to serve emergencies with an effective response and has to manage and 
mobilize several resources. EMS provides basic medical care for any person in an 
emergency situation and corresponds to the pre hospital part. 

Figure 1 shows the EMS chain of events. Dispatching decisions occur after the 
reporting when someone calls the emergency number. When an ambulance is needed 
(in some cases, medical advice by phone may be enough), one or more ambulances 
should be chosen from the set of available ambulances. We consider multiple ambu-
lance types, each type has different specialized equipment and it is crewed by different 
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Fig. 1 EMS chain of events 

Fig. 2 EMS main problems 

medical professionals. Depending on the emergency severity, the more appropriate 
ambulance type should be chosen. Relocation can occur in two different situations: 
(i) when the ambulance finishes the emergency service and should be relocated to a 
base or dispatched to an emergency that occurs meanwhile; and (ii) when an avail-
able ambulance changes its location to balance the ambulances’ distribution in the 
area under study. Dispatching and relocation tasks are the focus of this work and 
correspond to the operational level of decisions. 

EMS is one of the most studied healthcare areas in which Operations Research 
(OR) is applied. These studies face different EMS problems in the strategic, tactical 
and operational level as presented in Fig. 2. Concerning the proposed approaches, the 
literature is mainly divided into exact methods where the first studies were proposed 
by [ 12, 34] as deterministic static models; heuristic algorithms (see [ 13, 19, 28, 32]); 
and simulation (see [ 20]). 

The evolution in EMS studies has been considered in many review papers. Ref-
erence [ 31] developed one of the first reviews. Other review papers were presented 
by [ 1, 5, 7, 10, 14, 24, 27, 29, 30]. 

Literature concerning dispatching and relocation decisions is described with more 
detail in Sect. 3.
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2 Contextualization: The Portuguese Case 

As a case study, we consider the Portuguese EMS operation in the Lisbon area, 
where there are 18 bases where ambulances are parked and 3 reference hospitals (and 
simultaneously bases) as shown in Fig. 3. The 24 Lisbon districts are considered as 
sub-zones. Each sub-zone has an average number of expected ambulances per type 
known from historical data. 

The current Portuguese EMS rules for dispatching and relocation in Lisbon area 
are as follows. The dispatching rule is to always dispatch the closest available ambu-
lance of the required type. The relocation rule is to relocate ambulances to a fix base, 
the home base. 

Concerning ambulances, each ambulance has an associated working shift. There 
are two types of ambulances: advanced life support (ALS) and basic life support 
(BLS) ambulances. Table 1 shows the existing bases and the ambulances with the 
corresponding base as home. Furthermore, for each ambulance, the corresponding 
working shift is presented. 

Fig. 3 Lisbon area divided into districts with the corresponding bases (identification number (id) 
is presented) and hospitals location
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Table 1 Available ambulances per base in Lisbon 

Base id Number of ambulances Working shifts 

ALS BLS 

0 1 0 All day (. ×1) 

1 1 0 All day (. ×1) 

2 1 0 All day (. ×1) 

3 1 0 All day (. ×1) 

4 0 2 All day (. ×2) 

5 0 3 All day (. ×2) / 8 AM–0 AM (. ×1) 

6 0 2 All day (. ×1) / 8 AM–0 AM (. ×1) 

7 0 3 All day (. ×1) / 8 AM–0 AM (. ×1) / 4 PM–0 AM (. ×1) 

8 0 1 8 AM–4 PM (. ×1) 

9 0 1 All day (. ×1) 

10 0 1 8 AM–0 AM (. ×1) 

11 0 1 All day (. ×1) 

12 0 3 All day (. ×3) 

13 0 6 All day (. ×6) 

14 0 2 All day (. ×2) 

15 0 1 All day (. ×1) 

16 0 2 All day (. ×2) 

17 0 4 All day (. ×4) 

Emergencies may have one of two types: type I and type II. Type I emergencies 
are the more severe ones and need, at least, 1ALS + 1BLS ambulances, and should 
be reached within 15 min. Type II emergencies need, at least, 1BLS ambulance and 
should be reached within 19 min. Emergencies may occur in any location of the area 
under study. 

Concerning the Portuguese EMS, many patients argue that the response time is 
too high which has direct consequences in their health in some situations. Besides 
this, the importance of having an effective and efficient response is an issue that 
concerns society. Thus, we propose optimization approaches to solve the ambulance 
dispatching and relocation problem. Furthermore, dispatching and relocation deci-
sions are currently a handmade task. EMS dispatchers identified the need to have a 
better system to dispatch ambulances to emergencies and to relocate them. To face 
this, we propose a decision-support tool using Geographic Information System which 
embeds the proposed approaches. 

The Portuguese EMS case for the Lisbon area was previously studied in [11] where 
a simpler version of the real ambulance dispatching and relocation Portuguese EMS 
problem was considered: few real-life features were introduced and only a single 
ambulance type was considered. In the present work, we generalize the ambulance 
dispatching and relocation problem to face the real Portuguese EMS problem. This 
paper innovates by considering:
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1. The existence of working shifts as it is a Portuguese EMS specific feature. 
Although referred to in [ 37], it is not common to refer to ambulances’ work-
ing shifts in the literature. 

2. A new  preparedness measure which includes multiple ambulance types, i.e., 
we consider the demand for different ambulance types instead of emergencies’ 
demand in which different needs of EMS resources are not identified. 

3. The system response time measure, which makes the understanding of the pre-
paredness impact in an EMS system more intuitive. 

4. The existence of uncovered and partial covered emergencies from previous time 
periods. Uncovered emergencies are referred to in some works, but, in most cases, 
it is assumed that the existing ambulances are always enough to face the emergen-
cies’ occurrence. The possibility of having partially covered emergencies when 
only a subset of the ambulances needed was dispatched is not usually referred to 
in the literature. 

3 Ambulance Dispatching and Relocation 

At the operational level, EMS managers face the dispatching and relocation decisions. 
As explained before, these decisions integrate the EMS chain of events. Figure 4 
relates the emergency occurrence with the ambulances’ location and status. It also 
represents the duration of the underlying activities. The emergency service time is 
the duration of the emergency service between the dispatching and the relocation. 
The response time is the time between the ambulance dispatching and the moment 
the ambulance reaches the emergency. A maximum response time is recommended 
to avoid dangerous consequences in patients’ health. Above this value, the patient’s 
life may be at risk, and, if needed, we consider the extra time to reach the emergency 
location, which corresponds to the difference between the response time and the 
maximum response time. 

Fig. 4 Dispatching and relocation decisions in the EMS chain of events
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In the literature, several works focus the dispatching and relocation decisions. 
Dispatching problem was studied by [ 20] who present a simulation-based analysis 
tool that includes location, dispatching, and fleet management decisions. Reference 
[ 8] present a recursive simulation-optimization framework to solve the ambulance 
location and dispatching problem. Reference [ 18] present a comparison between 
different dispatching policies, and [ 17] show that the closest policy, commonly used 
in the EMS systems, is quite far from optimal when minimizing the number of 
emergencies reached out of the maximum response time. 

Concerning the relocation problem, [ 2, 3, 36] consider the use of compliance 
tables. [  21] present one of the first models, specifically designed for New York City 
fire companies. Reference [ 25] use an approximate dynamic programming approach. 
Reference [ 39] propose a simulation-optimization method to determine the number 
of relocations needed to face the number of emergencies. Reference [ 35] evaluate the 
impact of the number of relocations in the service provider’s performance. Reference 
[ 16] study the dynamic ambulance relocation problem with the goal of maximizing 
the number of emergencies that are reached within the maximum response time. 
Reference [ 37] highlight the impact of a dynamic relocation policy in reducing the 
extra times. 

Many authors focus on both the dispatching and relocation problems (see [ 6, 9, 
15, 26, 33]). 

In this work, we study the multiple ambulance type dispatching and relocation 
problem (M-ADRP). It is solved under the following assumptions: 

• An emergency needs a certain number of ambulances for each ambulance type. 
All the ambulances dispatched must respect the corresponding type. 

• An ambulance can only be dispatched if the current time is within its working 
shift. 

• After the dispatching decision, the ambulance cannot be reassigned to a different 
emergency before the current emergency service has finished. 

• After on-scene care, if hospital care is needed, the patient is transported to the 
reference hospital of the sub-zone where the emergency occurred, which is a pre-
defined and fixed hospital for each sub-zone. 

• A base must be assigned to ambulances that have finished the emergency service, 
i.e., the ones located at an emergency or at a hospital. 

• Available ambulances located at bases or on the road may change the current 
assigned base if the current time is within the corresponding working shift. 

• An ambulance can change the current target base if . η periods had passed from the 
last target base change for that ambulance. 

• Available ambulances that are not in their working shifts (although the last decision 
was taken within the working shift) can only be relocated to their home base.
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3.1 Notation 

Dispatching and relocation decisions are solved at a given period. t. The notation used 
is presented in Tables 2 and 3 which defines the sets and parameters, respectively. 

3.2 System Coverage 

To analyze system’s coverage, we use a preparedness measure. According to [ 4], 
“preparedness is a way of evaluating the ability to serve potential patients with 
ambulances now and in the future”. It is a common measure in the literature to 
evaluate system’s coverage (see [ 4, 11, 22, 23]). A preparedness measure consid-
ers a partition of the area under study into sub-zones, each one represented by a 
reference point in order to compute distances to/from the sub-zone. We extend the 
preparedness measure proposed by [ 23] to deal with different ambulance types. The 
time-preparedness-ambulance-type measure is defined for a time period . t as: 

.ptAK = 1
∑

q∈Z

∑

k∈K
λqk × (1 + mini∈A:κi=k {diq})

(1) 

The preparedness measure denominator is defined as the system response time. The  
goal is to minimize the system response time on contrary to the system preparedness, 
which goal is to maximize. 

Table 2 Sets 

.A Available ambulances 

.AWS Available ambulances within the corresponding working shift 

.AWS Available ambulances that are not within the corresponding working shift 
(although the last decision was taken within the working shift) 

.AB Available ambulances located at bases 

.AR Available ambulances located on the road 

.ATarget Available ambulances that can change its target base 

.EPartial Covered Emergencies with, at least, one ambulance previously assigned 

.EPartial Covered Emergencies with no ambulance previously assigned 

.E Emergencies to be analyzed,. E = EPartial Covered ∪ EPartial Covered

.B Bases 

.Z Sub-zones 

.K Ambulance types
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Table 3 Parameters 

.hi Home base of ambulance. i, . i ∈ A 

.ηk j Number of ambulances of type. k needed in emergency. j, . k ∈ K, j ∈ E 

.κi Type of ambulance. i, . i ∈ A 

.dab Travel time between location of. a and location of. b at. t, . a, b ∈ A ∪ E ∪ B ∪ Z 

.bi Target base for available ambulance. i at. t, . i ∈ AB ∪ AR 

.λqk Number of ambulances of type. k needed in sub-zone. q at.t + 1,. k ∈ K, q ∈ Z 

.σj Accumulated waiting time for emergency. j at. t, i.e. elapsed time since the 
emergency occurred,. j ∈ E 

.δ Average setup time needed before an ambulance starts to travel to an 
emergency 

.RMAX 
j Maximum response time for emergency. j, . j ∈ E 

.TargetMAX Maximum number of ambulances that can change its target base at . t 

.PAmbulance 
k Penalization for each lacking ambulance of type. k for an emergency, i.e. the 

difference between the number of ambulances needed of each type and the 
actual number of ambulances assigned to it, . k ∈ K 

.PUncovered Penalization for each uncovered emergency 

.PResponse Penalization for reaching an emergency. j with a response time higher than 
.RMAX 

j , . j ∈ E 
.PTarget Penalization for changing the current target base 

.INFTravel time Represents a huge travel time. It is set to. 2 × max{dlq : l ∈ B ∧ q ∈ Z} 

.M Travel time . max{dab : a, b ∈ A ∪ E ∪ B ∪ Z} 

4 Approaches 

We propose two optimization approaches: a mixed-integer linear programming 
model and a heuristic, described in Sects. 4.1 and 4.2, respectively. 

4.1 Mixed-Integer Linear Programming Model 

M-ADRP is formulated as a Mixed-Integer Linear Programming (MILP) model. It 
considers the following variables. 

• . xij,.i ∈ AWS  , j ∈ E : Equal to 1 if ambulance. i is dispatched to emergency. j at. t and 
0 otherwise. 

• . yil , .i ∈ A, l ∈ B : Equal to 1 if ambulance . i is assigned to base . l at .t + 1 and 0 
otherwise. 

• .rij ≥ 0, .i ∈ AWS , .j ∈ E : Extra response time for ambulance . i to reach emergency 
. j. 

• .uj ∈ {0, 1}, .j ∈ E : Equal to 1 if emergency . j is uncovered and 0 otherwise. 
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• .zi ∈ {0, 1}, .i ∈ AB ∪ AR : Equal to 1 if the target base of ambulance . i at .t + 1 is 
not .bi and 0 otherwise. 

• .vlk ∈ {0, 1}, .k ∈ K, l ∈ B : Equal to 1 if base.l ∈ B has, at least, one ambulance of 
type.k ∈ K assigned at .t + 1 (currently on the road with. l as target base or located 
at base . l) and 0 otherwise. 

• .wqk ∈ {0, 1},.k ∈ K, q ∈ Z : Equal to 1 if no ambulance of type. k can be dispatched 
to sub-zone . q at .t + 1 and 0 otherwise. 

• .δmin lqk ∈ {0, 1}, .l ∈ B, k ∈ K, q ∈ Z : Equal to 1 if, at .t + 1, the minimum travel 
time between sub-zone . q and an available ambulance of type . k is obtained with 
an available ambulance from base . l and 0 otherwise. 

The objective is to minimize: system response time, emergencies response time, 
lacking ambulances, uncovered emergencies, extra response times and changes in 
target bases. The proposed objective function is the sum of six parts considering the 
previously described features and it is presented as follows: 

. min 
∑ 

q∈Z 

∑ 

k∈K 
λqk 

( 
∑ 

l∈B 
dlq δ

min 
lqk + INFTravel time wqk 

) 

+ 
∑ 

j∈E 

∑ 

i∈AWS  

(σj + δ + dij) xij 

+ 
∑ 

k∈K 

⎡ 

⎣PAmbulance 
k 

∑ 

j∈E 
(1 + σj) 

⎛ 

⎝ηk 
j − 

∑ 

i∈AWS :κi=k 

xij 

⎞ 

⎠ 

⎤ 

⎦ 

. + PUncovered 
∑ 

j∈E 
(1 + σj) uj 

+ PResponse 
∑ 

i∈AWS  

∑ 

j∈E 
rij 

+ PTarget 
∑ 

i∈ATarget 

zi (2) 

The M-ADRP model includes the following constraints (3)–(17): 

.(1 − uj) ≤ 
∑ 

i∈AWS  

xij ≤ 
∑ 

k∈K 
ηk 
j (1 − uj) ,  ∀ j ∈ EPartial Covered (3) 

.uj = 0 , ∀ j ∈ EPartial Covered (4) 

. 

∑ 

i∈AWS :κi=k 

xij ≤ ηk 
j , ∀ j ∈ E, k ∈ K (5) 
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.zi = 1 − 

⎛ 

⎝yibi +
∑

j∈E 
xij 

⎞ 

⎠ , ∀ i ∈ AB ∪ AR (6) 

.zi = 0 , ∀ i ∈ (AB ∪ AR ) \ {ATarget} (7) 

.

∑

i∈ATarget 

zi ≤ TargetMAX (8) 

.

∑

j∈E 
xij +

∑

l∈B 
yil = 1, ∀ i ∈ AWS  (9) 

.yihi = 1, ∀ i ∈ AWS  (10) 

.σj + (δ + dij) xij ≤ RMAX 
j + rij + M Travel time (1 − xij) ,  ∀ i ∈ AWS  , j ∈ E (11) 

.vlk ≤
∑

i∈AWS :k∈κi 

yil ≤ |A| vlk , ∀ l ∈ B , k ∈ K (12) 

.dlq δ
min 
lqk ≤ dl'q + M Travel time (1 − vl'k ) ,  ∀ l , l' ∈ B , q ∈ Z , k ∈ K (13) 

.δmin lqk ≤ vlk , ∀ l ∈ B , q ∈ Z , k ∈ K (14) 

.

∑

l∈B 
δmin lqk + wqk = 1 , ∀ q ∈ Z , k ∈ K (15) 

. xij, yil, uj, vlk , zi' , wqk , δ
min 
lqk ∈ {0, 1}, 

∀ i ∈ A, i' ∈ AB ∪ AR , j ∈ E, l ∈ B, q ∈ Z, k ∈ K (16) 

.rij ≥ 0 , ∀ i ∈ AWS  , j ∈ E (17) 

The model constraints ensure the following. 
An emergency is uncovered if no ambulance is dispatched to it in the current 

time period as defined in Constraints (3). Only those emergencies with no ambu-
lance previously assigned can be uncovered at the current period as it is defined in 
constraints (4). 

The number of dispatched ambulances per type is, at most, the required number 
of ambulances of that type for each emergency (Constraints (5)). 

To define which ambulances change their target bases, we consider constraints 
(6) and (7). The maximum number of allowed changes in the target bases at the same 
period is considered in Constraint (8) using the input parameter .TargetMAX . 

Ambulances’ status is considered in Constraints (9) which ensure that each avail-
able ambulance within the working shift is dispatched to an emergency or assigned 
to a base; and in Constraints (10) which ensure that ambulances that finished their 
working shift but are still available must return to their home base, where their status 
is set to unavailable. 

Constraints (11) connect the response time of an emergency (which includes the 
accumulated waiting time) with the extra response times. 
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Concerning system’s response times, Constraints (13), (14) and (15) determine 
the minimum travel time for each ambulance type to reach each sub-zone in the 
following period. To do that it is necessary to know if each base has, at least, one 
ambulance of each type assigned in the following period which is done through 
constraints (12). 

Finally, constraints (16) and (17) define the variables’ domains. 
The MILP model formulated in this section was solved using CPLEX 12.7.1 

Concert Technology for C++. 

4.2 Heuristic 

A two-phase optimization method is considered. Phase 1 and 2 considers dispatching 
and relocation decisions, respectively. Phase 2 is solved considering decisions taken 
in phase 1. Preparedness is embedded in both phases since the main goal is to ensure 
a good system’s coverage. The solution’s cost is calculated according to the objective 
function (2) taking into account its six parts, each one referring to a different feature 
as previously described when the objective function was defined. 

Algorithm 1 describes the heuristic phase 1. The dispatching decision is taken 
considering the formula presented in line 6. It considers both preparedness and travel 
time. This means that an available ambulance that takes slightly more time than the 
closest one can be dispatched if it ensures an improvement in the system’s capability 
to handle future emergencies. 

For the phase 2, we consider a pilot-method (see [ 38]) with the pilot heuristic 
described in Algorithm 2 as a sub-routine. 

Both parts of the heuristic proposed in this section (Algorithms 1 and 2) were  
implemented in C++. 

Algorithm 1: Heuristic phase 1—dispatching decisions at t 

1 DISP = ∅  and CostDISP = 0 
2 for emergencies j ∈ E do 
3 for ambulance types k ∈ K do 
4 for ambulances i of type k needed, i ∈ {1, ..., ηk j } do 
5 Calculate p(t+1) 

(AWS\{i})K 

6 Dispatch available ambulance i
' 
such that i

' = argmaxi∈{AWS\DISP:κi=k} 
p(t+1) 
(AWS  \{i})K 
1+dij 

7 DISP = DISP ∪ {i' } 
8 Update COST DISP (parts 2 and 5 of objective function (2)) 

9 Update COST DISP (part 3 of objective function (2)) 

10 Update COST DISP if j is uncovered (part 4 of objective function (2)) 
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Algorithm 2: Pilot heuristic—relocation decisions at t 
1 Initial ambulance: i 
2 while [ there are available ambulances to analyze and 
3 (number of ambulances that changed target base ≤ TargetMAX or there are ambulances at 
an emergency or at a hospital to return to a base) ] do 

4 I) Choose base l to assign ambulance i 
5 if ambulance i is at an emergency or at a hospital then 
6 Choose between all bases l ∈ B, the one that maximizes p(t+1) 

AWS  K 

7 else 
8 if i ∈ ATarget then 
9 Choose between maintaining the current assigned base or changing to the closest 

base, the one that maximizes p(t+1) 
AWS  K 

10 else 
11 Keep the current target base for ambulance i 

12 II) Choose the following ambulance i∗ to analyze 
13 i∗ is the furthest available ambulance from i 
14 i = i∗ 

15 III) Update solution cost and other info 
16 Costi is calculated as the sum of the parts 1 and 6 of the objective function (2) 

4.3 Approaches Embedded in a Decision-Support System 

To help EMS managers in the decision-making process, we use Geographic Informa-
tion Systems (GIS) to develop a decision-support tool which embeds the proposed 
approaches in Sects. 4.1 and 4.2. It was developed using a combination of customiza-
tion and plugins available through QGIS (a GIS software). A map visualization that 
analyzes ambulances’ movements on the map and the emergencies’ location was 
incorporated. This tool was designed for the Portuguese EMS case, but it can be 
used for similar EMS systems if the corresponding data is loaded. 

5 Tests and Analysis 

We simulate 50 instances throughout the day with the following features. 

• Emergencies are generated through a Non-Homogeneous Poisson Process, using  
historical data about the average number of occurrences in Lisbon (Fig. 5). 

• Emergencies location is random throughout the Lisbon area. 
• Emergencies of type I occur with a probability of 0.12, and the real EMS resources 
are considered. 

• In 20% of the emergencies, the patient is not transported to a hospital. 
• At the emergency site, each ambulance spends between 1 and 10 min. 
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Fig. 5 Average number of emergencies per hour in Lisbon (2nd half of 2016) 

Table 4 Objective function 
penalizations 

.PTarget 3 

.PResponse 10 

.PUncovered 864000 

.PAmbulance 
k {86400, 43200} 

• An available ambulance can only change to a different target base after 1 hour 
from the last change. 

• At most, 3 target base changes can occur at the same time. 
• Real distances on Lisbon’s roads are considered given by a GIS. 
• We consider the objective function penalizations presented in Table 4. The  value  
chosen for .PTarget is highly related to the first part of the objective function since 
changing ambulances’ target base is only worth it when the system’s response 
time improves for the following time period. Knowing that the average number of 
emergency calls for all sub-zones throughout the day is approximately 0.03 per 
min, an improvement of .3/0.03 = 100 s in the travel time between an available 
ambulance and a sub-zone justifies a change in an ambulance target base.. PResponse 

has a value 10 per extra second needed. A penalization of . 86400 × 10 = 864000 
(being.86400 the seconds of a day) is considered to.PUncovered which has the highest 
value since all emergencies must be served. Concerning lacking ambulances, a 
penalization of.86400 is set to each lacking ambulance of type I and a penalization 
of .43200 is set to each lacking ambulance of type II. This means that having 
10 lacking ambulance of type I or having 20 lacking ambulances of type II is 
equivalent to an uncovered emergency. 

Tests presented in this section were performed on an Intel R CoreTM i7-5500U 
CPU @ 2.40GHz, 8GB RAM. 

We compare the proposed strategy (P/AB) with the current Portuguese EMS 
strategy (C/HB) defined as follows. 
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(a) Expected system response 
time. 

(b) Emergencies’ response 
times. 

(c) Ambulances with extra 
time. 

(d) Extra times. (e) Changes in target base. (f) CPU times. 

Fig. 6 Simulation main KPIs for M-ADRP 

• Proposed strategy (P/AB) 

– Dispatching: Policy P (preparedness). 
– Relocation: Policy AB (any base). 

• Portuguese EMS strategy (C/HB) 

– Dispatching: Policy C (closest base). 
– Relocation: Policy HB (home base). 

Figure 6 shows the average main key-performance indicators (KPIs) for each 
minute of simulation considering the experiments previously described. 

Figure 6a presents the expected system response time and Fig. 6b presents the 
average values obtained for response times to reach the emergencies. Figure 6a 
shows that the P/AB strategy is better than the C/HB strategy. Furthermore, the 
P/AB-MILP strategy is the one that obtains the best value for the expected system 
response time. The minimization of the expected system response time is reflected 
in the emergencies’ response times which are lower considering the P/AB strategy. 
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Table 5 Comparing C/HB-MILP and P/AB-MILP strategies 

Emergencies’ response time (in seconds) Difference 80.18 

% improvement 10% 

Ambulances with extra time Difference 0.007 

% improvement 16% 

Extra time per ambulance (in seconds) Difference 70.26 

% improvement 13% 

Figure 6c and d show that, although providing a higher interval for ambulances 
with extra time and extra times KPIs, the P/AB-MILP strategy is the one with an 
average lower value for these two KPIs. 

Changes in target base can only be compared between P/AB-Heuristic and P/AB-
MILP strategies and are analyzed in Fig. 6e. There is no evidence to prefer one of 
the approaches to minimize this KPI. 

Concerning computational times, Fig. 6f shows that C/HB-Heuristic can obtain 
a solution almost immediately. Although P/AB-MILP takes more time to obtain a 
solution, it is still obtained in less than one second. 

To analyze the impact in the emergencies’ response of the proposed strategy, 
Table 5 presents the average improvement of P/AB over the current Portuguese EMS 
strategy C/HB using MILP. We obtain an improvement of 80.18 s in the emergencies’ 
response time, which means that ambulances can reach emergencies about one and 
half minutes earlier than it currently happens. The average number of ambulances 
with extra time improved 16% and the extra time per ambulance reduces in more than 
1 min. These results highlight the proposed approach’s potential as it improves the 
obtained values through the current Portuguese EMS strategy for the most relevant 
KPIs. 

6 Conclusion 

Dispatching and relocation decisions are considered for the multiple ambulance type 
dispatching and relocation problem. Two different optimization approaches are stud-
ied: a MILP model and a two-phase heuristic. To help the EMS managers in the 
decision-support process of dispatching and relocation tasks, we develop a GIS-
based tool, which embeds the proposed approaches. 

The proposed strategy uses a preparedness rule for dispatching and allows relo-
cations to any base—P/AB. P/AB strategy is compared with the current Portuguese 
strategy, which dispatches the closest available ambulance and relocates ambulances 
to their home bases—C/HB. The potential of the P/AB strategy under the MILP 
approach is highlighted since it obtains, in general, better results for the main KPIs 
such as the response times. 
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Abstract Radiotherapy treatments must guarantee a proper coverage of the volume 
to treat (Planning Target Volume—PTV) while sparing all the organs at risk (OAR). 
As the treatment is usually fractionated during a given planning horizon, replan-
ning is many times needed. However, replanning has some shortcomings, due to the 
need of acquiring new medical images, and additional time needed for creating new 
treatment plans. This work studies how the use of robust planning compares with 
replanning, considering the impact on PTV coverage and OAR sparing. Four differ-
ent treatment planning approaches are compared. The conventional approach keeps 
the same treatment plan during the whole treatment time. A new robust approach is 
tested, where possible scenarios for the PTV evolution are also considered when cre-
ating the initial treatment plan. A third approach considers replanning once halfway 
of the treatment time. A fourth approach mimics what is usually known as the “plan 
of the day”. These approaches were applied to a head-and-neck cancer case and 
compared by Monte Carlo simulation. The robust approach originated better treat-
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1 Introduction 

According to the global cancer observatory, the number of new cases of cancer 
worldwide in 2020 was almost 19.3 million, 4.4 million of those being in Europe 
[ 1]. Many treatments can be provided according to the type and stage of the cancer, 
including radiotherapy, chemotherapy, surgery, stem cell transplant, immunotherapy, 
among others. Radiation therapy (or radiotherapy) delivers high doses of radiation 
aiming to kill cancer cells by damaging their DNA. 

External radiotherapy is delivered with the patient laying on a couch that can 
rotate. Radiation is generated by a linear accelerator, or linac, placed on a gantry 
that can rotate around a central axis parallel to the couch. When the couch is fixed 
at .0◦ the beam directions are called coplanar. Rotation of the gantry and the couch 
allows noncoplanar beams irradiating the tumour from almost any direction around 
the patient, except for directions that would cause collisions between the gantry and 
the couch/patient [ 2]. The main objective of radiotherapy treatment planning is to 
be able to calculate a treatment plan that irradiates adequately the volumes to treat 
while, at the same time, sparing as most as possible all the surrounding organs, 
keeping their functionality. The main focus of this work will be Intensity Modulated 
Radiation Therapy (IMRT), where it is possible to modulate the radiation delivered 
so that it better conforms with the volumes that should be treated. 

The treatment is usually fractionated, being delivered daily during several weeks. 
This fractionation aims at malignant cell destruction while preserving healthy tissue. 
The fractionation means that the volumes to be treated, as well as the volumes that 
correspond to organs that should be spared, are not exactly the same during the whole 
treatment time. Changes in these volumes could be accommodated if new medical 
images were acquired and new treatment plans were calculated, but this alternative 
comes with a cost, as discussed later on. The impact of changes in the volumes to 
treat and different approaches to take these changes into account are the main focus 
of this work. Four different approaches will be compared: 

• Only one treatment is planned, and no other replanning is done during the course 
of treatment. This initial treatment plan is calculated considering only the exist-
ing structures of interest as defined in the planning medical image (computed 
tomography scan – CT). 

• Only one treatment plan is considered during the course of treatment, but this 
plan is calculated considering not only the original structures of interest but also 
additional structures that are created and that represent possible changes to the 
PTV (it is, in some sense, a robust plan taking into consideration different potential 
scenarios for the PTV). 

• Replanning is performed once during the course of treatment. 
• Replanning is performed more often than the previous approach, mimicking the 
concept of the “plan of the day”.
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2 Intensity Modulated Radiotherapy Treatment Planning 

IMRT uses a multi-leaf collimator (MLC) to modulate the beams [ 3]. The MLC 
consists of pairs of leaves that can move side by side creating a variety of field 
openings. The movement of the leaves originates the segmentation of each beam 
into a set of smaller imaginary beams with independent fluence (intensities), called 
beamlets, delivering a non-uniform radiation field to the patient [ 2, 4]. 

The planning of a given treatment begins by considering a treatment CT scan and 
the medical prescription. In the CT scan all the structures, OARs and PTVs must be 
well mapped. The OARs are the organs that may be exposed to radiation, while the 
PTV represents the volume of the known tumour including microscopic spread plus 
a margin around this volume. Margins around target structures exist to compensate 
for eventual inaccuracies. All the structures of interest are discretized into voxels. 
Voxels are volumetric pixels where the length and width of each voxel depends on 
the resolution and spacing between the CT images [ 5]. 

Absorbed dose is the energy deposited per unit of mass of tissue and it is expressed 
in Gray (Gy). The medical prescription, defined by the medical oncologist, is patient 
dependent and defines a set of dosimetric goals and constraints, for instance, maxi-
mum dose deposited in OARs and minimum dose deposited in PTVs. The definition 
of OAR constraints aims at preserving the organ functionality. Usually, two different 
sets of OARs are defined: serial and parallel organs. Serial organs are the ones that, 
if even only a small part of the OAR volume is damaged, the OAR functionality is 
jeopardized. In this case, usually the constraints define a maximum dose that cannot 
be surpassed at any voxel. Parallel organs are the ones that keep their functionality 
even if only a small part is damaged. In this case, the constraints usually define a 
mean dose threshold, taking into consideration the dose deposited in all the OAR’s 
voxels. It is possible to define dose-volume constraints stating that only a certain 
fraction of a structure can be exposed to a dose value higher (lower) than the upper 
(lower) threshold. 

Treatment planning is typically organized in 3 stages: (1) Beam angle optimization 
problem; (2) Intensity/Fluence map optimization problem; (3) Realization Problem. 
In the first stage, decisions that define the positioning of the patient and the irradiation 
directions are made. The third stage considers the optimization of the movement of 
the MLC leaves so that the fluence map calculated in step 2 is delivered. In this work 
we will focus on the second stage, the optimization of the fluence map. 

2.1 Fluence Map Optimization 

The fluence map optimization (FMO) problem consists of finding the optimal beamlet 
intensities (weights) for the previously chosen beam angles. The dose for each voxel 
is calculated using the superposition principle, where the contribution of each beamlet 
is considered. A dose matrix,. D, is obtained from the unitary fluence of each beamlet.
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It has information on the absorbed dose in each voxel, from each beamlet, considering 
radiation intensity equal to 1. In this matrix, each row corresponds to one voxel, and 
each column corresponds to one beamlet. The dose received by voxel . i , . di , can 
be represented as the sum of the contribution of each beamlet, .di = ENb

j=1 Di jw j , 
where.Nb is the total number of beamlets,.w j is the intensity of the beamlet. j and. Di j

represents the elements in the.i th row and. j th column of matrix.D (absorbed dose in 
voxel . i from beamlet . j , considering beamlet . j has unitary radiation intensity). The 
matrix .D is a very large matrix, since the total number of voxels, .Nv , can reach tens 
of thousands, which makes the fluence optimization hard. 

In this work, FMO resorts to the minimization of a quadratic objective function 
with no additional constraints. For each and every voxel, the dose received is com-
pared with a given threshold. The objective function will penalize any difference 
between the received dose and the desired/allowed dose for each voxel. These differ-
ences are squared in order to obtain a convex problem that is easy and fast to solve 
(see Eq. 1). 

. min
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where .Ti is the desired/allowed dose for voxel . i , .λi and .λi are the penalties of 
underdose and overdose of the voxel . i , and .(·)+ = max{0, ·} [ 5]. 

It is important to note that this objective function has no clinical meaning, even 
though it is related with the dose volume constraints defined by the medical prescrip-
tion. The parameters used in the objective function, namely weights and bounds, can 
be freely changed, being possible to steer the search so that the optimal solution for 
this problem is indeed an admissible solution from a clinical point-of-view (comply-
ing with all the restrictions defined in the medical prescription). This is actually what 
is done by the treatment planner. The planner is assisted by a dedicated software, 
called Treatment Planning System (TPS), and is asked to define several parameters 
associated with the structures of interest, like lower and upper dosimetric bounds 
or weights. If the dose distribution achieved with the current parameters meets the 
medical prescription the procedure finishes. Otherwise, one or more parameters are 
updated, and a new treatment plan is calculated. In this lengthy trial-and-error pro-
cedure, the planners typically resort to their own experience, and the resulting plans 
may not even be the best ones in terms of sparing critical organs or the achievement 
of proper PTV irradiation [ 5]. As a planner may need hours or even days to reach a 
high-quality treatment plan, many efforts have been made trying to make treatment 
planning partially or fully automated. Zarepisheh et al. propose a treatment planning 
optimization based on the DVH curves of a reference plan, where voxel weights used 
in the FMO objective function are automatically updated by projecting the current 
dose distribution on the Pareto surface of the problem, considering the corresponding 
gradient information [ 6]. Jia et al. propose a treatment plan procedure in an OAR 3D 
dose distribution prediction [ 7]. Instead of having a medical prescription guiding the
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FMO, these predictions are the dosimetric references for OAR objectives. The FMO 
objective function is not dynamically updated taken into consideration the current 
solution dosimetric achievements. Schipaanboord et al. propose a fully automated 
treatment planning procedure for robotic radiotherapy [ 8] and Bijman et al. for MRI-
Linac (uses magnetic resonance imaging to monitor the target area at the same time 
the treatment is being delivered) applied to rectal cancer [ 8, 9]. This method requires 
that a fixed wish-list is previously defined to be used for all the patients with the same 
tumour location. The need to fix a priori all the parameters in the wish-list can be 
a disadvantage for some patients that have specific situations that deviate from the 
most common cases. A new fully automated FMO procedure, where all the objec-
tive function parameters (weights and bounds) are tuned based on fuzzy inference 
systems (FIS) was presented in Dias et al. [ 10]. The authors propose the use of fuzzy 
inference systems (FIS) to mimic the planner’s procedure in an automated, efficient 
and optimized way by iteratively changing both weights and bounds in Eq. (1) based 
on a reasoning similar to the human planners. Lower and upper bounds are initialized 
based on the medical prescription. Upper and lower bounds are assigned to PTVs 
while OARs only need upper bounds. OARs only have dose volume constraints that 
consider upper bounds, whilst PTVs have usually dose volume constraints that con-
sider both upper and lower bounds (it is necessary to guarantee, for instance, that 
95% of the volume receives at least 95% of the prescribed dose but, at the same time, 
to guarantee that no voxel receives more than 107% of the prescribed dose). 

The planners’ reasoning can be expressed by a set of simple rules in natural 
language: if, for a certain structure, the deviation between the received dose and the 
prescribed dose is low/medium/large, then the respective upper/lower bound should 
be slightly/medium/greatly increased/decreased. The further away the structure of 
interest is from what is desired, the more pronounced the change of the respective 
parameter should be. Fuzzy numbers allow for the mathematical representation of 
these concepts, like low, medium or large. Weights are changed in a similar way 
as bounds. Figure 1 depicts the FIS flowchart. In this work all treatment plans are 
calculated by resorting to this fuzzy approach. Calculating fluence maps by using the 
same algorithm makes the comparisons among the different approaches fair. As this 
is a truly automated approach, it also makes it feasible to calculate fluence maps even 
when an increased number of structures is considered, as is the case of the robust 
optimization approach described. 

3 Uncertainties and Treatment Planning 

The planning CT represents the patient on the day the medical image was acquired. 
However, there is a time lag between this CT being acquired and the treatment 
being initiated and, as the treatment is divided into a set of daily fractions, the 
patient’s anatomy changes as the treatment progresses, possibly leading to discrep-
ancies between planned and delivered dose distributions. These discrepancies can 
lead to a decrease in the probability of tumour control, or increased probability of
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Fig. 1 FIS flowchart 

OAR complications. Adaptive radiotherapy (ART) was introduced as a method to 
reduce the effects of patient related uncertainties: it considers the replanning of the 
treatment, with acquisition of new medical images, taking into account the tumour 
evolution and other possible anatomical changes [ 11]. The increase of the number 
of times a replanning is performed converges to the concept of the “plan of the day”. 
In this case, based on a daily CT, the treatment can be replanned also daily and 
immediately before the treatment is delivered. The technique allows for better PTV 
coverage and organ sparing [ 12]. However, replanning comes at a cost: increased 
total radiation delivered to the patient due to the increased number of CTs that are 
acquired. Furthermore, whenever a CT is acquired, all the volumes of interest must 
be delineated (which is not yet a totally automated procedure), and a new plan must
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be calculated, which takes time. This can have an important impact in the treatment 
delivery workflow, and also on the total number of patients that can be treated daily. 
Instead of calculating an initial treatment plan that considers only the information 
given by the planning CT, we resort to the concept of robust optimization and con-
sider additional structures that represent different scenarios for the positioning and 
volume of the PTV. Although all the structures of interest are expected to change 
during treatment, in this work a simplification has been assumed and only PTV was 
considered as being changed during treatment, keeping unaltered all the other struc-
tures. We decided to only consider the case where the target volume decreases in 
size, which is the majority of cases [ 13]. In our robust treatment planning approach, 
14 additional auxiliary structures are considered in the FMO. These structures are 
copies of the PTV, but in a different position considering shifts in the. x ,. y and. z axes: 
one for each quadrant bisector and two for each axis for both positive and negative 
directions. This means that we end up with 14 more auxiliary structures for the PTV: 
right and left shifts for each axe alone (6 auxiliary structures), right and left shifts 
considering simultaneous two axes: (. x , . y), (. x , . z), (. y, . y), and right and left shifts 
considering the three axes at the same time. All these 14 structures have exactly the 
same size as the original PTV, as shown in Fig. 2. In this figure it is possible to see 
the delineation of these additional structures (in purple), from two different visual 
plans. The auxiliary structures were considered in the initial treatment plan and, even 
though they are not real, they are treated equally as the PTV. The goal of the inclusion 
of these structures in the optimization loop is to guarantee a proper coverage of the 
PTV considering that it can be in different positions and with a different volume than 
its original presentation in the planning CT. Although the scenarios consider a shift 
of the volume only, and not its decrease, they make the fluence map optimization 

Fig. 2 Images of the head-and-neck cancer case with 14 auxiliary structures around the PTV70. 
The purple lines shown are defining different volumes around the PTV that correspond to shifts, 
along the three axes, of the PTV original volume
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produce a more homogeneous dose distribution that can be an advantage when the 
PTV volume changes. 

4 Computational Experiments 

4.1 Head-and-Neck Cancer Case 

To compare the different treatment planning approaches, a head-and-neck cancer 
case was used. This case is available in matRad, the open-source treatment planning 
system for academic research that was used in this work. Treatment planning for head-
and-neck cancer cases is usually a very complex procedure. In the case considered, 
four OARs were included in the treatment plan optimization (right and left parotids, 
brainstem, spinal cord), in addition to two PTVs with different medical prescriptions 
that are overlapping. All the voxels that do not belong to any of these structures 
of interest are assigned to an OAR usually named as Body or Skin. This OAR is 
also important in treatment planning because it has to be guaranteed that no hotspots 
appear in the patient outside the structures of interest delineated. OARs like the spinal 
cord and brainstem are serial organs. Therefore, a maximum dose is established for 
these organs. The parotids are parallel organs. The tolerance defined for these organs 
depends on the size of the volume irradiated, therefore mean dose is usually the 
objective type considered for these organs. 

For the PTVs, the usual medical prescription determines that a given percentage 
of the volume has to receive at least a given dose. In this case, the dose of 95% of the 
volume (.D95) is considered, and this value has to be at least 95% of the prescribed 
dose. If the prescription dose is equal to 70Gy, for instance, then, .D95 should be 
greater than or equal to 66.5Gy, meaning that at least 95% of the PTV volume has 
to receive at least 66.5 Gy. In this case, one PTV has a medical prescription of 
70Gy (named PTV70), the other one of 63 Gy (named PTV63). PTV70 is enclosed 
in PTV63, being the latter used to guarantee a proper dose gradient in the PTV70 
adjacent areas. For this reason, only changes in the PTV70 are being considered. The 
medical prescription for each of the 7 original structures is described in Table 1. 

The beam angle configuration considered was the one usually chosen in clinical 
practice: seven fixed, equidistant coplanar angles. 

4.2 Treatment Planning Strategies 

Our first approach consisted in obtaining an admissible plan based only on the plan-
ning CT. This treatment planning is not accounting for any changes that might happen 
to the PTV70. The second approach, referred to as New approach, also consisted in 
obtaining an admissible plan based only on the planning CT, but considering an
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Table 1 Medical prescription for a head-and-neck cancer patient in Gray (Gy) 

Structure Type of constraint Limit 

BrainStem Maximum dose Lower than 54 

Left parotid Mean dose Lower than 26 

Right parotid Mean dose Lower than 26 

Skin Maximum dose Lower than 80 

Spinal cord Maximum dose Lower than 45 

PTV63 .D95 Greater than 59.85 

PTV70 .D95 Greater than 66.5 

PTV70 Maximum dose Lower than 74.9 

additional set of auxiliary structures similar to the PTV70 as explained before. This 
will change the way in which the fluences are optimized and calculated, since it will 
be necessary to comply with the medical prescription in more than one volume. To 
acknowledge the possible improvements of adding replanning even in the presence 
of a robust treatment plan, the previously mentioned method was repeated but with 
the added feature of doing a replanning halfway through the treatment. This plan is 
referred to as Replan. Lastly, replanning is considered as often as a change in the 
PTV is simulated, mimicking the Plan of the day. 

All four approaches used the FIS algorithm to change in an automated way bounds 
and weights of both PTV and OARs in the FMO procedure. 

4.3 Plan Quality Assessment 

To assess the performance of the four different approaches, we use Monte Carlo 
(MC) simulation, taking explicitly fractionation into account. During each iteration 
(that corresponds to one total treatment), the PTV70 will randomly change at pre-
determined fractions. All the dosimetric indicators of interest are then calculated for 
each iteration of the simulation: The dose received by at least 95% of the PTV70 
(.D95), mean dose (.Dmean) for parotids, and maximum dose (.Dmax ) for spinal cord, 
brainstem and Skin. These dosimetric indicators are calculated considering the dose 
deposited in each one of the voxels of the respective structures during each one of 
the treatment fractions. 

4.4 Computational Tests 

Our tests were run on an Intel Core i7-8750H 2.2GHz. matRad [ 14], an open-source 
software that has been developed within the MATLAB environment, was used for
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dose calculation. It mimics the use of a commercial TPS, but for academic use only. 
MATLAB version 2018b was used. 

A beam angle configuration of 7 equidistant coplanar angles [0 52 103 154 205 
256 307] was considered, meaning that the couch angle will always be 0. This is 
the most usual configuration used in the clinical practice for similar cases. For treat-
ment quality assessment, the MC simulations considered 50 iterations, each with 35 
fractions. A random change in the PTV is considered every 5 fractions. To avoid 
having any bias in the results due to the random changes generated, all the different 
approaches were tested considering the same sequence of random numbers, so that 
exactly the same PTV70 changes were considered in all the comparisons made. This 
structure will be changed 6 times during the course of each iteration of the simulation. 
The tumour volume is thus randomly and iteratively changed to simulate asymmet-
rical size decreases during the treatment course. These changes were calculated as 
follows: based on the current structure, small and randomly generated displacements 
in the . x , . y and . z axes relative to its current position are considered, and auxiliary 
structures were created. The intersection between the current PTV and one of the 
new auxiliary structures gives rise to a new PTV that corresponds to an asymmetric 
reduction of the original structure. Figure 3 illustrates this procedure. 

4.5 Results 

The main objective of this study is to test and compare different treatment planning 
approaches, introducing a new approach based on auxiliary structures to be used in 
the initial treatment planning procedure. 

It was possible to obtain clinically admissible treatment plans considering all 
50 iterations of the MC simulation for the four different approaches tested. It was 
thus possible to respect both upper and lower bounds defined in Table 1, for all the 
structures. 

The dosimetric values of all OARs for the Conventional and New approach stay the 
same throughout the treatment since there is not replan (Table 2). For each and every 
case and for all OARs it was possible to have values below the maximum threshold 
defined. For every case all plans respected the PTV70 thresholds established in the 
medical prescription. 

The plans were evaluated regarding the obtained dosimetric values for each struc-
ture. For the PTV70, .D95 was the considered criteria, for the brainstem and spinal 
cord .Dmax was considered and for the parotids .Dmean was considered. Table 2 dis-
plays the results obtained for the different approaches. 

The Conventional approach obtained the worst result among the four plans regard-
ing PTV70 coverage (.D95 .= 67.45 .± 0.09 Gy). On the other hand, it obtained the 
best dosage value regarding the right parotid (.Dmean .= 19.48 .± 0.0 Gy), side by 
side with the Replan approach. It also obtained one of the lowest values, statistically 
identical to the Replan approach regarding the left parotid with .Dmean .= 21.07 . ±
0.0 Gy.
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Fig. 3 Generating an auxiliary structure by randomly shifting the PTV70. The intersection of the 
voxels of the original PTV70 and this auxiliary structure results in a new randomly generated reduced 
PTV70. This can be seen in this image by looking at the intersection between the purple (original 
PTV) and the red (randomly generated structure) volumes: the resulting volume is represented in 
blue 

Table 2 Differences among the 4 plans, for the structures of interest. The best results are highlighted 
in grey for each structure. Units are in Gray(Gy) 

Conventional New approach Replan Plan of the day Z 

Mean SD Mean SD Mean SD Mean SD 

PTV70 .D95 67.45.a 0.09 68.07.b 0.09 67.82.c 0.18 68.01.b 0.16 204.42. ∗∗∗

BrainStem .Dmax 44.71.a 0.0 44.55.a 0.0 45.01.b 0.46 45.26.b 0.49 43.86. ∗∗∗

Spinal Cord 40.70.a 0.0 41.01.b 0.0 40.15.c 0.34 40.20.c 0.45 107.14. ∗∗∗

Left Parotid .Dmean 21.07.a 0.0 22.57.b 0.0 21.05.a 0.11 21.03.a 0.12 4356.84. ∗∗∗

Right Parotid 19.48.a 0.0 20.08.b 0.0 19.48.a 0.08 19.53.c 0.09 1303.01. ∗∗∗

Note Means with different letters are significantly different at the level of.α < 0.001 according to the post-hoc test of 

Tukey HSD. ***.p < 0.001. This means that no statistical evidence was found to allow rejecting the hypothesis that the 

mean values with the same letter are equal. As an example, for PTV70 and with means 68.07. b and 68.01. b, the hypothesis 

of their being statistically equal was not rejected 

The New approach showed the best results regarding PTV70 coverage with . D95

.= 68.07 .± 0.09 Gy. It also showed the best OAR sparing regarding the brain stem 
with .Dmax .= 44.55 .± 0.0 Gy.
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The Replan approach behaved the best for the spinal cord, and the right parotid 
with mean dosimetric values of.Dmax . = 40.15. ± 0.34 Gy and.Dmean . = 19.48. ± 0.08 
Gy, respectively. In terms of PTV70 coverage it was slightly worst (.D95 .= 67.82 
.± 0.18 Gy) than the two best approaches, Plan of the day and New approach. The  
Plan of the day showed, along with New approach, the best PTV70 coverage results 
(.D95 .= 68.01 .± 0.16 Gy). It also obtained the best results regarding the left parotid 
sparing, with .Dmean .= 21.03 .± 0.12 Gy, and regarding the spinal cord, with . Dmax

.= 40.20 .± 0.45 Gy. 

5 Discussion and Conclusions 

Adaptative approaches have the advantage of using updated patient information, 
namely considering the delineation of all the structures of interest, during the course 
of the treatment to improve treatment quality. Replanning is a very important proce-
dure in radiotherapy, usually resulting in better dosimetric results when compared to 
the use of a single treatment plan calculated before the beginning of the treatment. 

In this work, a new approach is proposed where new auxiliary structures were 
created and used in the treatment planning procedure. These auxiliary structures 
enable a robust treatment plan to be calculated from the beginning of the treatment. 

Four treatment planning approaches were compared, by evaluating how each one 
of them behaves regarding the target volume coverage while fulfilling the thresholds 
of the surrounding organs. Monte Carlo simulation was used to compare the different 
approaches, considering 50 iterations, each with 35 fractions, during which the PTV 
was iteratively changed. It was possible to conclude that generating new auxiliary 
structures around the targeted area revealed enhanced PTV70 coverage when com-
pared to Conventional plans. The approach also got improved brainstem sparing. 
The proposed new methodology behaved as expected regarding the target volume 
coverage. 

Overall, the replanning approaches showed better results in sparing the OARs, 
while improving the PTV70 coverage. On the other hand, the New approach showed 
the best results improving PTV70 coverage, but generally did not show better results 
sparing the OARs. The New approach and the replaning approaches showed improved 
target coverage compared to the Conventional approach which was the main feature in 
study. The results proved to be consistent with the existing literature and experiments. 

Although we believe the results and conclusions reached are interesting and valu-
able, it is also important to identify the limitations of this study. 

It is important to mention that only changes to the PTV70 were considered, whilst 
all the other structures were considered unaltered during the course of treatment. 
In a real situation, all the structures suffer changes, some of which can even be 
correlated. Head-and-neck tumour cases have many OARs nearby the PTV and, 
during the treatment, when the PTV diminishes, the tissue around it also moves, 
moving the surrounding OARs near the target area. These changes were not replicated 
in the Monte Carlo simulations performed. Real head-and-neck cases also have more 
OARs that are usually taken into account, depending on the PTV and location, like
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the larynx, eyes, oral cavity, other salivary glands, etc. We have only considered 4 
OARs. Moreover, only one case was considered, as a proof-of-concept for the new 
approach proposed. It would be important to repeat these computational tests with a 
representative set of cases to see if these results are generalisable or not. 

In summary, using auxiliary structures proved to be a valid approach regarding 
PTV coverage. Replanning more often also showed improved PTV coverage in all 
cases compared to the conventional methodology while maintaining OAR sparing 
specially regarding the left parotid and the spinal cord. The new methodology using 
auxiliary structures proved to be a competitive alternative to replanning, avoiding 
the time-consuming replanning, and sparing the patient to further imaging sessions 
and all the possible damages associated. 

As future work it would be interesting to assess the proposed approach perfor-
mance for other cancer cases and include beam angle optimization. 
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An Optimization Model for Power 
Transformer Maintenance 

João Dionísio and João Pedro Pedroso 

Abstract Power transformers are one of the main elements of a power grid, and their 
downtime impacts the entire network. Repairing their failures can be very costly, so 
sophisticated maintenance techniques are necessary. To attempt to solve this problem, 
we developed a mixed-integer nonlinear optimization model that, focusing on a single 
power transformer, both schedules this maintenance and also decides how much of the 
hourly demand it will satisfy. A high level of load on a power transformer increases 
its temperature, which increases its degradation, and so these two decisions have 
to be carefully balanced. We also consider that power transformers have several 
components that degrade differently. Our model becomes very difficult to solve even 
in reasonably sized instances, so we also present an iterative refinement heuristic. 

Keywords Mathematical modeling · MINLP · Physics-Based optimization 
model · Scheduling · Production planning 

1 Introduction 

In this article, we present a MINLP with a convex relaxation for power transformer 
maintenance. We focus on accurately modeling the degradation process of its com-
ponents, especially on the degradation of the insulating paper of the copper windings, 
which is where the majority of the nonlinearities reside. We also present two simple 
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heuristics to try to get better solutions for larger instances, given that the model’s 
difficulty increases steeply with the number of periods. 

This article is organized as follows: Sect. 1 frames the problem and provides a 
light background on power transformers and maintenance practices, besides pre-
senting the related work. In Sect. 2, the main model is presented, where we explain 
some constraints and the simplifications we have made. Here we also talk about the 
heuristics we developed. Section 3 presents the experimental setup and in Sect. 4 the 
results are shown. We conclude the paper in Sect. 5, where we give an overview of  
the article and talk about future research. 

1.1 Power Transformer 

A PT can be divided into subsystems, which are in turn composed of several compo-
nents, each of which will suffer differently under the same conditions [ 2]. Further-
more, the condition of one component may influence the deterioration of another but 
not that of a third. Our choice of components is based on [ 1, 15]. It comprises of the 
cooling system (CS), the oil preservation system (OPS), the oil (O), and the insulating 
paper of the copper windings (W), this last one being a critical component that will 
put a hard limit on the transformer’s remaining useful life (RUL, time until equip-
ment failure under normal operation; see [ 17] for a literature review). The chosen 
components are essential to power transformer usage, interacting closely regarding 
maintenance and degradation, and were validated by experts in power transformer 
manufacturing. 

1.2 Maintenance Practices 

In maintaining power transformers, two maintenance strategies are very commonly 
used: Time-based Maintenance (TbM), where maintenance is planned considering 
the time since the last maintenance action, and Condition Based Maintenance (CbM), 
where the asset is regularly tested and when some predefined threshold is reached, 
maintenance is scheduled. Usually, most components are maintained with TbM in 
mind, but CbM has already seen some implementations as well [ 1]. A component 
associated with the latter strategy is the Oil, which is regularly tested to understand 
when maintenance should be performed. Some examples of CbM applied to PTs 
can also be found in the literature (see [ 7, 12]). The most common decision is then 
to combine TbM with CbM, depending on the considered components. However, 
both of these approaches make decisions using only locally available information, 
disregarding how the maintenance actions will impact the profit/cost/etc. over the 
long term. Considering that PTs are machines with a very long lifetime, it seems 
sensible and necessary to develop methods that take a more global view of this 
problem, which is the intent of this work.
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1.3 Related Work 

This problem can be seen as belonging to the class of production-maintenance 
scheduling problems with a single machine—see Geurtsen et al. wrote [ 8] for  a  
comprehensive literature review. Many variants of this problem exist and have been 
studied for decades, albeit less than other more classical problems. Our work dif-
fers from the ones we could find in the sense that it is the first to research this 
topic in the context of power transformers specifically (although optimization mod-
els for PT maintenance have been developed, see the next paragraph). Additionally, 
nearly every paper looks at linear variants of this problem (see [ 9] for a resource-
production exception), mostly because physical considerations tend to be ignored in 
more abstract models. 

The scheduling of maintenance actions in PTs has been studied extensively [ 1, 4, 
7, 10, 16], but to the best of our knowledge, it has never been attempted in conjunc-
tion with modeling the future condition of a PT. In these studies, the evolution of a 
PT’s RUL tends to be overly simplistic, either modeled linearly or not modeled at 
all. Besides, most works in the literature focus on optimizing maintenance, ignoring 
that PTs can work under different loads, which has a large impact on their condi-
tion. Additionally, some of these papers focus on maintaining the PT in an optimal 
state [ 18], but this is not a realistic assumption. 

Given that most models for PT maintenance tend to be linear, they can be solved 
to optimality in most reasonably sized instances, making heuristics not especially 
useful. The exception is Jahromi et al.’s work [ 5], a two-stage framework that divides 
the model into two parts, the first of which schedules maintenance on a long-term time 
horizon, and afterward, with that solution, operational considerations are taken. In 
this article, we present a heuristic with similar reasoning, but considerably different, 
given that it iteratively refines the maintenance decisions (rather than doing it one 
time), and operational decisions are always present. 

2 Model  

The objective of the model is to maximize the profit: revenue obtained by electricity 
sales with maintenance costs subtracted, where the electricity demand must not be 
exceeded, but also does not need to be satisfied. As for notation, variables will be 
denoted by lowercase letters (e.g.,. r ) and parameters by capital letters (e.g., R), using 
different fonts. Table 1 details parameters and Table 2 details variables used. 

Some of these parameters and variables will require additional superscripts. The C 
parameter, representing the cost associated with component maintenance, for exam-
ple, will have different values for each component. As such, we will say CW, CO, 
COPS and CCS to refer to the maintenance cost of the Winding, Oil, OPS, and CS 
components respectively. Other parameters will use the same notation. The variables 
and some parameters will also require two subscripts, detailing the time and the PT 
they are referring to. The RUL of the Winding component at time t is denoted by.rWt .
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Table 1 Description of the parameters used in the model 

Parameter Parameter meaning Parameter range 

A Temperature’s scaling factor . R+

B Temperature’s growth factor . R+

C Cost of component replacement . R+

D Natural wear of component . [0, 1] × {Oil, OPS, CS}
E Hourly electricity demand [0,2] 

H Maximum permissible temperature . R+

Ht Hot-spot temperature reduction . R+

.K Components to be maintained {Oil, OPS, CS,Winding} 

L Effect of load in component wear . R+

M Big constant to dominate constraint . R+

P Electricity price . R+

Q Maximum permissible load . R+

R Maximum component RUL . R+

T Number of periods . N

V Moisture dependent degradation .R+ [ 3, Table in page 21] 

Table 2 Description of the variables used in the model 

Variable Variable meaning Variable type 

.h Hotspot temperature, dependent on load Continuous 

.m Component maintenance Binary 

.q Transformer load Continuous 

.r Component remaining useful life Continuous 

.x OPS RUL above.1/3 Binary 

.y OPS RUL above.2/3 Binary 

. maximize
q,m

TΣ

t=0

(Pt · qt −
Σ

k∈K
Ck · mk

t ) (1a) 

. subject to

qt ≤ Et ,∀t ∈ [0 ..T] (1b) 

.rk0 = Rk,∀k ∈ K (1c) 

.rOt ≤ rOt−1 · DO − ht
H

+ M1 · mO
t ,∀t ∈ [1 ..T] (1d) 

.rCSt ≤ rCSt−1 · DCS − L · qt
Q

+ M2 · mCS
t ,∀t ∈ [1 ..T] (1e) 

.rOPSt ≤ rOPSt−1 · DOPS − L · qt
Q

+ M3 · mOPS
t ,∀t ∈ [1 ..T] (1f)
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.rWt ≤ rWt−1 − 2
ht−98

6 + M4 · mW
t ,∀t ∈ [1 ..T] (1g) 

.rWt ≤ rWt−1 − Vy · 2 ht−98
6 + M4 · mW

t + yt · M5 · RW,∀t ∈ [1 ..T] (1h) 

.rWt ≤ rWt−1 − Vx · 2 ht−98
6 + M4 · mW

t + xt · M5 · RW,∀t ∈ [1 ..T] (1i) 

.qt ≤ Q · r
k
t

Rk
,∀k ∈ K, t ∈ [1 ..T] ∈ PTs (1j) 

.mOPS
t ≤ mO

t ,∀t ∈ [1 ..T] (1k) 

.mW
t ≤ mk

t ,∀k ∈ K, t ∈ [1 ..T] ∈ PTs (1l) 

.yt ≤ xt ,∀t ∈ [1 ..T] (1m) 

.3
rOPSt

ROPS
≥ yt + xt ,∀t ∈ [1 ..T] (1n) 

.ht ≥ A · eB·qt − HtCS · r
CS
t

RCS
− HtO · r

O
t

RO
,∀t ∈ [1 ..T] (1o) 

Constraints (1c)–(1i) are modeling the initial condition and its evolution for each 
of the components of the power transformer. A big-M term in Constraints (1d)–(1i) 
allows the modelling of the reduction in RUL (when the corresponding maintenance 
variable,. m, is. 0) and the replacement of the corresponding component (when.m = 1). 
The Winding component has three different on-off constraints due to the impact of 
moisture, whose constraints are present in (1m)–(1n). 

With constraint (1j) we are conservatively limiting the load of the PT by the con-
dition of its most damaged component, as a way to prevent unexpected (sometimes 
catastrophic) failure. In (1b), we are enforcing an upper bound based on the total 
demand, using consumption data from [ 14]. 

Constraints (1k) and (1l) are due to real-world limitations on power transformer 
maintenance, where some components need to be maintained when others are. 

Constraint (1o) models the evolution of the PT temperature as a function of its load, 
as a simplification of the equations presented in [ 3]. Note that there is an exponential 
term here, that will be present in an exponent in constraints (1g)–(1i), conveying the 
very nonlinear degradation when the temperature raises above a certain threshold. 

2.1 Simplifications 

This model may quickly become very large, depending on the number of periods 
we are considering, but even for average-sized instances, it can be quite difficult to 
solve. As such, we were forced to concede some simplifications. 

We assume that maintenance actions can only be taken on the first period of each 
year, in order to reduce the number of binary variables. The same is true for the 
indicator variables .x, y, z. 

Additionally, we use a representative day for each year. That is, every year has. 24
periods, one per hour, that are to be interpreted as an indication of what is to be done
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on every day of a particular year. We also measure the RUL of the components in 
. 24h periods. The aim is again to reduce the size of the model, this time the number 
of continuous variables. As we are working with a MINLP, the continuous variables 
can be troublesome. 

2.2 Iterative Refinement Heuristic 

Without the aforementioned simplifications, the model would very quickly become 
intractable. To further aid in the solving process and to hopefully be able to lift some 
of these simplifications, we created an iterative refinement heuristic, which should 
reduce the computational burden of the (binary) maintenance variables. 

In this heuristic, our objective is to decrease the impact of the binary variables 
in the solution time, by solving very coarse models when it comes to maintenance 
decisions and then refining the possibilities around the maintenance actions of the 
previous iteration. This idea is somewhat similar to what is presented by Jahromi et 
al. in [ 5], where a two-stage model first schedules maintenance on the long-term and 
then passes the decision to a medium-term scheduler. Our heuristic does not make 
this distinction between long and medium-term scheduling, always keeping a view 
of the global problem, and can also have more than one iteration. 

Algorithm 1: Iterative Refinement 
Data: Initial maintenance decisions, time/iteration/maintenance limit 

1 while time, iterations, maintenance possibilities do not exceed limit do 
2 build model with current maintenance possibilities; 
3 if available, use previous best solution as starting point; 
4 optimize model with given time limit; 
5 if model is infeasible then 
6 if maintenance possibilities exceed limit then 
7 break; 
8 double maintenance possibilities; 
9 go to line 1; 

10 if improvement is less than 1%, w.r.t. previous iteration then 
11 solve to optimality; 
12 break; 
13 for possible maintenance variables do 
14 if maintenance was scheduled then 
15 add maintenance possibility at the midpoint between previous and current one; 
16 add maintenance possibility at the midpoint between current and next one; 
17 return best model; 

The initial data consists of a set of initial coarse maintenance decisions, and 
an iteration and time limit. If these last two parameters are surpassed, we stop the 
algorithm (line . 1) and return the best model found (line . 17). Using the currently 
available maintenance possibilities, we build a model and optimize it (lines . 2 and
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Fig. 1 Example of iterative refinement with a limit of. 3 iterations 

. 4), taking into account the remaining time we have, and using the best solution we 
have found if it exists (line. 3). We know that any solution from an earlier iteration is 
feasible for further iterations. If the model only marginally improved (improvement 
of less than .1%, line .10), then we solve the model to optimality and return it (lines 
.11 and . 17). This is a heuristic, so if it seems that the algorithm is converging to a 
local optimum, it exits before spending too much time. Assuming we did not exit the 
while loop, we iterate through each maintenance possibility, and if maintenance was 
scheduled (the corresponding binary variable equals. 1), then we add two maintenance 
possibilities, in the midpoint between the current one and the previous, and in the 
midpoint between the current and the next one (lines .13 − 16). 

Given high enough limits on time, iterations, and maintenance possibilities, this 
algorithm converges to a solution, as eventually, it will be unable to add new main-
tenance options. 

Maybe counterintuitively, this method is not exact, as it may happen that the 
optimal maintenance configuration is impossible to reach in this manner. Consider 
an instance where the only profitable maintenance action consists of scheduling 
maintenance on year . x , but year . x is not a part of the initial coarse maintenance 
decisions. Even assuming we arrive at the optimal solution at every iteration, we will 
never add new maintenance possibilities, since maintenance is never scheduled. 

Below, Fig. 1, exemplifies three iterations of this heuristic. First, maintenance is 
scheduled on year 10, which is then refined for year 15. On the final iteration, if the 
model can schedule maintenance on year 17, then it is profitable to do so in year 5 
as well (due to the possibility of selling more electricity). 

3 Benchmark Instances Used 

In this section, we will detail the experimental setup that was used to validate the 
model, as well as the metrics used. 

We will run the two different methods, the original model and the heuristic, for 
a varying number of years in the planning horizon, from . 1 to .20, along with longer 
time periods, namely .50 and .100 years, all with a . 2 hour time limit. 

We run these experiments for .10 instances, that differ in their parameters, which 
were randomly sampled from what we understand to be sensible intervals. For the
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two longest time frames, we also show the evolution of the incumbents of the two 
methods for a single instance. This instance’s parameters correspond to the expected 
value of the aforementioned sampling. 

The experiments were run on two 6-Core Intel Core i7 with 64 GB running at 
3.20 GHz. They ran the models with the SCIP solver, version 8.0.0 [ 6]. For the 
implementation, we used its Python interface, PySCIPOpt [ 13]. Some scripts (most 
importantly visualization with Matplotlib [ 11]) were implemented in Python version 
3.7.9. 

4 Results and Analysis 

We were able to solve most instances to optimality in the given time limit, and those 
that we were not, had an acceptable gap, given their size. As for heuristics, iterative 
refinement did quite well for large instances, providing good incumbents, better than 
the original model, needing only a couple of iterations. Unfortunately, it only could 
reach optimal solutions (in relation to the original model), in very small instances. 

Below we show the results obtained by the model (on the left) and by the heuristic 
(on the right). We decided not to show all the iterations of the heuristic because the 
resulting table would take up too much space. 

Years Incumbent Time(s) Gap(%) Years Iterations Incumbent Time(s) 

1 28.8 0.15 0.0 1 1 28.8 0.09 
2 56.1 0.32 0.0 2 1 56.1 0.22 
3 82.4 0.68 0.0 3 1 82.4 0.418 
4 107.8 0.97 0.0 4 1 107.8 0.569 
5 130.9 1.59 0.0 5 1 130.9 0.844 
6 152.0 3.95 0.0 6 1 151.2 1.194 
7 175.8 3.4 0.0 7 1 168.9 1.219 
8 199.2 6.31 0.0 8 1 184.0 1.688 
9 221.1 23.5 0.0 9 1 196.2 2.5 
10 241.5 23.27 0.0 10 1 205.6 2.624 
11 259.6 9.64 0.0 11 4 259.6 12.741 
12 277.4 18.22 0.0 12 4 277.4 15.858 
13 293.2 19.38 0.0 13 4 291.5 17.188 
14 306.0 56.88 0.0 14 4 305.6 28.479 
15 319.8 80.32 0.0 15 4 319.8 30.182 
16 332.6 122.0 0.0 16 4 332.4 51.78 
17 344.2 165.45 0.0 17 4 344.2 49.954 
18 354.9 390.02 0.0 18 4 354.8 102.473 
19 370.8 822.02 0.0 19 4 364.5 152.982 
20 390.5 785.71 0.0 20 4 373.3 125.074 
50 766.1 10000.11 31 50 4 824.4 10000.016 
100 1304.8 10000.0 49 100 2 1408.4 10000.033 

The model solves all instances to optimality, except for the last two, where it 
obtains a relative gap of 31% and 49% respectively. The heuristic, on the other hand, 
performs much better than the original model in several instances. It is always much
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Fig. 2 Model versus 
Heuristic.50y 

Fig. 3 Model versus 
Heuristic.100y 

faster (except for the latter two cases, where both methods reach the time limit), and 
it matches or surpasses the original model’s incumbent in . 11/.22, which is extended 
to . 16/.22 if we ignore differences of less than.1%. The heuristic surpasses the model 
precisely on the instances which the model cannot solve to optimality, for which we 
have below two graphs showing the evolution of the incumbent of the original model, 
in blue, and the iterative refinement heuristic, in orange (that we call “no heuristic” 
and “iterative refinement” respectively). Whenever a new iteration of the heuristic 
starts, we mark it with an “x” (Figs. 2 and 3). 

In both of these cases, the heuristic managed to noticeably outperform the original 
model (.7.61% and .7.94% improvement). We can also see that in these instances, 
subsequent iterations do not always produce better incumbents. Maybe this is the 
heuristic converging to a local optimum, or a case of starting to have too many 
maintenance decisions, thus difficulting the solving process. 

Additionally, looking at the table results, we see that the gap is still significant, 
and the heuristic would most likely need additional rounds to arrive at the optimal 
solution, assuming it did not get stuck on a local optimum before that.
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Analyzing the results, we can see that the heuristic underperforms more noticeably 
on instances. 7–.10, and then again on.19 and.20. Focusing on the first set of instances, 
looking back at Algorithm 1, we only create more maintenance possibilities if on the 
previous iteration a maintenance action was scheduled. Doing additional experiments 
showed us that in these instances, while the model performs maintenance actions, 
the heuristic does not. Without maintenance actions, the heuristic exits after a single 
iteration. This could be easily fixed, simply by adding an if condition that instead of 
exiting when no maintenance actions were scheduled, it runs the original model. This 
idea is a direct improvement over the heuristic we have now since only on relatively 
small instances would it be activated. More concretely, the only downside would 
be the time it takes to solve instances . 7–.10, but in the worst case (.10 years), the 
heuristic would go from taking.2.6s, to taking.2.6 + 23.3 = 25.9s, which is not at all 
unreasonable. We decided not to include this change because we think it illustrates 
well the importance of scheduling maintenance at the right time. In these cases, 
compared to the model’s optimal solution, if we can only schedule maintenance a 
couple of years before or after, then that maintenance action stops being profitable. 

As for the second set of underperformances, the stopping criteria of the algorithm 
cannot explain the disparity. We believe that these instances start to become large 
enough to exhibit the behavior that we describe in Sect. 2.2, where we mention the 
possibility of this iterative refinement possibly missing the optimal scheduling. 

As for recommendations, based on these results, we think that if the heuristic 
incorporates the changes we mentioned, then it should be preferred in nearly all 
cases, especially in very long time frames. However, if optimality is a requirement, 
then switching to the original model might be the only way to achieve it. 

These results leave us very optimistic that we can decrease the granularity of small 
and medium-sized instances, and still obtain good solutions. 

5 Conclusion and Future Work 

In this article, we presented a MINLP for scheduling maintenance and operational 
decisions in a power transformer. To deal with the model’s difficulty, we came up 
with a heuristic that focuses on the difficulty presented by the number of binary 
variables, by starting with a subset of them and iteratively adding more. 

We based the data characterizing a power transformer on the information we could 
discover in the literature [ 1], but we could not find satisfactory real-world data, which 
is desirable to validate the model. 

The model almost exhibits a block angular structure, with a set of coupling vari-
ables (the load,. q and the temperature,. h), and the blocks corresponding to the Wind-
ing .+ OPS and the Oil .+ Cooling System. The only constraints messing with the 
block structure are the maintenance dependency ones (1k)–(1l). Fortunately, mainte-
nance actions are very rare, especially the ones concerning the OPS and the Winding 
(they are expensive), meaning that most “good” feasible solutions will satisfy these 
constraints. Preliminary experiments showed that fixing the load and the temperature
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trivially solves the problem (as Constraint (1j) will essentially fix the maintenance 
as well), which indicates that Bender’s decomposition may be a viable way to solve 
this problem. 
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Multi-objective Finite-Domain 
Constraint-Based Forest Management 

Eduardo Eloy, Vladimir Bushenkov, and Salvador Abreu 

Abstract This paper describes an implementation of a Constraint Programming 
approach to the problem of multi-criteria forest management optimization. The goal 
is to decide when to harvest each forest unit while striving to optimize several criteria 
under spatial restrictions. With a large number of management units, the optimization 
problem becomes computationally intractable. We propose an approach for deriving 
a set of efficient solutions for the entire region. The proposed methodology was tested 
for Vale do Sousa region in the North of Portugal. 

Keywords Forest management · Constraint programming · Constraint modeling ·
Multi-criteria optimization · Pareto frontier 

1 Introduction 

This paper presents an extension to previous work [ 1] of the authors on single crite-
ria Forest Management optimization by considering multiple-criteria. Forest Man-
agement remains an activity of prime ecological importance where the interests of 
multiple stakeholders can lead to complex combinatorial and optimization problems, 
more so when different measures of economic performance such as wood yield and 
cash flow have to be balanced with environmental impact measures such as soil loss 
and fire resistance. 
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Fig. 1 Vale De Sousa forest 
and its regions 

Traditionally these problems are modelled and implemented with Integer Pro-
gramming approaches and adjacency constraints [ 2– 5], which work by applying 
conditions to when activities like harvesting can be applied to adjacent units of land. 
These approaches offer varying results depending on the model and the specific for-
est case. This paper describes an approach utilizing Constraint Programming (CP) 
[ 6] to solve a concrete problem of multiple-objective optimization, those objectives 
being wood yield, soil loss and fire resistance. 

The effort to develop this approach was made possible by the MODFIRE project, 
which provided us with funding as well as all the relevant data regarding the forest 
which we based this implementation on, the Vale de Sousa forest, with the goal of 
optimizing multiple objectives when managing the forest throughout the 50 year 
planning horizon (2020-2070). 

The forest is divided into 1406 Management Units (MUs), as shown in Fig. 1. 
For each MU several different prescriptions were defined. Each prescription pro-

vides an option as to when each MU should be harvested (cut down every tree and 
making a clear-cut) or its branches thinned, as well as what “reward” is obtained by 
applying either of those actions in terms of the different optimizable criteria. It is 
assumed that in each MU there is only 1 species of tree which is specified by the 
prescriptions, with the possible tree species being eucalyptus (Ec), cork oak (Sb), 
pine tree (Pb), chestnut tree (Ct), pedunculate oak (Qr) and different riparian species 
of trees (Rp).
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The main restriction regarding the harvest action is that to prevent issues of soil 
erosion the environmental authority imposes a limit to the continuous amount of 
forest area that can be harvested (cut down) and this limit is generally set at 50ha. 

The combinatorial problem is thus as follows: to attribute a prescription to each 
MU so that in any given year, the continuous adjacent area of MUs where the action 
to be taken that year is a harvest must be below 50ha, meaning there cannot be 
very large sections of continuous forest area being deforested in any single year. To 
simplify the model, restrictions on wood flow volume were not considered. 

The paper is structured as follows: after introducing the previous problem state-
ment, we briefly review the state of the art in sect. 2 and then succinctly recap Con-
straint Programming (CP) in Sect. 3. In Sect. 4 we discuss the implementation and 
computational environment and evaluate the performance of the system in Sect. 5. 
Section 6 concludes this paper with a brief analysis and possible directions for further 
development. 

2 Related Work 

As previously stated the present work comes as a continuation of our participation 
in the BIOECOSYS project, as documented in [ 1], and of our current participation 
in the MODFIRE project. In that project we worked with a different structure for 
the Vale de Sousa Forest: the Paiva sub-region was divided into north and south and 
Penafiel included a cluster of several large MUs which made it a hard sub-region 
to solve. This was because a valid combination of prescriptions where none of the 
MUs composing these clusters were harvested at the same time was never found 
by the solver. Moreover, the planning horizon was 90 years instead of 50 years and 
the prescriptions only came associated with one optimizable criterion which was the 
wood yield. 

The implementation we have now is more complete and able to also model and 
deal with multi-criteria optimization. 

In other methods and models for forest planning problems, such as the ones cited 
in this paper’s introduction, the authors usually represent the forests as adjacency 
graphs, so we did as well. 

In a 1999 paper Alan T. Murray [ 7] proposed modeling constraints on the maxi-
mum harvest area by allowing multiple adjacent units to be harvested as long as their 
combined area does not exceed a pre-defined limit. We adopt this approach, termed 
Area Restriction Model (ARM), with a parametric area limit. 

Latter Constantino et al. [ 8] proposed for this problem a compact mixed integer 
linear programming model, with polynomial number of variables and constraints. 
Multi-criteria and bi-level approaches have also been applied in forest manage-
ment [ 9– 11].
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3 Constraint Programming 

A good way to understand CP is that it stands as a synthesis of Mathematical Pro-
gramming, where the programmer specifies the problem and the system attempts to 
find a solution on its own, and Computer Programming, where the programmer has 
to instruct the system on how to go about finding a solution. In CP the programmer 
specifies the problem as a set of relations that must hold (not be broken) but they 
may also give hints on how the system could go about finding a solution. 

An application may be formulated as a Constraint Satisfaction Problem (CSP) 
. P , which consists of a triple .(V, D,C) where .V is a set of variables, .D is a set 
of domains for the elements of .V and .C is a set of constraints, i.e. relations over 
.P(D)which must hold. The nature of the domains for the variables (Finite Domains, 
Booleans, Sets, Real numbers, Graphs, etc.), together with the specific relations 
(i.e. the Constraints) greatly influence the class of problems and application areas 
for which Constraint Programming form a good match. 

A Constraint Optimisation Problem (COP) is like a CSP but we are also interested 
in minimizing (or maximizing) an objective function. To achieve this, one may equate 
the objective function to the value of a particular variable. It is then possible to solve 
a COP by iteratively solving interrelated CSPs, involving the addition of a constraint 
which establishes an inequation between the analytical definition of the objective 
function and the previously found value. 

The model for an application problem may be declaratively formulated as a CSP, 
which will form the specification for a constraint solver to find a solution thereto. 
Many successful approaches have been followed to solve CSPs, namely systematic 
search, in which variables see their domain progressively restricted and each such 
step triggers the reduction of the domains of related variables, as dictated by the 
consistency policy—these are in general designated as propagation-based constraint 
solvers and there are several ones, some being presented as libraries for use within a 
general-purpose programming language, such as Gecode [ 12] or Choco [ 13]. Others 
offer a domain-specific language (DSL) which may be used to model a problem and 
provide it as input to different solvers; such is the case for instance for MiniZinc [ 14] 
or PyCSP3 [ 15]. 

Another approach entails selecting an initial solution candidate and working a 
path towards an actual solution by means of an iterative repair algorithm. The latter 
forms the basis for several local search techniques, which may be generalised to 
related methods called metaheuristics. Solvers which derive the strategy used to 
guide the search from the specification of a CSP are called constraint-based local 
search solvers [ 16]. 

Solvers exist for both propagation-based search and metaheuristic search, which 
exhibit high performance and the capacity to make use of parallel hardware to attain 
yet better performance, e.g. as discussed in [ 17, 18]. 

Constraint modeling allows one to express a problem by means of both simple 
arithmetic and logic relations, but also resorting to global constraints. These are 
instance-independent yet problem-class-specific relations, for which particular ded-
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icated algorithms can be devised and encapsulated in a reusable specification com-
ponent. Intuitively, a global constraint expresses a useful and generic higher-level 
concept, for which there is an efficient (possibly black-box) implementation. For 
instance, the AllDifferent constraint applies to a set of variables and requires 
them to take pairwise distinct values. It may be internally implemented in a naïve 
way by saying that each distinct pair of variables in the list must be different, or 
it may resort to a more specialized algorithm to achieve the same result more effi-
ciently. The application programmer will benefit from the performance gain with no 
additional effort. 

Global constraints have proved to be a fertile ground for effective research, over 
the years. A limited common set of global constraints has been presented in the 
XCSP.3-core document [ 19], which lists 20 such frequently used and generally use-
ful constraints. This forms the basic vocabulary of XCSP.3-core, an intermediate 
representation for CSPs designed with the purpose of interfacing different high-level 
modeling tools with distinct specific constraint solvers. 

4 Implementation 

After experimenting with other tools of CP we settled on the Choco Solver [ 13], an 
open-source Java library for CP. This tool allowed us to mix the versatility of the java 
language with a suite of known constraints that come implemented with Choco such 
as the “Sum Constraint” where the sum total of values in an array is constrained to 
be within a set range of values or to be equal to a value. But crucially Choco allows 
for custom constraints to be created by defining how the effect of said constraints 
are propagated, this turns out to be how we create and apply the constraints needed 
to enforce the 50ha limit of continuously harvested forest area. We opted to base our 
work on the Choco Java constraint programming library, as we had already developed 
a dedicated global constraint in the form of a custom propagator. Other constraint 
programming libraries which we considered using include Gecode [ 20] and IBM 
ILOG CP Optimizer [ 21]. 

4.1 Model Description 

The process of implementing the problem entails firstly setting up 2 data structures, 
one is an array of Node objects called Nodes where each Node contains the area 
of the MU and the IDs of its adjacent MUs. The other array is called MUS, it has as 
many variables as there are MUs in the forest, it is a constraint variable array so each 
variable does not have a set value but a domain of possible values. These possible 
values are the possible prescriptions that may be applied in the corresponding MU 
and, after setting up the constraints, during the solving process the solver will attempt 
remove values from the domains of these variables as it attempts to find a state where
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the every variable has a value assigned to it that does not break the constraints 
between the variables. Another constraint variable array is called WoodYields, 
each index of the array corresponds to the wood yielded by harvesting/thinning one 
of the MUs in the forest when applying the prescription that the solver picked for the 
MU (this process involves using the “Element” constraint from the Choco-Solver 
framework). This is done so that once a solution is found the contents of this array 
can be summed up to obtain the total amount of wood yielded by that solution. This 
is done analogously for the other criteria we want to optimize. Once the setup is done 
we iterate through the main loop, as shown in Listing 1. 

Listing 1 Main Loop 

for (Var node in Nodes) { 
CreateConstraint (node, MUS, MAXLIMIT); 

} 
SumOfWood = sumConstraint(WoodYields, range=[−999999, 999999]); 
SumOfCrit2 = sumConstraint(Crit2Totals , range=[−999999, 999999]); 

This loop iterates through every MU in the input and imposes all valid constraints 
pertaining to it and its possible prescriptions. These constraints are implemented as 
a global constraint, via a custom propagator, as shown in Listing 2. 

The propagator essentially iterates through the MU’s possible prescriptions and 
checks if a prescription value can be applied by recursively checking its neighbouring 
MUs and their possible prescriptions. If at any one point the total sum of continuous 
forest area cut down exceeds the given limit, the propagator fails and another value 
will be chosen. The propagator calls a recursive function which verifies that a given 
MU is valid, with reference to the maximum cut area requirement, as shown in 
Listing 3. 

Listing 2 Custom Propagator 

void propagate (){ 
for ( int  year in node. yearsWithCuts) { 

try {gladePropagate(node, year , 0)} 
catch (Exception limitSurpassed) { fa i ls ( ) ; } 

} 
} 

Listing 3 Propagator Helper 

int  gladePropagate (node, year , sum) { 
i f  (node.hasCut() && node. isValid ( ) ) { 
sum += node. area ; 
i f  (sum > MAXLIMIT) { throw Exception ; } 
for (neighbourNode in node. neighbours ( ) ) 

sum = gladePropagate (neighbourNode, year , sum); 
} 
return sum; 

} 
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After leaving the main loop, the model has been fully setup. 
If the problem is one of constraint satisfaction and not optimization the solver can 

now be activated and the solution, if found, will be written onto an input file. 
The default search strategy that Choco-Solver uses to assign integer values to the 

constraint variables is based on attributing weights to these values and starting the 
assignment process with the lowest bound variable so the results are deterministic. 

4.2 Multi-criteria Optimization 

Multi-Criteria optimization requires the user to inform the solver of which crite-
ria to optimize, and the solver cannot mix and match maximization problems with 
minimization problems. If the user wants to maximize most variables and minimize 
others, he must convert the minimization problems into maximization problems by 
switching the sign of their criteria, as was done in the case of the Vale de Sousa forest 
with soil loss. 

Then, the solver runs on a loop to find as many valid solutions as possible, so 
solutions that simply do not break the 50ha limit. 

Theoretically, it is going to reach every possible valid solution. In practise, the 
search stops with a memory error or, given that the search may take too long otherwise, 
when a time limit set by the user is reached. 

Once the loop terminates the solver utilizes the objective criteria of all the solutions 
it found as points to calculate the Pareto efficient points and therefore the Pareto 
efficient solutions, which it writes to an output file so we can plot the Pareto Frontier 
and pick a point to paint on an output map. 

5 Experimental Evaluation 

The testing was done on a laptop running Ubuntu 20.04.3 LTS, with 4GB of available 
RAM and 4 cores. The code was compiled using the Java SDK version 8. 

It should be noted that no solution for the full problem could be found in a reason-
able time frame on this platform: the complete problem includes 1406 management 
units and the program ran for an entire day and a solution was not found. Conse-
quently we opted for an approximation to the problem.
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5.1 Solving the Problem by Sub-region 

Paredes and Penafiel 

In regards to simple constraint satisfaction problems valid solutions are always found 
for both of these sub-regions separately and even when solved together. 

Regarding multi-criteria optimization for Paredes and Penafiel together the results 
depend of the number of criterion which we are trying to simultaneously optimize, 
this type of optimization depends on the solver finding multiple valid solutions. There 
is a complexity cost in the number of constraints for each criterion the solver has to 
consider when finding these solutions and while it generally will find valid solutions 
when optimizing 1 to 4 criteria, depending on the criterion, more than that will leave 
the solver running for a long time without finding a valid solution. 

Being able to find valid solutions for Paredes and Penafiel together is significant 
since these 2 sub-regions are completely separated from the Paiva sub-region so they 
can be treated as a separate problem from Paiva. 

Paiva 

The Paiva sub-region is a source of difficulty for the implementation because the 
solver is left running for hours and hours and a valid solution is never be found. As 
this sub-region proved to be the most complex in the forest we deemed it expedient 
to divide the Paiva sub-region into 3 separate sub-regions which are individually 
solvable, with the goal of building a Pareto frontier for each of the sub-regions and 
“joining” the Pareto frontiers for a complete Paiva Pareto frontier. By closely observ-
ing the sub-region an attempt was made to divide Paiva in spots where there are few 
adjacent MUs between sub-regions, ending up with PaivaWest (Pink), PaivaEast 
(Red) and PaivaIslands (Yellow). PaivaWest is completely separated from PaivaIs-
lands, PaivaEast is only connected to PaivaIslands through 1 MU and PaivaWest is 
connected to PaivaEast through few MUs. So the forest is divided as shown in Fig. 2. 

Because this “joining” of the solutions is being done outside of the Constraint 
Programming implementation, there is no guarantee that the solutions in this com-
plete Paiva Pareto frontier will not break the 50ha area limit. Therefore we decided 
to first find a single valid solution to the “Contact Zone” (the group of MUs that are 
close to the border of 2 adjacent sub-regions) between PaivaWest and PaivaEast, also 
shown in Fig. 2, and “lock” the pairs of MU/Prescriptions of that solution for the 
solving process of PaivaEast and West, guaranteeing that the solutions found enforce 
the 50ha limit between sub-regions. We also developed a script to verify if a solution 
breaks the 50ha limit.
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Fig. 2 Vale de Sousa forest divided by sub-region and contact zone 

5.2 Joining the Sub-regions 

Let’s assume that we have 2 sub-regions with N1 and N2 Pareto points respectively. 
This “joining” process works by “adding” each Pareto efficient point of one sub-
region to each Pareto efficient point of the other sub-region, yielding . N1× N2
points. Since this may result in a large number of points some filtration is required 
to reduce this number. At first we round up the objective values of each point (for 
example by 4 decimal digits) and then we eliminate the non-efficient points (as well 
as points with the same objective values). After that we combine the “filtered” points 
of one sub-region with the “filtered” points of the other sub-region. From the set of 
obtained points we remove the dominated ones. 

Other sub-regions are “joined” with the resulting Pareto set in the same manner 
successively. 

Once the final Pareto frontier is built the user can pick a point on the Decision Map 
(see Fig. 3), learn the effects of applying the corresponding solution and observe its 
application throughout the planning horizon.
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Fig. 3 Visualization of 14833 Pareto points for the complete Vale de Sousa forest 

5.3 Results 

Firstly valid solutions were found for 3 criteria, wood yield, soil loss and fire resis-
tance, for all sub-regions. The solver was left running until a memory error occurred 
and all the solutions found until that point were considered, then the Pareto efficient 
solutions of each sub-region were joined as previously explained. The execution time 
until a memory error occurs varies depending on the sub-region, as show in Table 1 

In our implementation to “join” the results firstly the Pareto points of PaivaWest 
are joined with the ones from PaivaEast, yielding 103246 possible points but after 
filtering out the dominated points only 3498 remained. Then once these results are 
joined with PaivaIslands 9166 points are obtained. Finally, joining these points with 

Table 1 Execution details with all sub-regions 

Sub-region Execution time (h) Valid solutions Pareto solutions After filtering 

ParPen 04:08 9932 813 226 

PaivaIslands 06:00 21555 578 284 

PaivaWest 00:46 9364 742 247 

PaivaEast 03:40 11534 874 418 

CompleteForest – – 16901 14833
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the 226 filtered points from Paredes+Penafiel yields 16901 points (or complete forest 
solutions), furthered reduced to 14833 points after filtering. 

A point is then picked utilizing a visualizer [ 22, 23], this visualization is obtained 
by drawing the dominance cones of each point in the Pareto frontier, as shown in 
Fig. 3 the vertices of these cones are distributed uniformly so we may say that in this 
case we obtained well distributed points. 

The maximum wood yield represented in Fig. 3 is around 5.845 tons of wood, the 
minimum soil loss is 5.928 tons of soil lost and the maximum fire resistance index 
is 43.789. 

To showcase the results we opted to use as an example the compromise point 
marked by a cross in Fig. 3, yielding 5.8297 tons of wood, 5.9503 tons of soil lost 
and 43.705 fire resistance index. 

The point we picked as an example has a corresponding solution which assign a 
prescription number to each MU. This solution may then be visualized on maps rep-

Fig. 4 Example of an output map for a full solution of the Vale de Sousa forest, year 2041
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Fig. 5 Graphs showing the year by year values of the wood yield, soil loss and fire risk protection 
of the chosen solution
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resenting management units on which the harvest or thinning operations are applied 
in each year throughout the 50 year planning horizon. 

Figure 4 showcases an output map corresponding to the year 2041 where the 
colors represent both the species of tree planted in the MUs and the action to be 
taken upon them, for example dark red represents harvest of eucalyptus (Ec-h) and 
light green represents thinning of chestnut trees (Ct-t). Figure 5 showcases 3 graphs 
visualizing the values of the criteria obtained each year. 

6 Conclusions and Future Work 

In this work we solved the large scale multi-objective Vale de Sousa forest managing 
problem with adjacency constraints by applying a Constraint Programming approach. 

The problem was divided into computationally manageable sub-problems and for 
each of them a Pareto frontier was calculated by using the Choco-Solver. 

These partial Pareto frontiers were combined into a Pareto frontier for the entire 
Vale de Sousa region. The proposed methodology allowed us to obtain solutions for 
large scale multi-objective forest scheduling problems in a bounded time frame. 

In future developments, we’ll study the Vale de Sousa problem with more than 3 
criteria being considered and work on improving the constraint programming model 
and using metaheuristic search procedures. 
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Implementation of Geographic Diversity 
in Resilient Telecommunication Networks 

Maria Teresa Godinho and Marta Pascoal 

Abstract In the .K .D-geodiverse shortest paths problem we intend to determine 
.K paths with the minimum total cost between two nodes of a network, such that the 
distance between the internal elements of each pair of the .K paths exceeds a given 
value .D > 0. Internal elements of a path are all the nodes and arcs that constitute 
it, except the first and the last nodes as well as the arcs incident on those nodes. 
This problem models disaster situations that affect a geographic zone with an impact 
radius. D, guaranteeing the connection between the first and the last nodes, provided 
that such an event affects, at most, .K − 1 of these paths. In particular, geodiverse 
protection mechanisms are used to ensure the resilience of telecommunications net-
works. We extend the application of geodiversification found in past literature for 
.K = 2, and find .K > 2 paths between a source and a destination nodes with the 
minimum total cost for a given distance value . D, through an Integer Linear Pro-
gramming formulation. Computational results of the proposed model are presented 
when applied to two reference networks in telecommunications. 
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1 Introduction 

The availability of telecommunications is critical for many infrastructures, people 
and services, and thus the resilience of telecommunication networks is of utmost 
importance. 

A classical strategy for reaching resilience is to consider routes that are disjoint 
(either in terms of nodes or links). This is a widely spread technique to provide 
alternative routing by means of backup paths able of replacing active paths subject 
to disruptions [ 6, 11]. The problem of finding.K shortest disjoint paths between two 
nodes, for a given integer . K , was studied in [ 1, 10]. When disjoint routes do not 
exist, solutions are often found by minimizing the extension of the common parts of 
the routes. This problem is known as the dissimilar and shortest paths problem [ 8]. 

However, imposing disjointness, let alone dissimilarity, may not be enough, when 
a whole area is affected by a disaster. Natural disasters may impact on large areas of a 
terrain and thus compromise telecommunications routing. Such situation is illustrated 
in Fig. 1, where the area shaded in red represents the possible impact of a disaster, in 
this case affecting only part of the top (red) path. In this case the routing could still 
be recovered by using the bottom (blue) path instead. Due to its relevance, methods 
to promote the resilience of telecommunication networks against such type of events 
have been investigated. A recent review on related topics is provided in [ 9]. 

Geodiversification is a path protection strategy aimed at ensuring the routing 
in telecommunication networks in the case of a large scale natural disaster. It is 
implemented by considering alternative paths for routing if such a disruption affects 
some nodes, or arcs, of the active path. The availability of an alternative path is 
ensured by imposing a minimum geographical distance between the paths, which 
are then said to be geodiverse. The problem of finding geodiverse shortest paths 
with minimum cost was addressed in [ 2, 3, 5]. The first of these works addresses 
the .K geodiverse shortest paths problem by means of a two-steps algorithm (TSA) 
and two iterative heuristics (iWPSP and MLW). The first step of the TSA algorithm 
generates sets of shortest disjoint paths, and the second step selects a set of those 
paths that is sufficiently geodiverse. As for the iWPSP and the MWL heuristics, both 
consist in the sequential determination of paths that deviate from the shortest by a 
given minimum distance. In the first case, the deviation is calculated by imposing 
a central node that is sufficiently distant from the current path and then calculating 

Fig. 1 Geographically diverse paths
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the shortest paths from . s to that node and from that node to . t . In the second, the 
geodiversity is imposed by penalizing the costs of the arcs that are too close to the 
current path. The heuristics are tested for the case .K = 2. In [  3] the authors extend 
the previous work by considering a delay-skew requirement when using geodiverse 
paths under area-based challenges. In addition, a flow-diverse minimum-cost routing 
problem is formulated as a multicommodity flow problem and the trade-off between 
the delay and skew in choosing geodiverse paths is investigated. In [ 4, 5], integer 
linear programming formulations are proposed for finding pairs of geodiverse paths. 
Both models ensure geodiversity by acting on all pairs of links whose distance from 
one another is less than . D, and limiting their presence in the solution to one. In [ 5] 
it is also addressed the problem of determining the maximum distance between any 
two paths between the same pair of nodes in a network. A similar problem was also 
studied in [ 7] based on a shielding approach. 

In the present work, we extend the application of geodiversification found in past 
literature for.K = 2, and find.K > 2 paths between a source and a destination nodes, 
which are able to ensure end-to-end routing in case of a disaster that affects a circular 
geographic area with a given radius . D. We address the problem by presenting an 
integer linear programming (ILP) formulation which allows to obtain .K paths with 
minimum total cost and that are .D-geodiverse. 

In the next section we introduce elementary concepts, formalize the problem 
and present the ILP formulation. In Sects. 3 and 4, we report the results of prelim-
inary computational experiments obtained by the introduced ILP formulation for 
instances based on reference networks in telecommunications, the Germany50 and 
the CORONET CONUS networks, and conclude the work with some final remarks. 

2 Modeling Approach 

Let .G = (N , A) be a geographic network with .|N | = n nodes corresponding to 
points/locations, .|A| = m arcs, and let .ci j > 0 represent the cost associated with the 
arc.(i, j) ∈ A. Consider also given initial and terminal nodes,.s, t ∈ N . The distance 
between two arcs .(i, j), (u, v) in this network is defined as 

. duv
i j = min{db

a : a is a point along (i, j) ∧ b is a point along (u, v)}

where.db
a stands for the distance between the points .a, b. That is, this is the smallest 

distance between the points of the two arcs. Then, the distance between any two 
paths, .p, q, from. s to . t in this network is defined as 

. d(p, q) = min{duv
i j : (i, j) ∈ p ∧ (u, v) ∈ q ∧ i, u /= s ∧ j, v /= t}.

Alternative definitions of distance between arcs and of distance between paths 
have been used in the literature (see, for example, [ 5]). Nevertheless, one argument
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for considering only the intermediate components of the paths is that it is not possible 
to guarantee a minimum distance between the arcs incident on the source or on the 
destination node. Moreover, it is reasonable to assume that the nodes.s, t are subject 
to higher protection than the remaining ones, because if a disaster impacts one of 
them, all communications would be compromised regardless of the number of paths 
linking them. 

Given.D > 0, the paths. p and. q are said to be.D-geodiverse whenever the distance 
between them is at least . D, that is, 

. d(p, q) ≥ D.

The dashed line in Fig. 1 illustrates the distance between the two paths linking node 
. s and. t . The concept can be extended for more than two paths. Let.K ≥ 2, a set of. K
paths is said to be.D-geodiverse if all pairs of paths within the set are.D-geodiverse. 

Let .X denote the set of all sets with .K paths from node . s to node . t in . G. The  
goal of the .K .D-geodiverse shortest paths problem (hereafter KD-GPaths) is to  
find .x ∈ X of minimum total cost, such that the distance between all pairs of paths 
in . x is at least .D > 0. 

Consider the topological binary variables .xki j , such that .x
k
i j = 1 if .(i, j) ∈ A is in 

the.k-path, or.xki j = 0 otherwise, for.i ∈ N ,.k = 1, . . . , K . Using these variables, the 
set .X can be modelled by constraints: 

.

Σ

j∈δ+(i)

xki j −
Σ

j∈δ−(i)

xkji =
⎧
⎨

⎩

1, i = s
0, i ∈ N \ {s, t}

−1, i = t
, k = 1, . . . , K

xki j ∈ {0, 1}, (i, j) ∈ A, k = 1, . . . , K

(1) 

where.δ+(i),.δ−(i), is the set of arcs outgoing from, emerging in, node.i ∈ N , respec-
tively. This set of constraints are flow conservation constraints and ensure that a path 
from. s to . t exists, for each .k = 1, . . . , K . 

Given an arc .(i, j) ∈ A, let  .ND
i j be the set of arcs whose distance from .(i, j) is 

less than . D. The  set .ND
i j can be defined as follows: 

.ND
i j = {(u, v) ∈ A, : duv

i j < D}, (2) 

where .A, = A \ (δ+(s) ∪ δ−(t)). 
Then,.ND

i j identifies the arcs that cannot be used if.(i, j) is in the solution. Conse-
quently, using again the previous variables together with this definition, the incom-
patibility constraints can be modelled as: 

.

Σ

(u,v)∈ND
i j

KΣ

k ,=1
k , /=k

xk
,

uv ≤ M(1 − xki j ), (i, j) ∈ A, k = 1, . . . , K (3)



Implementation of Geographic Diversity in Resilient Telecommunication Networks 93

where the constant .M should satisfy 

. M ≥ max
(i, j)∈A

{|ND
i j |}.

This prevents the distance between any two paths in . x from being smaller than . D. 
Thus, the KD-GPaths problem can be modelled by the formulation: 

.
min z =

Σ

(i, j)∈A

ci j

KΣ

k=1

xki j

such that (1), (3).

(4) 

3 Computational Experiments 

The model presented in the previous section was analyzed empirically with the goal 
of characterizing the solutions it produces and the associated running times. The 
experiments were carried out on a 64-bit PC with an Intel®Core™ i9-10900K Quad 
core with a 3.7GHz processor, with 128GB of RAM. The IBM ILOG CPLEX version 
20.1 was the ILP solver used, with no time limit. 

The topologies used were the Germany50 and the CORONET CONUS networks 
(information available at www.av.it.pt/asou/geodiverse.htm), shown in Figs. 2 and 
3, respectively. The Germany50 network has 50 nodes connected by 88 links and 
the CORONET CONUS network has 75 nodes connected by 99 links. Both networks 
are undirected, therefore directed networks had to be created based on these ones 
before solving the formulation. For this purpose, each edge .{i, j} was duplicated as 
the arcs .(i, j) and .( j, i). The average node degree of the directed versions of the 
Germany50 and the CORONET CONUS networks are 3.52 and 2.64, respectively. 
In both cases the degree of the nodes varies between 2 and 5. 

For any arc.(i, j) ∈ A, the used cost value.ci j was the length of this arc considering 
the shortest path over the terrestrial surface. 

The topological and geographical data, including the distances between the arcs 
in the networks, was obtained from the repository www.av.it.pt/asou/geodiverse.htm. 

In the computational tests, we considered the calculation of .K = 2, 3, 4, 5 paths 
for all source-destination node pairs in the networks and assumed the minimum 
geographical distances of .D = 40, 80 km, for the Germany50 network and . D =
100, 200 km for the CORONET CONUS network, given that the latter covers a wider 
territory then the first. In this way, a total of 9800 instances related to theGermany50 
network (1225 per pair.s − t), and 22 200 instances related to the CORONET CONUS 
network (2775 per pair .s − t), were undertaken. The results obtained by (4) are  
summarized in Table 1. As mentioned earlier, the paths involving only arcs incident 
in . s or in . t are not subject to the geodiversity constraints. Those cases were omitted 
from the analysis of the results, in order to allow sounder conclusions.

www.av.it.pt/asou/geodiverse.htm
 9443 28656
a 9443 28656 a
 
www.av.it.pt/asou/geodiverse.htm
www.av.it.pt/asou/geodiverse.htm

19548 43268 a 19548 43268 a
 
www.av.it.pt/asou/geodiverse.htm
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Fig. 2 Germany50 network (Retrieved from sndlib.zib.de on February 15, 2023)
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Fig. 3 CORONET CONUS network (Retrieved from http://www.av.it.pt/asou/geodiverse.htm on 
May 19, 2023) 

Table 1 Results obtained by (4) 

.D \ K 2 3 4 5 

.N Germany50 40 1100 607 142 7 

80 1017 302 26 0 

CORONET CONUS 100 2526 580 24 0 

200 2075 328 12 0 

.z Germany50 40 956.51 1618.12 2322.94 3153.00 

80 1018.46 1675.57 2286.88 – 

CORONET CONUS 100 5435.28 9607.75 15 199.54 – 

200 5458.54 9454.47 14 089.17 – 

. T (s) Germany50 40 0.04 0.02 0.07 0.09 

80 0.04 0.07 0.10 – 

CORONET CONUS 100 0.02 0.02 0.04 – 

200 0.03 0.04 0.05 – 

. N : Number of problems; . z: average optimal objective function value; . T : average run time (in 
seconds) 

Not surprisingly, the number of solved problems reported in Table 1 decreases with 
the values of .K and. D. Regarding these results, two features should be highlighted: 
i) the impact on the results of the increase in the value of .K is much stronger than 
the impact on the results of the increase in the value of . D, and ii) the decrease in 
the number of solved problems is especially sharp for .K > 3, in particular for the 
CORONET CONUS. Naturally, these remarks are instance dependent. The average 
degree of both considered topologies is small and Figs. 2 and 3 show that nodes with 
degree greater than 3 are rare.

http://www.av.it.pt/asou/geodiverse.htm
 18532
20494 a 18532 20494 a
 
http://www.av.it.pt/asou/geodiverse.htm
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Table 2 Average optimal objective function value for the problems that are feasible for all values 
of. K

.D \ K 2 3 4 . N

Germany50 40 612.11 1105.74 1976.63 26 

80 643.12 1198.85 2286.89 26 

CORONET CONUS 100 3750.62 7212.38 13005.69 12 

200 3750.62 7212.38 13005.69 12 

. N : Number of problems 

On the contrary, the values of the objective function vary in a less expected way, 
as they decrease as.D rises for the more demanding problems. For each network and 
each pair .(K , D), the reported . z value corresponds to the average optimal cost for 
the set of problems solved for that pair. Each of those sets is associated to a different 
set of pairs .s − t , which hampers the analysis of the results. To overcome this issue, 
we also study the results for the set of instances that, for each network, were feasible 
for all the pairs .(K , D). 

For the Germany50 network, the value of . z increases with both .K and . D, as  
expected. However, for the CORONET CONUS network, the value of . z does not 
change when.D increases. This indicates that the.K shortest paths obtained for. D =
100 are also feasible (and therefore optimal) for .D = 200. It can also be observed 
that the values reported in Table 2 are significantly smaller than the ones in Table 1. 
Thus, we are led to the conclusion that the remaining paths are the shortest ones. 
Figures 2 and 3 show that the locations with the highest number of connections are 
close to each other which supports the latter observation. 

The determination of the biggest value .D for which the KD-GPaths is feasible 
would bring complementary information on the impact of the value of .D on the 
results [ 5]. Finally, it is worth mentioning that the computational times were always 
inferior to 0.10 s, therefore the proposed method is efficient and scalable.
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4 Concluding Remarks 

This work addressed the .K .D-geodiverse shortest paths problem, with .K ≥ 2. 
An ILP model of the problem was introduced and its performance was studied 
through a set of computational experiments performed over two real networks 
taken from the literature (the Germany50 and CORONET CONUS networks) for 
.K = 2, . . . , 5, .D = 40, 80 km and .D = 100, 200 km, respectively, and all possible 
origin-destination pairs, originating 9 800 and 22 200 different problems, respec-
tively. Results regarding the percentage of non-feasible instances, the average of the 
objective function values and required run times were discussed. Two main conclu-
sions can be highlighted: 

• the new model was able to solve the problem efficiently for two networks studied; 
• 4 or more geodiverse paths between two nodes are very rare in both the topological 
Germany50 and CORONET CONUS networks. 

Future work on this topic should include extending the computational experiments 
to other topological networks, for instance using other instances in the database 
sndlib.zib.de. Also, for a better understanding of the impact of the values of .D on 
the percentage of non-feasible instances, the problem of the determination of the 
biggest value.D for which a solution of the KD-GPaths problem still exists should 
be investigated, for each . K . Another extension of interest is to study the impact of 
considering alternative metrics to the distance between paths. For instance, a metric 
which is able to distinguish the distances between pairs of paths with no intermediate 
arcs, that is, when one or both paths are composed by at most two arcs. 
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Are the Portuguese Fire Departments 
Well Located for Fighting Urban Fires? 

Maria Isabel Gomes , Ana C. Jóia, João Pinela, 
and Nelson Chibeles-Martins 

Abstract In Portugal, there has been a lack of strategic analysis regarding the pre-
paredness level of urban firefighting in the current Fire Department (FD) locations. 
The opening of several FDs was the result of the desire of the population and the need 
to have a quick response in case of an incident. Thus, Portugal has a high number of 
FDs in relation to the small size of the country and an uneven distribution. There-
fore, it is impossible to guarantee an efficient intervention and a timely response 
throughout the country. In this work, the current situation of the FD locations in the 
district of Porto is studied. An optimisation approach based on coverage models is 
carried out. The results show where the FDs’ areas of operation overlap, where there 
is a deficit in coverage and which existing locations are strategically important to 
maintain for urban fire fighting. Although only the district of Porto was studied, the 
proposed approach can be applied to all other Portuguese districts. 

Keywords Location modelling · Coverage optimisation models · Case study ·
Urban firefighting 

1 Introduction 

The first few minutes after a fire has started in a building are critical to ensuring the 
safety of people and the protection of property [ 1]. The ability to quickly evacuate 
occupants, extinguish the fire and limit damage to the structure is highly dependent 
on the occupants’ response to the fire and the fire service’s response time to the 
call [ 2]. Response time, the time between the call and arrival at the fire scene, is 
heavily affected by the number and location of fire departments (FDs). Insufficient 
number or poor location of FDs can significantly increase response times and lead 
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to serious loss of life and property [ 3]. A faster response time results in better fire 
protection and reduces direct financial losses. Therefore, the ability of FDs to protect 
the population from fire damage is strongly influenced by their geographical location 
[ 4]. Appropriate placement of FDs can reduce extensive overlap between areas to be 
served by different FDs, thereby maximising the use of human and material resources 
across the geographical area of operation. 

In Portugal, the main driving force behind the opening of FDs has been the popula-
tion’s desire for a rapid response to emergencies (fires, road accidents, floods...). This 
has led to a seemingly uneven distribution of FDs across the country. At present, there 
are about 450 FDs, most of which are humanitarian associations and their human 
resources are largely voluntary. Recently, two studies have dealt with the Portuguese 
reality in terms of the performance efficiency of the FDs [ 5], and the spatial mod-
elling of fire events in urban and residential areas [ 6]. Both studies mention the need 
for further research on the number and location of FDs. 

The study of the spatial distribution of FDs using analytical models dates back 
to the late 60s, early 70s with seminal works by Hogg [ 7], Toregas et al., [ 8] and 
Guild and Rollin [ 9]. The problem of locating emergency services facilities, such 
as FDs, has traditionally been modelled as a coverage problem. The most common 
models in the literature are the Set Covering Problem (SCP) and the Max Covering 
Problem (MCP). Both approaches assume the existence of a critical coverage time or 
distance within which events must be serviced to be considered covered. This time or 
distance is assumed to be known in advance [ 10]. The SCP aims to select locations 
to minimise the number of facilities required while still covering all demand nodes 
[ 11]. However, in many situations it is not feasible or even possible to cover all 
demand nodes. For example, when locating FDs, it may be necessary to open a fire 
station to ‘cover’ a house in a fairly remote area. The objective of the MCP is then to 
locate a predetermined number of facilities that will maximise the number of demand 
points covered within a given time or distance. In most cases, the number of available 
facilities will not ‘cover’ all the demand points, and therefore the MCP will find the 
locations that maximise demand coverage [ 12]. This approach has been applied in 
several studies (e.g. the optimisation of fire station locations for Istanbul Metropolitan 
Municipality [ 13], the optimal fire station locations in Nanjing, China [ 14], or a study 
on fire service coverage in Brisbane, Australia [ 15]). For more interested readers, we 
recommend three reviews of location models for emergency services: [ 3, 16, 17]. 

The above models deal with primary location issues and therefore assume that 
the data is deterministic, which may lead to an oversimplification of the problem. To 
address this drawback, some authors have approached the location decision using 
discrete location models, address the uncertainty and more tactical nature decision 
as vehicle and human resource allocation to fire events separately. Chevalier et al. 
[ 18], develop a decision support system to help Belgian authorities understand the 
functioning of their FDs. As emergency events, the authors considered not only urban 
fires, but also non-urban fires, medical emergencies, non-medical emergencies and 
non-emergency events. The location problem is modelled with an extension of the 
Set Covering Problem in order to distinguish events according to their frequency and 
legal requirements. The hypercube queuing model was applied to solve the staffing
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problem (the allocation of human resources to events). Another interesting work was 
developed by Rodriguez et al. [ 19], which dealt with the optimal location of fire 
stations in the Concepción region of Chile, as well as the allocation of vehicles to 
each fire station. The optimal locations are obtained by maximising the coverage of 
expected emergencies under a response time constraint, the possibility of relocat-
ing existing fire stations or installing new ones. It also considers the possibility of 
deploying different numbers and types of vehicles depending on the region and the 
type of emergency. The modelling approach was inspired by the work of Chevalier 
et al. [ 18]. Later, the authors refined the work by developing an iterative simulation-
optimisation approach, using a robust formulation for the location problem and a 
discrete event simulation approach for the vehicle allocation decisions [ 20]. 

To the best of our knowledge, this is the first optimisation-based study to consider 
the location of Portuguese FDs in relation to their level of preparedness for urban 
firefighting. It uses real data from urban fire events provided by the Portuguese 
National Emergency and Civil Protection Agency (ANEPC). We aim to (i) study 
which are the optimal locations for FDs if a strategic study had been carried out; 
(ii) understand, based on the current locations, which areas have a coverage deficit 
and where new FDs should be opened; and (iii) determine which of the existing 
FDs are currently indispensable for timely response to urban fire events, as it is 
suspected that some areas have more FDs than needed. In terms of uncertainty, we 
have developed a small simulation model to evaluate the locations proposed by the 
optimisation models. However, this model and the corresponding analysis of results 
are not included in this paper due to space limitations. 

This paper is structured as follows. Section 2 describes the Portuguese firefighting 
network and urban fire data, providing details that are fundamental to understanding 
the characteristics of the problem. The modelling approach is presented in Sect. 3. 
In particular, the two linear optimisation models are presented. The corresponding 
results are then discussed (Sect. 4). The paper ends with some concluding remarks 
and directions for future work (Sect. 5). 

2 Case Study 

In Portugal, buildings and premises are classified into four different risk categories 
according to their type of use (dwellings, schools, hospitals...) [ 21]. This risk clas-
sification is based on several factors: (i) the height of the building, (ii) the estimated 
maximum number of people that can occupy a given space of a building or enclo-
sure at the same time, (iii) the modified fire load density, and (iv) the presence of 
floors below the reference level, among others [ 22]. Category I is that of the lowest 
risk buildings, while Category IV is that of the highest risk buildings. Fire events 
in buildings of the latter category will have a very low probability of occurrence 
but a very high impact. The reference values for the level of rescue preparedness 
depend on factors such as “(a) distance and maximum travel time, by normal access 
routes, between the fire department and the type of use of the building or enclosure;
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(b) technical means (vehicles and equipment) that can be mobilised for immediate 
deployment after the alarm; and (c) human resources, in minimum numbers (min-
imum operational intervention force), on duty 24 h a day to operate the technical 
means mentioned in the previous paragraph...”. However, these limits have been 
established only for buildings and premises in risk categories III and IV: “the maxi-
mum distance to be travelled between the facilities of a fire brigade should be up to 
ten kilometers, this distance being based on compliance with a maximum travel time, 
at an average speed of 55 km/h, of approximately ten minutes after the dispatch of 
the first alarm” [ 23]. 

The ANEPC database provided the date, time and location (in latitude and longi-
tude coordinates) of each urban fire event. The coordinates available varied in preci-
sion, with the smallest unit of precision common to all records being the “freguesia” 
or civil parish, a subdivision of the municipality (hereafter referred to as “parish”). 
The total annual number of urban fires in Portuguese municipalities varied between 
8,139 and 9,832 in 2014 and 2019 respectively, with an annual average of around 
8,840 events [ 6]. It was not possible to assess the risk category associated with the 
events and therefore, in agreement with the ANEPC experts, all the events in the 
database were considered to belong to risk categories I and II—frequent events. 
Consequently, there is no real data on risk categories III and IV—rare events. In 
order to model the possibility of fires in the latter risk category, it was assumed that 
parishes where rare events could occur should be covered by at least one FD, i.e. at 
least one FD should be located within a 10 min radius. For the frequent events, it was 
assumed that a fraction of their total number should be covered. Note that this does 
not mean that some fire events will go unattended. What it does mean is that it may 
take more than 10 min for the first brigade to reach them. 

The municipality is the predefined geographical area in which the FD regularly 
operates and/or is responsible for the first intervention. According to Portuguese law, 
the area of operation corresponds to the municipality in which the FD is located (if 
there is only one FD) or it is a geographical area that must coincide with one or more 
contiguous parishes (if there is more than one FD operating in the municipality). 
This administrative organisation rule does not ensure that fire events are assigned to 
the closest FD, but rather to the one located in the same municipality. In this study, 
this rule will be relaxed, as we want to understand which are the most interesting 
locations for FDs that guarantee the level of rescue preparedness set by the legislation. 
As a consequence, all the analyses carried out on the current location of the FDs will 
show higher levels of rescue preparedness than the real one. Nevertheless, it provides 
valuable information for the strategic analysis of the location of Portuguese FDs. 

The statistical analysis of the data is beyond the scope of this paper. However, 
in order to understand why we have chosen the data used throughout the paper, 
it is important to summarise the main conclusions regarding temporal and spatial 
dependencies. Bispo et al. [ 6], applied appropriate analysis techniques and concluded 
that there is no evidence of temporal dependence between the annual data, but there is 
a significant spatial dependence across the country (Moran’s I and Geary’s C global 
measures of autocorrelation indicate significant spatial clustering with p < 0.001). 
Furthermore, the authors showed that the occurrence of urban fires is clearly city-
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Fig. 1 FD locations in Porto district 

centred around the main cities of Lisbon and Porto. In particular, the municipality 
of Porto is of particular interest, as it has a very high building density and one of the 
highest fire incidences. The authors also conclude that the metropolitan area of Porto 
has the highest association with spatial neighbours and that municipalities within 
the district of Porto have one of the highest predicted incidences of urban fires per 
.km2 (fitted spatial Durbin error model, explaining around 97% of the variability in 
the data). Therefore, the district of Porto and the most recent year available in the 
database (2020) were chosen as the location and time period for our study. 

Figure 1 shows the district of Porto, the boundaries of its 243 parishes and the 
location (with a higher degree of geographical precision than the parish level) of 
the 45 FDs currently operating in this district. The FDs are spread over 42 parishes, 
which means that 3 parishes have 2 FDs. Each parish is used as a location for a 
fire event and as a potential location for an FD. Information on each parish has 
been summarised at a reference point corresponding to the location of the Junta de 
Freguesia - the administrative building of the parish. Centroids are traditionally the 
reference points when discretising a continuous area, but for more rural parishes this 
could mean that information was aggregated at a point located, for example, in the 
middle of an agricultural field with no buildings surrounding it. We therefore decided 
to use a more or less central point in the urban area of the parish. 

3 Modelling Approach 

As mentioned above, the two models used to strategically study the optimal locations 
of the FDs are the SCP and the MCP. The former with slight modifications of the 
classical formulation. Although both models are well known in the location com-
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munity, for the sake of completeness of this work we have chosen to present both 
formulations. 

Set Covering Model 

The SCP model is based on the model proposed in [ 18]. Let .N be the set of all 
parishes (for both events and FDs possible locations). Since the exact location of 
existing FDs is known, let.G be the set of existing FDs such that.N ∩ G = ∅. The  set  
of all locations is defined as .L = N ∪ G. Given the need to ensure that the response 
time to any rare event is met, let .S ⊆ N be the set of all parishes where there is at 
least one risk category III or IV building. Let . T be the maximum response time (or 
distance) and define .Tj = {i ∈ L : t (i, j) ≤ T, j ∈ N } where .t (i, j) is the time (or 
distance) to travel between locations . i and . j (the neighbourhood set). In terms of 
data, define . α as the fraction of frequent events to be covered and .w j as the number 
of (frequent) events that have occurred in parish . j . Two sets of binary variables 
are needed: .Xi = 1 if an FD is located in parish .i, i ∈ L , and .= 0 otherwise; and 
.Y j = 1 if parish . j is covered by at least one FD, and.= 0 otherwise. The model that 
minimises the number of FDs needed to cover all parishes with high-risk buildings 
and at least a fraction of the frequent events are covered in at most . T units, is given 
by: 

. min
E

i∈L
Xi − ε

E

i∈N
w j Y j (1) 

.s.t.
E

i∈Tj

Xi ≥ Y j , j ∈ N (2) 

.

E

j∈N
w j Y j ≥ α

E

j∈N
w j (3) 

.

E

i∈Tj

Xi ≥ 1, j ∈ S (4) 

.
Xi ∈ {0, 1} i ∈ L
Y j ∈ {0, 1} j ∈ N

(5) 

The objective function is defined by the Eq. (1) and minimises the total number of 
open FD locations (first term). The second term is a penalty factor that “encourages” 
the coverage of parishes with a higher number of fire events, where .ε > 0 is small 
enough. Constraint (2) ensures that parish . j is only considered covered if at least 
one FD can reach it in at most . T units (the maximum response time). Constraint (3) 
sets the minimum number of frequent events that must be covered. Constraint (4) 
ensures that all parishes with at least one risk category III or IV building are covered. 
Finally, constraints (5) set variables domain.
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This model does not distinguish between the different response times for buildings 
in higher and lower risk categories. This can be easily modelled by considering two 
different values for the maximum response time and defining the corresponding 
neighbourhood sets. 

Maximal Covering Location Model 

As proposed by Church and Revelle (1974), the Maximal Covering Location model 
aims to locate .Q facilities covering the maximum amount of demand (fire events in 
our case) [ 24]. 

. max
E

j∈N
w j Y j (6) 

.s.a.
E

i∈Tj

Xi ≥ Y j , j ∈ N (7) 

.

E

i∈L
Xi = Q (8) 

.
Xi ∈ {0, 1} i ∈ L
Y j ∈ {0, 1} j ∈ N

(9) 

The objective function (6) maximizes the number of covered frequent events, i.e., 
maximizes the expected coverage. The constraints (7) ensure that each parish . j is 
considered covered if at least one FD from its neighbourhood set is opened. Equation 
(8) specifies the number of FD to open. Finally, constraints (9) set variables domain. 

In this study, the number of facilities resulting from the coverage of the SCP model 
is used to determine the value of . Q. Therefore, the model searches for the exact . Q
FD locations that cover the largest number of parishes. If, for a given value of.Q FDs, 
the total number of fire events covered within the maximum response time (. T units) 
is less than 100%, this means that fires occurring in those parishes will be rescued 
with a response time longer than that required by legislation. 

4 Results and Discussion 

In order to study the optimal locations for FDs in the district of Porto, four scenarios 
have been established, which differ in the way the existing FD locations have been 
considered. The SCP model is applied to each scenario and the results obtained are 
discussed and compared. For some of the scenarios and assuming the number of FDs 
proposed by the SCP model, the MCL model is solved and the results are discussed 
and compared. It should be noted that all conclusions drawn below consider urban 
firefighting as the sole activity of the FDs. They should therefore be read with the 
understanding that a new analysis should be carried out if all the other activities 
carried out by the FDs are taken into account.
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4.1 Scenarios 

Scenario 1 examines the location of FDs as if none had been established, the idyllic 
scenario. This allows us to understand what is the minimum number of FDs and their 
best location to ensure full coverage of parishes where rare events may occur and a 
pre-determined fraction of coverage for frequent events. Scenario 2 looks at which 
new sites should be added to the 45 existing FDs. This scenario will indicate which 
areas are not currently covered. Scenario 3 takes all the locations from scenario 2 and 
will investigate which existing FDs are essential to meet the required coverage levels. 
In other words, it will show which existing FDs are redundant in terms of the level 
of rescue preparedness for urban firefighting. Finally, in Scenario 4 we consider as 
possible locations for FDs either the parish reference points or the exact coordinates 
of the 45 FDs currently in operation. The aim of this scenario is to understand which 
of the existing sites are essential and which new sites should be added. However, 
given the possibility of not using an existing site to open a new one nearby (both 
with similar coverage areas), we give preference to the existing FDs by penalising the 
objective function whenever a new site is considered. Therefore, a different objective 
function is considered in scenario 4. 

4.2 Fraction of Coverage for Frequent Events 

Before applying the proposed models to the above scenarios, it is necessary to esti-
mate an appropriate value for the fraction of frequent events that should be covered 
(parameter. α). Chevalier et al. assumed a coverage of.90% when carrying out a sim-
ilar study for Belgium [ 18]. However, we did not know whether this value would 
be meaningful in the Portuguese context. Therefore, an annual analysis was carried 
out, taking into account the current location of the FDs. Table 1 shows the maximum 
percentage of frequent events that can be covered by the number and location of the 
current FDs. 

The maximum percentage of frequent events covered varies between .89% and 
.92%. It should be noted that these values have been determined taking into account 
the best possible coverage, which may not correspond to the real coverage. Regarding 
the coverage of locations where rare events may occur, 11 out of 73 parishes where 
this type of event may occur are not covered by the 45 FDs currently operating in 
the district of Porto. Therefore, although the existing FDs allow a coverage of about 
.90% of frequent events, their locations do not ensure the legal requirements for rare 

Table 1 Fraction of coverage for frequent events, per year 

2012 2013 2014 2015 2016 2017 2018 2019 2020 

91.12 90.21 90.26 91.31 89.85 90.17 91.08 91.98 91.31 
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events imposed by the legislation. Therefore, the four scenarios presented below will 
allow the study of the locations of the FDs so that, while ensuring that at least . 90% 
of frequent events are covered, all rare events are covered together. 

4.3 Best Locations and Optimal Number of FDs 

The optimal number of FDs varies between 31 and 52 (see Table 2). For scenario 
1, the opening of 33 FDs is proposed. Their locations are distributed throughout 
the district, being more concentrated in parishes with a higher population density, 
those closer to the city of Porto (Fig. 2, scenario 1). Taking into account the existing 
45 FDs, seven more would have to be installed to cover the parishes where rare 
events could occur. Figure 2, scenario 2, shows the current locations (blue dots) and 
where new FDs should be placed (red dots). The later locations are placed in areas 
where there are uncovered parishes. If only the locations obtained in scenario 2 
are considered as possible locations (scenario 3), then only 28 of the 45 existing 
FDs need to be maintained. With the seven new FDs, a total of 35 FDs will provide 
adequate coverage (Fig. 2, scenario 3). Finally, taking into account both the reference 
points and the locations of the existing FDs, only 31 FDs are required: 18 of the 
existing ones and 13 new ones (Fig. 2, scenario 4). The fact that the two models have 
different objective functions explains the lower number of FDs than that proposed in 
scenario 1. 

4.4 Sensitivity Analysis of the Coverage Fraction 
for Frequent Events 

In order to understand the impact of assuming a coverage rate of .90%, a sensitivity 
analysis was carried out in the context of scenarios 2 and 3. These are the scenarios 
that best capture a possible strategy for the reorganisation of the Portuguese FD 
network. If this proportion is less than .93%, the number and location of FDs will 
not change for scenario 2. The need for total coverage of the rare events provides 
a coverage level of .93% for the frequent events. For scenario 3 (Fig. 3), changes to 
this parameter result in a different network configuration due to the more stringent 

Table 2 Minimum number of FDs needed for each scenario 

Scenario 1 Scenario 2 Scenario 3 Scenario 4 

New FDs 33 7 7 13 

Existing FDs – 45 28 18 

Total 33 52 35 31 
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Fig. 2 Locations of FDs for each scenario 

Fig. 3 Number of FDs for different levels of coverage of frequent events in scenario 3 

number of FDs available. However, the same 7 new FDs are required when this 
level reaches .92%. Below this value, changes will only affect the existing FDs. The 
maximum number of existing FDs required in this analysis is 35 (10 less than the 
current FDs). Above .95%, the lack of coverage is overcome by opening new FDs. 
Note that to achieve these levels of coverage for frequent events, FDs are opened in 
areas with very low population density. Of the 28 existing FDs that are maintained 
with a coverage rate of 0.90, 26 locations are common to all values tested. 
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Fig. 4 FDs optimal locations for frequent event coverage a SCL model, b MCL model 

4.5 Analysis of Frequent Fires Coverage 

For the Maximal Covering Location (MCL) model, it is necessary to set a number of 
FDs to be located, parameter . Q. This value is the one proposed by the SCL model 
for the corresponding scenario. Note that rare events are not considered in the MCL 
model, i.e. it is not guaranteed that all parishes where rare events may occur are 
covered. There are two reasons for this. Firstly, there are no rare events reported 
in the data provided by ANEPC. Secondly, given the requirement to have an FD in 
parishes where there are Category III and IV buildings, since parishes are the smallest 
unit of location, a very small number of FD locations are “available for relocation” in 
scenarios 2 and 3. Therefore, for the sake of comparability, the SCL has been solved 
considering only the frequent events. 

Figure 4 shows, side by side, the optimal locations for FDs when only frequent 
fire events are considered. On the left, Fig. 4a), are the locations suggested by the 
SCP model. Only 26 FDs are needed to cover all frequent events, which is 7 FDs less 
than if all parishes with category III and IV buildings were to be covered. 15 of the 26 
locations are the same as those proposed by the SCP model when considering the rare 
events. When setting .Q = 26, the MCL model relocates two FDs (see Fig. 4b). In 
scenario 2, the 45 current locations provide 91% coverage of frequent fires. Therefore, 
if rare events are not considered, no additional location is needed, which rendering 
the MCL model solution meaningless. Finally, if the existing FDs are allowed to 
“close” (scenario 3), only 29 of the 45 provide 90% coverage of frequent events. 
In other words, 16 of the current FDs only contribute to the coverage of about 1% 
of frequent events. Regarding the location of these 29 FDs, 24 of them are in the 
same location as the one proposed by the SCP when modelling frequent and rare 
events. This confirms the strategic nature of these locations in terms of the level of 
preparedness required to fight urban fires. 
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5 Final Remarks 

In Portugal, the location of fire stations has not been the subject of a strategic study. 
The work carried out was aimed at optimising the location of fire stations in the 
district of Porto, taking into account only events related to urban firefighting. Discrete 
location models based on coverage are used to minimise the number of FDs in order 
to guarantee full coverage of rare events and partial coverage of frequent events, in 
accordance with the current Portuguese legislation. Once the minimum number of 
FDs required had been determined, the maximum coverage that could be achieved 
with the same number of fire stations was studied. The results show that there are 
locations common to the solutions proposed in all the scenarios, making them very 
important locations in terms of the level of preparedness required to fight urban fires. 
It has also shown which regions have overlapping FD areas of operation and which 
have a deficit in coverage. 

The proposed approach can easily be applied to the remaining districts of main-
land Portugal. Furthermore, although outside the scope of this study, the proposed 
approach can be used as a tool to evaluate the impact of different funding scenarios, 
which can be adequately modelled by systematically changing the number of FDs 
and solving the corresponding optimisation model. 

While the main driving force behind the establishment of Fire Departments in 
Portugal has been the population’s desire for a rapid response to emergencies, it is 
important to note that this particular study focuses specifically on preparedness for 
urban firefighting, as this was the only data we were able to assess. We recognise that 
other emergencies, such as road traffic accidents and floods, also require an effective 
response. The methodology used is suitable for studying other types of emergency. 
To do this, data on these events must be collected and analysed, as was done for this 
study. Therefore, further research and consideration is needed to expand the scope of 
activities performed by FDs. It should be noted that if these other events are included, 
the conclusions drawn regarding the locations of FDs will certainly suffer some, if 
not, many changes. 

Finally, this study did not address uncertainties in the location of these events or 
in the travel times of the first intervention vehicles, which affect the response time. 
This is the study that follows the one published in this manuscript. 
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Parcel Delivery Services: A Sectorization 
Approach with Simulation 
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Ana Catarina Nunes, Pedro Rocha, and Cristina Teles Oliveira 

Abstract Sectorization problems, also known as districting or territory design, deal 
with grouping a set of previously defined basic units, such as points or small geo-
graphical areas, into a fixed number of sectors or responsibility areas. Usually, there 
are multiple criteria to be satisfied regarding the geographic characteristics of the ter-
ritory or the planning purposes. This work addresses a case study of parcel delivery 
services in the region of Porto, Portugal. Using knowledge about the daily demand in 
each basic unit (7-digit postal code), the authors analysed data and used it to simulate 
dynamically new daily demands according to the relative frequency of service in each 
basic unit and the statistical distribution of the number of parcels to be delivered in 
each basic unit. The sectorization of the postal codes is solved independently consid-
ering two objectives (equilibrium and compactness) using Non-dominated Sorting 
Genetic Algorithm-II (NSGA-II) implemented in Python. 
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1 Introduction 

Generally, sectorization consists of partitioning a geographic region composed of 
indivisible basic units into smaller areas (sectors). This division is done according to 
several criteria, among which the most common are equilibrium, compactness, and 
contiguity. This means that usually, it is desirable that each sector represents equal 
parts of the whole, that it has a compact shape, and that it is possible to connect 
any basic units within the same sector. Sectorization problems appear in a wide 
range of real problems. In particular, they are used in commercial territory design in 
order to divide a large geographical area into smaller regions of responsibility. Each 
salesperson or team is in charge of one small area or sector. This paper introduces 
a similar situation in delivery services. Data with the daily demand in each 7-digit 
postal code is known, and the purpose is to define groups of nearby postal codes with 
balanced demand to assign to each delivery truck. It is assumed that a good knowledge 
of the locations and routes within the designated postal codes area increases the 
productivity of the delivery teams. This assumption means that the responsibility 
areas of each team should be robust. However, as the number of parcels to be delivered 
in each location varies daily, the sectors should be able to adapt to change. Therefore, 
this case study is an application of sectorization where the instances have dynamic 
contours. 

The contributions of this paper are addressing a real case study of parcel delivery 
services in the region of Porto, Portugal. The purpose is to deal with the situation, 
following a sectorization approach and recurring to Monte Carlo simulation. This 
approach facilitates the definition of routes afterwards, by dividing a large prob-
lem into several smaller problems, ensuring a balanced division of labour among 
employees. 

Solution tests resort to simulation from actual historic data provided by the com-
pany. Section 2 presents sectorization, namely within the context of Commercial Ter-
ritory Design, also referring to an extension to dynamic aspects. Section 3 describes 
the Parcel Delivery Case Study and how simulation handles larger data and prepares 
for new difficulties. How the sectorization results are obtained using Non-dominated 
Sorting Genetic Algorithm-II (NSGA-II) multiple criteria algorithm is the content 
of Sect. 4. Section 5 concludes the paper and refers to future work. 

2 Sectorization 

Sectorization problems, also known as districting or territory design, appear when 
trying to group a set of previously defined basic units into a fixed number of sec-
tors (also called districts, zones, or responsibility areas) according to criteria and 
constraints regarding the geographic, demographic, political or organizational char-
acteristics of the territory and planning purposes [ 5, 7]. The basic units can be points
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or can be small geographic areas. This process usually aims at better organizing or 
simplifying a large problem into smaller sub-problems. 

The most common criteria in sectorization are Equilibrium (or balance), Com-
pactness, and Contiguity. Other criteria include limited capacity and desirability [16]. 

Sectorization problems appear in several areas of actuation. Classical applications 
are political districting [ 13, 19], the design of school zones [ 2], municipal solid waste 
collection areas [ 10], health care management [ 1] and Commercial Territory Design 
[ 15]. 

This paper deals with a particular Sectorization Problem: Commercial Territory 
Design (CTD). This application divides the market or operation area into disjoint sub-
territories or responsibility regions according to certain planned criteria. Commonly, 
these criteria involve demand and the capacity response of the company. Several 
examples are presented in the literature. In [ 17], a bi-objective combinatorial model 
is presented, considering (1) the minimization of the dispersion on each territory (or 
sector) and (2) the minimum of the maximum relative deviation between the number 
of customers in each territory and the target value (the mean). The authors propose 
an improved scatter search-based framework due to the large instances addressed in 
their work. In [ 15], the authors considered territory compactness, territory balance 
and territory connectivity as the planning criteria to satisfy in a real-world application 
related to the bottled beverage distribution industry. The incompatibility requirements 
and the similarity to a previous plan make the problem more difficult. An original 
mixed-integer linear programming model that covers all these characteristics and a 
strategy to reduce the size of the problem and the search space was developed. A basic 
model using common characteristics to most applications appears in [ 6]. This paper 
introduced a general and interactive framework with GIS to help decision-makers 
solve different applications. A solution algorithm based on the GRASP approach 
is presented in [ 14]. Territorial contiguity, connectivity, compactness, and balanced 
workload were the criteria considered in a problem motivated by a real-world appli-
cation. A districting problem related to on-time last-mile delivery with quality service 
is described in [ 18]. This quality service is measured as the percentage of on-time 
deliveries. A two-stage approach was considered: the first, more stable, is the dis-
tricting planning and the second, at an operational level, is related to last-mile routing 
delivery decisions. Routing is often associated with CTD and is used to evaluate the 
quality of the sectors. 

When the instances of sectorization problems change over time, whether fluctu-
ating demand or new locations that appear or old locations not needed, the problem 
is known as dynamic sectorization [ 8]. When facing this change, the defined sec-
tors must adapt accordingly, and solutions for several periods are necessary. Dynamic 
problems are more difficult to solve but relevant in a constantly changing world. Inter-
esting examples are the dynamic redesign of the airspace to accommodate changes in 
traffic demands [ 20] and the service capacity of public schools considering changes in 
the supply-demand relationship [ 3]. Sectorization problems may involve the dynamic 
concept and the route definition over a discrete planning horizon [ 9]. The concept 
of dynamic sectorization is important in the context of this paper, namely because it 
offers an important line for future work.
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3 Parcel Delivery Services Case Study 

The knowledge generated by the behavior of variables and the relationships between 
them in real problems allow for evaluating future situations through simulation. Data 
collection and processing are of great importance in gathering that knowledge. In 
this case study, real data from a delivery services company was collected, and a 
simulation was performed to deal better with future delivery services. 

The case study addressed in this work relates to a company that delivers parcels 
in the region of Porto. According to the daily demand, teams are assigned a set of 
postal codes to work. Assigning the right team to each area is an advantage for the 
company. Knowing particularly well the working region turns the delivery service 
more efficient, as it is easier to park and faster to find the destiny door. Hence, the 
objective of this case study was to define the best area for each parcel delivery team, 
achieving compact regions for each team that are balanced between each other and 
sufficiently stable considering the flexibility of the daily demand. 

The region of Porto is well identified to the level of the 7-digit postal codes. Daily 
data of the demand in each of the 7910 postal codes, from a week in May 2022, 
was given to analyze. The company assured us this was a regular week and was 
representative of the usual delivery service. The provided sample enclosed many 
postal codes and parcels, but since the deliveries are only on weekdays, the sample 
only has five days. Therefore, it was necessary to have more data to understand the 
service fully. For that reason, a simulation on top of the provided data from the 
company was necessary. 

Table 1 briefly summarises the demand for each 7-digit postal code. Note that 
one 7-digit postal code does not correspond to just one delivery point; each postal 
code has many delivery points. The daily demand for a postal code is the number 
of address points where delivery is due that day. The coordinates of a central point 
in the 7-digit postal code are representative of all the parcels to be delivered in that 
postal code. Note that, usually, a 7-digit postal code has many address points, but 
they are close to each other in urban areas; they usually comprehend just a small part 
of one street. The average daily demand and the standard deviation are shown, along 
with the maximum demand observed in a postal code, total demand and the number 
of postal codes with zero demand daily. For example, on Monday, each postal code 

Table 1 Sample statistics of the daily demand in each 7-digit Postal Code 

Monday Tuesday Wednesday Thursday Friday 

Average 1.01 1.27 1.19 1.33 1.23 

Std.Deviation 6.92 7.57 7.45 8.32 9.75 

Nb. of Zeros 5105 4429 4484 4214 4653 

99th Percentile 14 17 14 14 13 

Max. 554 579 582 587 660 

Total demand 7967 10062 9398 10495 9746
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Table 2 Postal Codes categories 

Postal Codes Categories 
(number of zero demand days) 

Number of 
Postal Codes 

Number of Postal Codes 
with constant demand 

0 647 14 

1 702 86 

2 1096 353 

3 1869 1170 

4 3596 3596 

Total 7910 5219 (65.98%) 

has a demand that varies between 0 and 554 delivery points, with a total of 7967. The 
mean is 1.01 delivery points, and the standard deviation of 6.92. The small value of 
the mean is due to the large number of postal codes without deliveries (5105 postal 
codes with zero demand). In any day of the week, the minimum was 0, the median 
demand was 1, and the third quartile was 4 delivery points. The latter states that 75% 
of the postal codes have at most 4 delivery points daily. The 99th percentile differs 
each day but is still a very low value, as shown in Table 1. 

This week, a very heterogeneous demand was found in the postal codes analyzed. 
While some postal codes had constant demand over the week, others had fluctuating 
demand from one day to the next. Table 2 shows the distribution of postal codes 
according to the number of days in which they have zero demand and according to 
the number of days with constant demand. Most postal codes (.≈66%) have constant 
demand on all required days (non-zero demand days), and the remaining 34% have 
different demands on the required days. There are only 647 postal codes that require 
deliveries on all days of the week, from which only 14 had constant demand all week, 
and therefore the remaining 633 postal codes have variations in the demand during 
the week. Also, 702 postal codes have demand on all days of the week except one, 
from which 86 postal codes have the same demand in each of those 4 days of the 
week, and the remaining 616 postal codes have differences in the demand of the 4 
required days of the week. 1096 postal codes have demand only on three days of the 
week (2 zero demand days), 1869 have demand on two days (3 zero demand days), 
and 3596 postal codes require deliveries only on one day of the week (4 zero demand 
days). 

Due to confidentiality reasons, we cannot share much more detail about the daily 
demand. 

A Monte Carlo simulation process for building dynamic data involved two steps in 
analyzing a larger data set. The frequency and intensity of deliveries in the provided 
five days of the week are used to build a sample for the five days of the following 
week. It was considered that deliveries are independent of the day-to-day. 

Step 1: use a binary variable to decide if a postal code will have demand on 
a certain day
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In the provided sample, not all postal codes have demand every day. To simulate this 
characteristic, in the first step, it is decided, for each postal code, on each day, if that 
location is going to be discarded on that day (No: Postal code has no demand on 
that day) or if that location will have parcels to be delivered there (Yes: Postal code 
has some demand on that day). The demand in the previous five days is analyzed to 
decide between Yes and No for this variable. If that postal code had demand in. k days 
of the previous five days (.k = 1, 2, ..., 5), then it is considered that the probability of 
having demand in any of the coming days is.k/5. For each day of the following week 
and each postal code, a binary value is assigned to it, using a Bernoulli distribution 
.B(1, θ) with probability .θ = k/5. For each postal code, the expected mean number 
of days with service in the following week is, therefore . k, with a standard deviation 
of .

√
nθ × (1 − θ) = √

k(1 − k/5). 
Step 2: use a quantitative variable to decide the demand of a postal code on 

a certain day 
If in step 1, it is decided that a postal code will have service on a given day, then 
it is necessary to assign a certain quantity of parcels to be delivered. This demand 
quantity is simulated with a Normal distribution .N (μ, σ ). To estimate . μ and . σ , the  
sample mean and standard deviation of the number of parcels in that postal code 
are computed, but only regarding the days when demand existed in that location. 
If the deliveries on those days are constant, the standard deviation observed is null, 
and the value remains constant on the simulated day. The zero demand days are not 
considered in the computation of these statistics. f 

4 Results 

The sectorization of the postal codes in Porto was solved using a multi-objective opti-
mization (MOO) method called NSGA-II proposed by [ 4]. As with all MOO methods, 
NSGA-II evaluates the solutions for several objectives separately and simultaneously 
and provides a Pareto optimal set. An extensive review of NSGA II, its extensions, 
and applications is presented in [ 21]. This method was chosen because it is known to 
obtain good results with up to three objectives, (see [ 23]). That evaluation uses two 
parameters: (i) domination count, and (ii) set of domination members. The domi-
nance count indicates how many other solutions dominate a certain solution. A set of 
dominating members contains the solutions that a certain solution dominates. After 
creating these two parameters for each solution, the ones with the lowest domination 
count are located in the first Pareto frontier. The ones dominated just by the solutions 
on the first Pareto frontier compose the second Pareto frontier. The ones dominated 
by just the first and second frontiers constitute the third Pareto frontier. Allocation 
of all the solutions in the Pareto frontiers continues by this logic. The solutions in 
the earlier Pareto frontiers are considered better than those in the latter. Moreover, 
the solutions in the same Pareto frontier are assumed to be equally good. NSGA-II 
proposes a concept called Crowding Distance (CD) to select between the solutions 
located in the same Pareto frontier. CD represents the concentration of the solutions
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Fig. 1 The NSGA-II 
framework 

in the Pareto frontier; a solution with a lower value of CD is more crowded with other 
solutions. Solutions with higher CD are assumed to be better and more representative 
of the population to increase diversity. 

It is possible to see the basic framework of NSGA-II in Fig. 1. As is seen, one full 
iteration in NSGA-II includes evaluation, selection, crossover, and mutation. The 
procedure mentioned above (i.e., forming the Pareto frontiers and CD) constitutes 
the evaluation step. Selection is necessary to conduct crossover, the step where two 
solutions are mated to generate offspring solutions. In this paper, we used tournament 
selection. Tournament selection picks two random solutions, evaluates their goodness 
according to the Pareto frontiers in which they are located or according to CD (in case 
they are in the same Pareto frontier), and selects the one with a better performance. 
This procedure is repeated two times to select two solutions as parents. Afterwards, 
the selected solutions are mated in the crossover step. We used multipoint crossover, a 
proper method for the genetic encoding system used in this work. The matrix-based 
genetic encoding system is designed to represent best the sectorization problems, 
where columns stand for sectors and rows are the basic units (i.e., postal codes in 
Porto). Each row of the binary matrix takes the value of one where the basic unit is 
assigned to a sector, and zero otherwise. This encoding system has two restrictions: (i) 
a basic unit can be assigned only to one sector, and (ii) each sector must have at least 
one basic unit. Finally, we used random mutation concerning a defined probability 
level. The sector of a basic unit changes if the mutation probability holds. We used 
a defined number of generations as the stopping criterion. 

The algorithm was written in Python 3.7 and the method is executed on a PC Intel 
Core i7- 8550U at 1.8 GHz and Win X64 operating system. The parameters used to 
execute NSGA-II in each period were 500 generations, a population of size 200 and 
a mutation rate of 0.01. Considering the results found by [ 11], these parameters were
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Table 3 Number of postal 
codes with expected demand 
in the simulation data set 

Day Basic units 

6 3292 

7 3311 

8 3322 

9 3320 

10 3344 

selected. The authors conducted multiple test runs with different population sizes 
and mutation probabilities, demonstrating that larger populations and smaller muta-
tion probabilities outperformed other configurations in three performance metrics 
relevant to MOO, namely the error ratio, inverted generational distance, and spac-
ing. Therefore, a high population size and low mutation probability were employed. 
Furthermore, the number of generations was set to 500. As per [ 22], using a large 
population compensates for the number of generations in evolutionary algorithms. 
Consequently, 500 generations proved to be sufficient for obtaining desirable solu-
tions. In Table 3, the number of basic units represents the number of postal codes with 
expected daily demand. These units and their demand are simulated from the five 
days sample of real data with 7910 total units, as explained in Sect. 3. The number 
of sectors considered was 100. 

As mentioned in Sect. 2, the previous studies considered three objectives, namely, 
equilibrium, compactness and contiguity as the most relevant CTD problems [ 15, 
17]. Since, in our data the information regarding the connections between the basic 
units is unavailable, the two objectives are considered, namely, equilibrium and 
compactness. The definitions for these objectives are adopted from [ 12, 16] and 
represented in Eqs. (1) and (2). 

Equilibrium means the balance between sectors in terms of total demand [ 16]. 

.std '
Bq =

|
|
|
|

1

K − 1

K
E

j=1

(q j − Bq )2 with Bq =
EK

j=1 q j

K
, q j =

E

i

xi j × di ,∀ j (1) 

Here, .q j is the total demand in sector . j , where .xi j is 1 if the basic unit . i with 
demand. di is located in sector. j ..Bq represents the mean demand and.K is the number 
of sectors. This value is used to compute the standard deviation (.std '

Bq
) from the mean 

demand value in each sector. A smaller value of.std '
Bq
represents a better equilibrium. 

Compactness refers to the density of each sector [ 12]. Equation (2) represents the 
measure used when the furthest distance is considered to define the compactness. 
.C f is the total sum of distances, in all sectors, from the centroid of each sector to its 
furthest basic unit. 

.C f =
K

E

j=1

dist (o j , x
F
. j ) (2)
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Table 4 Performance of solutions from Day 6 to Day 10 

Day Equilibrium.std '
Bq

Compactness.C f Computation time 

6 126.14 2.15 2:13:24 

7 113.94 2.30 1:54:51 

8 97.61 2.79 1:55:30 

9 107.86 2.51 1:54:42 

10 95.13 3.37 1:56:06 

In Equation (2), .o j shows the mass centroid of the sector . j , and .x F
. j is the basic 

unit belonging to sector . j which is furthest from its centroid . o j . The smaller the . C f

values, the better the compactness of the sectorization. 
The algorithm was run for the 5-day sample with the simulated data considering 

the minimisation of these two objectives. The numerical performance of each solution 
is represented in Table 4. The first two columns show the performance of the solutions 
for equilibrium and compactness, respectively. Moreover, the last columns represent 
the computation time (presented in hours) the algorithm took to run the given instance. 

The solutions for the sectorization of the parcel delivery service for each day are 
presented in Figs. 2, 3 and 4. 1 Different colors correspond to postal codes that have 
been assigned to different sectors. Everyday, the basic units with expected demand 
(Table 3) have been assigned to 100 sectors. 

Each point in the map of the Porto region corresponds to the location of a repre-
sentative point of the 7-digit postal code, which contains not one, but several delivery 
addresses/points. The demand of each postal code is the number of delivery points 
expected for that postal code. 

5 Conclusions and Future Work 

This paper considered a real Parcel Delivery Services problem. The approach fol-
lowed was based on sectorization, which is quite appropriate in such a context. We 
resorted to simulation to generate new and more extensive data. The multi-objective 
algorithm NSGAII was used to solve the problems. The simulation considered the 
existing knowledge about the periodicity and the quantities of the deliveries in each 
of the 7910 7-digit postal codes. A full week (five days) was simulated. For each day, 
100 sectors were produced. Each sector represents an area of responsibility for the 
delivery truck. The two objectives considered were Equilibrium, because the demand 
must be similar between sectors, and Compactness, due to the importance of mini-
mizing the total space dispersion of the sectors. Visualizing the results on the map 
with different colors makes it easy for the company to understand the geographic

1 These figures can be viewed on a larger scale here. 

here.
 15769 57867 a 15769
57867 a
 
https://drive.google.com/drive/folders/1nme5XoojZ-nGqnQbO80nXpaN13yTZQwp?usp=sharing
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Fig. 2 Sectorization of parcel delivery services for day 6, Monday 

Fig. 3 Sectorization of parcel delivery services for (a) day 7, Tuesday, and (b) day 8, Wednesday 

planning of the deliveries. Due to simulation, new scenarios can be drawn and read-
ily discussed by decision-makers. Considering only five values for each postal code 
may seem a study limitation. However, it should be noted that each postal code is 
not just a delivery point, since it may represent the accumulation of many hundreds 
of points/clients. 

In future work, a robustness measure can be considered to incorporate similarity 
in the response from one day to another. Progressing to another level of approach, 
treating this case of sectorization as Dynamic Optimization (instead of just dynamic 
instances) would contribute to the robustness of the solutions. The optimization will
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Fig. 4 Sectorization of parcel delivery services for (a) day 9, Thursday, and (b) day 10, Friday 

consider all the connected periods (days) in an integrated way. Sectors should be 
similar to day-to-day. To accommodate the desired continuity in the response, the 
solution of day . i could be used as a seed to start the algorithm for the day .i + 1, 
maintaining stability among working teams, at least in the postal codes with daily 
demand. 
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Decision Support System for Scheduling 
the Production of Screw Caps 
in a Flexible Job-Shop Environment 

José Filipe Ferreira and Rui Borges Lopes 

Abstract This work presents a decision support system developed in a company 
that produces customizable capsules for bottles. More specifically, in the production 
department of wine screw caps, whose production is of the flexible job-shop type. 
Due to the high growth of the company’s department under analysis, both in terms of 
the number of orders and resources, production scheduling has become increasingly 
complex. This complexity led to the need to develop a decision support system, 
based on a constraint programming model, which would allow considering the main 
characteristics of the production environment. The proposed model was implemented 
in the CP Optimizer, a component of CPLEX, and two different objective functions 
were tested: minimization of makespan and minimization of maximum tardiness. 
This model was integrated with external tools, to receive inputs and provide data in 
a format that is more easily interpreted by the decision maker, using Gantt charts. 
The model was validated with real instances, obtained from the company’s historical 
data, achieving a predicted reduction of around 19% in the number of orders delayed, 
when comparing with the actual scheduling carried out. 

Keywords Decision support system · Scheduling · Flexible job-shop · Bottle cap 
industry 

1 Introduction 

The work detailed in this paper took place in a Portuguese company which will be 
named Alpha for confidentiality reasons. Alpha was founded about 100 years ago 
and is a medium-sized company with around 100 employees. The company is in the 
north of Portugal in a facility with a total area of 50,000 m2, from which 15,000 m2 
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are covered areas. It produces bottle capsules, mostly for the wine industry, and its 
production is composed of several types of capsules: PVC, polylaminate, aluminium, 
tin, hoods, and screw caps. 

The aluminium screw caps production sector will be the focus of this work. Pro-
duced in aluminium, these capsules are intended for bottles containing wine, drinks 
with a high degree of alcohol and olive oil. These capsules can be customized accord-
ing to customers requests, leading to several customizations, which often implies 
variable production processes from order to order. This sector was the one that grew 
the most in Alpha and, therefore, drawing the biggest investment. Investment was 
mostly aimed at enabling a wide range of product customization options, in order 
to gain competitive advantage. Consequently, the increase in number of orders and 
machines led to an increasingly bigger scheduling problem—each capsule can have 
up to ten operations and several machines are available for each of these operations. 
While the scheduling has been done based on the experience and intuition of the 
responsible of the sector, the increase in size and complexity makes this task increas-
ingly harder, arising the need for a decision support system (DSS) to support this 
task. 

Correct implementation of a DSS often requires a deep understanding of the prob-
lem, identification of the main target users and use cases, identification of appropriate 
technologies, and an implementation and follow up that fits the needs of target users. 
In this case, the target user is the decision maker, the responsible of the production 
sector. This user has higher education, a good knowledge of the underlying problem 
(although not necessarily of the used OR methods), reasonable computer literacy, 
and is to use the DSS infrequently (usually, once or twice a week). With this profile, 
from an interaction and information visualization point of view, the main concern is 
that the system be results oriented, providing easy and efficient access to solutions 
and relevant data. 

The main purpose of this work is to present a DSS, developed in a Portuguese 
screw cap manufacturing company, with the goal of helping the scheduling of the 
aluminium screw caps production sector. The DSS is to import data from Alpha’s 
production planning and control software, find the best scheduling solution, and 
present in a way that is easily understandable by the decision maker. 

This paper is structured as follow. This section introduced the main motivations 
and objectives of the work. Section 2 introduces some concepts concerning schedul-
ing problems and briefly reviews models and applications relevant to the case under 
analysis. In Sect. 3 the production process is detailed, allowing to characterize the 
underlying problem. Section 4 presents the DSS framework, its main components and 
software used. Results are presented in Sect. 5, where different objective functions 
are tested and a comparison is made to the company’s actual scheduling. Finally, 
conclusions and future research directions are drawn in Sect. 6.
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2 Scheduling Problem and Its Applications 

The goal of the scheduling problem is to find the best order to process a given 
number of jobs on a specified number of resources able to execute them over given 
time periods [ 1]. Characterized by a virtually unlimited number of problem types [ 2], 
it is in manufacturing industries that scheduling activities gain particular importance. 
Scheduling is a key factor for productivity, as it can improve on-time delivery, reduce 
inventory, cut lead times, and improve the utilization of bottleneck resources [ 3]. 
However, these problems are frequently difficult to solve, especially in the limited 
decision time often available. 

The term job-shop is used in production environments making highly variable 
products, usually in small quantities, where each job often has its own sequence of 
operations (called routing). According to Sonmez and Baykasoglu [ 4], the job-shop 
scheduling problem (JSP) belongs to a branch of production programming, which is 
among the most difficult combinatorial optimization problems. The flexible job-shop 
scheduling problem (FJSP) is an extension of the JSP which incorporates flexibility 
in the routing of products, by allowing operations in jobs to be processed in one 
machine out of a set of alternative machines [ 5]. 

As the FJSP is strongly .NP-hard [ 6], only in small instances can the optimal 
be obtained in reasonable time. Up until recently, problems with 20 jobs and 20 
machines were still considered very hard to solve to optimality [ 7]. 

Recent formulations for the FJSP can be found in [ 8, 9]. The former is among 
the most impactful works in the literature, where the authors propose a formulation 
and use it to solve a set of 20 small and medium sized instances, which have become 
among the most used for benchmarking. The model by Özgüven et al. [ 9] was able 
to obtain better results than Fattahi et al. [ 8] in terms of computation time and 
objective function values. Demir and İşleyen [ 10] further compare Özgüven et al.’s 
formulation with other well-known models in the literature, considering it to be the 
most competitive. 

Several real-world applications of the FJSP in manufacturing industries can be 
found in the literature. In the automotive industry, Calleja et al. [ 11] address a FJSP 
with transfer batches with the goal of minimizing the average tardiness of production 
orders. For semiconductor wafers manufacturing, where products follow a re-entrant 
or re-circulating flow through different machines, in [ 12] a heuristic approach was 
developed to minimize the total weighted tardiness. A similar objective was used in 
[ 13] for plastic injection mold manufacturing. For the printing and boarding industry, 
Vilcot et al. [ 14] propose a multi-objective approach minimizing makespan and 
maximum tardiness. 

In all of these applications it was recognized by practitioners the importance of 
prioritizing tardiness as an objective, either independently or alongside the commonly 
addressed objective of minimizing makespan. This observation holds true for the case 
study presented herein.
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3 Problem Definition 

To develop an appropriate DSS it is important that the underlying problem be fully 
understood, and its main defining aspects incorporated into the systems’ model. To 
that end, it was necessary to have a clear understanding of the production process, 
from which the main characteristics were identified. The production process and the 
problem characterization are detailed in the following subsections. 

3.1 Production Process 

The production process of aluminium screw caps in Alpha requires that products go 
through up to 10 different processes. 

Each production run starts by cutting aluminium plates into smaller sized plates, 
which then go to a pressing machine. From each small plate, 55 screw caps are 
obtained in the pressing machine in the second process. Process 3 consists of printing 
a picture in the top of the product and is not always required. In the following process, 
called stretching, the product acquires its final shape and is moved in containers to 
the next stage. Processes 5 and 6 are only to be performed when a drawing or picture 
must be printed on the side of the screw cap. 

Processes 7, 8 and 9 are usually done in the same machine. The screw cap is 
opened, for it to be applied in bottles later on, and a disc or seal is applied, to ensure 
the bottle will remain closely sealed. Process 8, embossing, is only performed if the 
clients require it in the product specifications. Finally, in process 10, the products are 
stored in cardboard boxes, to later be stacked in pallets and sent to the warehouse. 
For a more detailed flowchart and description of the typical production process of 
screw caps, the reader is referred to [ 15]. 

Given the characteristics of the production process and shop floor layout, it was 
possible to group the abovementioned processes into three main groups: cutting 
and stretching, processes 1 to 4; side printing, processes 5 and 6; and knurling and 
cutting, processes 7–10. By considering each of the available production lines or 
machines in these main group of processes as single resources, it was possible to 
significantly reduce the complexity of the scheduling problem. Figure 1 shows the 
simplified production process with 3 resources for cutting and stretching, 2 resources 
for side printing, and 3 resources for knurling and cutting. This will be the problem 
addressed henceforth. 

With this grouping of processes, the size of the problem has been reduced to at most 
3 operations for each job, to be performed in 8 machines. Given that the scheduling 
is done on a weekly basis, with around 25 jobs, it was considered appropriate to use 
exact methods to solve this problem.
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Fig. 1 Flowchart of the simplified production process of screw caps in Alpha 

3.2 Problem Characteristics and Formulation 

The problem detailed previously has the characteristics of a FJSP, which is described 
as follows. 

There is a set . J of independent jobs, .J = { j1, j2, . . . , jn}, where each of the jobs 
has its own processing order going through a set of machines.M = {m1,m2, . . . ,mm}. 
To complete each job. i a number of. li ordered operations have to be done..Oi, j is the 
operation . j of job . i , which can only be performed in one of the machines in a given 
set .Mi, j ⊆ M , with the corresponding processing time denoted .ti, j,k (with . k being 
the machine where .Oi, j is performed). It is assumed that all .ti, j,k are known and 
fixed, and setup and transportation times are not considered, negligible, or included 
in .ti, j,k . Moreover, each machine in .M can only perform one operation at a time and 
pre-emption in not allowed. 

The goal is usually to minimize the maximum completion time over all jobs, 
called makespan, and denoted as .Cmax. A constraint programming (CP) formulation 
for the defined FJSP is the following. 

Decision variables: 
.opi, j,k Interval object representing the start and end time of . Oi, j

in machine. k
.Cmax Makespan
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Functions: 
.endBe f oreStart (.) This function constrains that if predecessor and successor 

interval variables are present, then the successor cannot 
start before the end of the predecessor 

.noOverlap(.) This function ensures that the interval variables present do 
not overlap with each other 

.alternative(.) This function enforces that only one interval from the given 
set of intervals can be selected 

.endO f (.) If an interval variable is present, this function returns its 
end time; otherwise, 0 is returned 

Constraints: 
.endBe f oreStart (opi, j−1,k , opi, j,k, ) : i ∈ J, j ∈ {2, . . . , li }, k ∈ Mi, j , k, ∈ Mi, j (1) 
.noOverlap(opi, j,k , opi, j ,,k) : (2) 

. i ∈ J, j ∈ {1, . . . , li }, k ∈ Mi, j , j , ∈ {1, . . . , li }| j , /= j
.alternative(opi, j,k |k ∈ Mi, j ) : i ∈ J, j ∈ {1, . . . , li } (3) 
.Cmax ≥ endO f (opi, j,k) : i ∈ J, j ∈ {1, . . . , li }, k ∈ Mi, j (4) 

Objective function: 
Minimize.Cmax (5) 

Constraints (1) ensure the correct ordering of operations within each job. Con-
straint set (2) schedules operations to machines, preventing overlap, while constraints 
(3) makes that operations can only be processed on one machine from the alternative 
machine set. The makespan value is captured due to (4). 

In the production sector under analysis, number of tardy jobs was considered the 
main evaluation metric. However, minimization of the maximum delay (i.e. when 
the difference between due date and completion of a job is negative) was also con-
sidered important—this is called maximum tardiness, .Tmax . As the company was 
still exploring different objectives, the latter objective was chosen, as it allowed a 
more comprehensive evaluation of the job scheduling performance and a more fitting 
comparison with makespan. 

To address this objective, the due date .di of each job.i ∈ J is to be given, and the 
following variables are introduced: . Ti , tardiness of job .i ∈ J and .Tmax. Constraints 
(4) are replaced by: 

.Ti = endO f (opi,li ,k) − di : i ∈ J (6) 

.Tmax ≥ Ti : i ∈ J (7) 

which calculate the tardiness of each job and obtain .Tmax, to be minimized.
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4 Decision Support System 

This section shows the adopted framework, and details its main components. 

4.1 Framework 

The proposed DSS uses several software and aims to provide an easy to interpret 
scheduling solution to the decision maker. 

The general framework of the DSS can be seen in Fig. 2. The company’s pro-
duction and control software (SEGIN) stores all the required data to perform the 
scheduling. A program was developed to quickly export this data into the IBM ILOG 
CPLEX tool, where the model was implemented. The model with the imported data 
is then executed and the results obtained undergo postprocessing, where the solution 
data is formatted and exported to an Excel file. The Excel file with Google Charts 
displays the data into a Gantt chart, making the information easily readable by the 
decision maker. Moreover, by using an Excel file, the data can be effortlessly edited 
and exported to other tools. 

Fig. 2 General framework 
of the DSS
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4.2 Model Implementation and Solution Representation 

The mathematical model was implemented in the CP Optimizer, a component of 
IBM ILOG CPLEX. This tool has been extensively used in scheduling problems for 
over 20 years, being one of the most successful application areas of CP [ 16]. Main 
advantages of this tool are [ 16]: accessible not only to CP experts but also to software 
engineers; simple, non-redundant and uses a minimal number of concepts to reduce 
the learning curve for new users; and provides a robust and efficient search algorithm 
so that users only need to focus on the model. 

The implemented model can be seen in Fig. 3. Besides the standard FJSP formula-
tion, two additional case-specific sets of constraints were added: to handle products 
with less operations, where the job must occur in the same production line (e.g. if 
Press 1 is chosen for the first operation, the following operation must be done in Print 
1); and to address a production constraint concerning printing the top of screw caps, 
which is only needed for some products and can only be done in Press 1. 

Once the CP optimizer obtains a solution, the data is formatted using postprocess-
ing and sent to an Excel file. In the Excel file the user can easily navigate the data, 
and possibly display it in a Gantt chart. This graphical representation of the solution 
was considered the most intuitive. 

Fig. 3 Model implemented in CP optimizer. Decision variables and parameters on the left, objective 
functions and constraints on the right
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Table 1 Overall results of the implemented model on benchmark instances 

Instance set Instances Average time 
(s) 

Average gap 
(%) 

Median gap 
(%) 

Maximum gap 
(%) 

Brandimarte 6 322.26 18.6 7.0 72.7 

Fattahi et al. 20 1.51 11.3 11.5 32.6 

Kacem et al. 4 25.68 0 0 0 

5 Results 

In this section the results obtained by the model will be detailed, all obtained using 
IBM ILOG CPLEX Optimization Studio 12.7, running on an Intel Core 2 Duo E8400 
CPU @ 3.00 GHz. 

The first step was to test the developed model in the instances from the literature. 
To that effect, before implementing problem specific constraints, the model was tested 
in the well-known benchmark instances by Brandimarte [ 17], Fattahi et al. [ 8], and 
Kacem et al. [ 18]. The overall results, regarding gaps to lower bounds, can be seen 
in Table 1; the interested reader is referred to [ 19] for a full breakdown of the results. 
All small instances were solved to optimality, within reasonable computing times, 
and results concerning medium-sized instances can be considered competitive. 

As the model proved competitive in solving the underlying scheduling problem, 
problem-specific constraints were added, and the model was tested using real data 
from Alpha. Two newly created instances were based on historical data from two 
weeks in February 2020, which were considered representative of typical working 
weeks. The first instance has a total of 20 jobs to be performed, while the second 
instance has 26 jobs. 

For the decision maker, the main goal was often the delivery of customers’ orders 
on time, and the first analysis concerned which objective function would be the 
most fitting—the first instance was used for this. Afterwards, using the data from 
the second instance, the obtained solution is to be compared with the scheduling 
that actually took place, to understand the advantages and disadvantages of using the 
proposed DSS. 

5.1 Testing Objective Functions 

The typical FJSP focuses on makespan minimization, however, for the production 
sector under analysis, complying with due dates was highly valued, prompting the 
test of minimization of maximum tardiness. 

Using the model with the makespan minimization objective, the optimal solution 
was reached in 2.41 s, which will be called Solution A. For maximum tardiness 
minimization, the model considers a limit on the search for solutions—it stops after
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Fig. 4 Graphical representation of Solution A (top) and Solution B (bottom) 

5 million unsuccessful attempts to find a feasible or improved solution. The limit was 
set to ensure comparable computation times for both models, and to facilitate the 
prompt delivery of solutions by the DSS. For this instance, it took 39.91 s to obtain a 
solution, Solution B, with 81% gap. A graphical representation of the solutions can 
be found in Fig. 4. 

Concerning makespan, Solution B takes 6 more time units to complete, represent-
ing a 13% gap. However, Solution A has 45% of the jobs delayed, compared with 
20% delayed jobs in Solution B. Despite not being the optimal solution for maximum 
tardiness, Solution B was considered the most interesting from the decision maker’s 
point of view.
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5.2 Comparing with Actual Scheduling 

The second newly created instance was used to compare the solution provided by 
the DSS with the scheduling that took place in the shop floor; both will be called 
respectively Solution C and Solution R. 

The makespan of Solution R is 73 while the makespan of Solution C is 62, rep-
resenting a reduction of 15%. Concerning the number of delayed jobs, 7 out of 
the 26 jobs are delayed in Solution R (26.9%), while in Solution C only 2 jobs are 
delayed (7.7%). Therefore, if the newly proposed scheduling was to be implemented, 
5 (19.2%) less orders would be delayed. Of note is that both solutions start essentially 
with the same jobs, however, they rapidly diverge, due to the number of alternative 
machines available. For the graphical representation of Solutions C and R, the reader 
is referred to [ 19]. 

6 Conclusions 

Alpha was faced with a challenge regarding the scheduling of one of its production 
sectors, as it was increasing in size (number of machines and production lines) and 
number of different products. The company had no system to help the responsible 
of the sector in this task, becoming increasingly arduous and less efficient to make 
the scheduling based purely on his experience and intuition. 

To address this a DSS was developed. The system was to communicate with the 
current software of the company and obtain, with relative ease, a good solution for 
the scheduling problem. Moreover, it was important that the system would present 
the obtained solutions in a way that was easy to interpret. 

Despite several machines and production lines available for the different oper-
ations, it was possible to reduce the size of the underlying problem without com-
promising its realism. This allowed to employ tools that would enable to reach 
optimum solutions and leave room for further developments regarding case-specific 
constraints. The chosen tool was the CP Optimizer, a component of CPLEX, where 
the mathematical model was implemented. To easily edit and visualize the solution 
data in a Gantt chart, Excel is used. 

Results suggest that the most appropriate objective for this sector would be min-
imization of maximum tardiness, and that using the proposed DSS would enable 
a reduction of about 19% in the number of orders delayed. It is worth noting that 
some aspects valued by the decision maker, such as adaptability to disruptions (e.g. 
delays, absenteeism, and unscheduled stoppages) and prioritizing skilled workers for 
demanding operations, have not been addressed yet. 

A limitation of this work is that conclusions are based on results of only two weeks, 
even though considered representative of typical working weeks. Additionally, the 
scheduling approach does not comprehensively account for the rolling nature, such
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as effectively managing jobs already in progress at the start of the week. One possible 
solution to address this issue is by utilizing idle machines. 

Future work should therefore focus on testing on more instances, covering a longer 
period of time. Moreover, further integration of the DSS with the companies’ software 
may be beneficial, as well as presenting to the user other performance indicators. The 
implemented model could be improved by trying to incorporate some resilience to 
disruptions. 
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Bimaterial Three-Dimensional Printing 
Using Digital Light Processing Projectors 

Daniel Bandeira and Marta Pascoal 

Abstract The bimaterial three-dimensional (3D) printing problem focuses on print-
ing 3D parts with two materials, one that forms an inner structure and another one 
that coats it. The inner structure forms a shaded area that compromises traditional 
3D printing techniques. This work approaches such a problem, assuming that Digital 
Light Processing (DLP) projectors can be installed on the printer walls. We consider 
that the image emitted by the DLP projector is used to cure each layer and that several 
of these devices are installed with the purpose of reaching shaded ones. The goal 
is bifold: to maximize the extension of the cured object and to minimize its distor-
tion, resulting from possible over-exposed outer areas. The problem is divided into 
two subproblems: the problem of locating projectors around the printer to maximize 
the polymerized part of a given object, and the problem of assigning the projectors 
selected in the previous step to the areas of the resin to be cured, while minimizing 
the areas that result from the distortion of the printing. Integer linear formulations 
and resolution methods are presented for both. Algorithms are tested and the results 
are discussed. For the considered case study, a solution was found with 18.08% of 
voxels left uncured when using 1 DLP projector. The same percentage decreases to 
0.90, or 0.05%, when using 3, or 6, DPL projectors. According to the results for 
the second subproblem, there should always be a projector on the top of the printer, 
in addition to others on the side walls. In terms of distortion, the results show that 
it is convenient to have at least 4 DLP projectors and, in such case, the inner area 
left uncured and the outer area over-exposed are both below 2.5%. When using 6 
emitters, the first problem required 4 s of run time, and the second required up to 
3min.  
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1 Introduction 

Three-dimensional printing, or 3D printing, is an additive process for rapid free 
form manufacturing, where the final object is created by the addition of thin layers 
of material. Each layer is a cross-section of the object to be constructed, and the 
printer draws each layer as a 2D printing. Details on these processes can be found 
in [ 3, 8]. The technology and materials required for this type of processes started 
being developed around 1980. Several improvements have been made to 3D printing 
methods since their origin. Nowadays those printers are fairly affordable, which 
has made the process popular due to its ability to produce objects (often called 
components or parts) quickly and at a low cost [ 10]. 

One of the technologies for 3D printing is stereolithography (SL). The object to 
produce is divided into layers that are successively added as a liquid polymer (a 
resin) along the printing process. Each 2D layer is partitioned into uniform squares, 
called voxels, to specify the part to construct. The zone of the layer reached by 
an ultraviolet (UV) laser light is then polymerized (or cured). Then, the platform 
that supports the model moves to prepare for printing the next layer. The voxels 
correspond to a discretization of the part. Naturally, the more and the smaller the 
voxels, the more accurate the printing. When the printing is over, the part is clean 
from remaining liquid resin and goes through a post-cure process in a UV oven for 
a few minutes, to fully cure the resin. 

Traditional 3D SL processes use a single fixed emitter of laser light, or a system of 
galvanometer mirror scanners to project the laser beam in the wished directions. As 
an alternative, Digital Light Processing (DLP) uses UV light emitted from a video 
projector, known as a DLP projector. To simplify, a light source used to cure the resin 
will sometimes be called an emitter. The projector flashes a single image of each layer 
across the printing platform at once to cure the liquid resin. Because the projector is 
a digital screen, the image of each layer is formed by square pixels, which results in 
a layer of voxels, rather than in sequentially drawing the image as described above. 
In general, DLP printing is faster than SL and uses fewer moving parts than SL with 
galvanometer mirror scanners. The accuracy of the produced model depends on the 
resolution of the projector. Details on additive manufacturing and on different forms 
of SL can be found in [ 14]. 

In many cases, the use of a single material in 3D printing has limitations in terms 
of the mechanical properties of the part [ 11, 16]. Composite structures involving 
more than one material have been developed to overcome such limitations, exploit-
ing aspects such as the materials or the patterns to enhance the overall mechanical 
properties, like stiffness, toughness, ductility, and impact resistance. Multimaterial 
components have a wide range of applications to custom orthotics, intelligent compo-
nents, complex or fragile parts where over-injection or others options are not feasible
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or are not economically sustainable [ 15, 18]. A review on this topic can be found 
in [ 6]. Some of the approaches to multimaterial 3D printing explore the possibility 
of printing one layer at a time, like in the traditional 3D printing, but splitting the 
two (or more materials) [ 9, 17]. Nevertheless, to our knowledge, the problem has 
merited little attention. 

The current work follows a different approach from the previous, by consider-
ing a process analogous to SL for printing an object in which the polymer coats a 
constructed 3D grid structure made of a different material, like metal or ceramic. 
This procedure can be extended to more than two materials. The existence of a grid 
that supports the polymer raises some difficulties, as it may block the light from the 
emitter, thus creating shaded and uncured areas. We call this problem the bimaterial 
3D printing problem. Its goal is to study how to overcome this issue and print the part 
with as little distortion as possible. A previous work addressed this question when 
using the traditional SL methodology, that is, using galvanometer mirror scanner 
systems for curing the resin [ 1]. The light beam emitted by such devices has a circu-
lar shape, which may become elliptical when it intersects a plane. The galvanometer 
mirrors can be redirected to different regions by changing its angle of incidence in 
the printing plane. The problem was approached in two steps. The first consists of 
minimizing the number of emitters to install in the printer in a way to reach all the 
voxels of the part. The second considers independently the printing of the different 
layers and it consists of assigning the emitters to the voxels with two goals: maximiz-
ing the angle of incidence of the beam onto the printing plane, in order to minimize 
the distortion of the part, while minimizing the number of emitters involved in the 
printing. 

In the current work we consider devices with different characteristics as the light 
sources, and this requires different modelling and resolution approaches. The use of 
DLP projectors projects an image formed by several pixels on the printing platform. In 
this case the pixels have a square shape and their distorted versions are parallelograms, 
which can be corrected to rectangles if using a special lens. In addition, the DLP 
projectors have fixed positions along the printing process and the decision to be 
made for each layer is which pixels to switch on. Assuming that both the voxels to 
cure and the possible locations for the DLP projectors are known, the problem is 
formulated in two phases: 

• Emitters location problem (ELP): aiming at finding the emitters’ positions, with 
the goal of maximizing the number of voxels that can be cured. 

• Emitters assignment problem (EAP): aiming at assigning each voxel to cure with 
a DLP projector installed according to the solution of the ELP, to obtain the best 
possible print. 

Ideally, maximizing the number of voxels reached corresponds to reaching all of 
them. However, the inner unreached voxels can be fixed with this post-cure pro-
cedure, therefore, other solutions may still be acceptable. The ELP is modelled as 
a maximum coverage problem and greedy heuristics are described to solve it. The 
EAP is modelled as an integer linear program (ILP) with two objective functions, 
which reflect two areas related with the distortion of the light emitted by the DLP
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projector when hitting the component voxels. The distortion of the printed object 
is simpler to assess than with the technique used in [ 1], therefore this is integrated 
with the method proposed for this phase of the problem. A greedy exact algorithm 
based on a weighted-sum method is presented to find the supported non-dominated 
points for the problem. The methodology developed for the two phases is applied to 
a case study and the behavior of the new methods is assessed in terms of the output 
solutions and of the run times. 

The rest of the paper is organized as follows. The ELP and the EAP are addressed 
in Sects. 2 and 3. The problems are formulated and algorithms for solving them are 
presented. Section 4 is dedicated to computational results of the methods for a case 
study. Concluding remarks are drawn in the last section. 

2 Emitters Location Problem 

Let .M = {1, . . . ,m} be the set of voxels of the part and .N = {1, . . . , n} be the set 
of possible positions for the emitters. The emitter at position . j , or simply emitter . j , 
is said to cover the voxel . i if it can reach it with the laser light, for .i ∈ M , . j ∈ N . 
Let the emitters coverage matrix be .A = [ai j ]i=1,...,m; j=1,...,n , such that 

ai j  =
{
1 if the emitter j can reach the voxel i 
0 otherwise 

, i ∈ M, j ∈ N . 

We assume this matrix is given, as it can be obtained by the ray tracing algorithm 
[ 12]. 

Let .x j and .yi be binary decision variables such that .x j = 1 if and only if the 
emitter . j is installed, and.yi = 1 if and only if the voxel . i is reached, .i ∈ M , . j ∈ N . 
Then, the total number of reached voxels, to be maximized, is given by 

mE
i=1 

yi . 

Let . b be the number of emitters that can be used for printing the object. Then, 

.x1 + · · · + xn ≤ b (1) 

should hold. Finally, it is necessary to link the variables .x j and . yi , .i ∈ M , . j ∈ N . 
To do so, a given voxel will be considered as reached if it can be reached by at least 
one emitter in a selected position, through the constraints 

nE
j=1 

ai j  x j ≥ yi , i ∈ M,
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or, in matrix notation, 
.Ax ≥ y. (2) 

Then, the ELP problem can be formulated as 

.

max
mE
i=1

yi

subject to (1), (2)
x ∈ {0, 1}n, y ∈ {0, 1}m

(P1) 

The optimal solution of (P1) provides the positions where the light emitters should 
be installed (i.e., the indexes . j such that .x j = 1), as well as the positions of voxels 
that are reached (i.e., the indexes . i for which .yi = 1). This is a coverage problem, 
with the goal of covering the maximum number of voxels with a bounded number of 
projectors. This problem was shown to be NP-hard, thus exact algorithms may not be 
able to solve large instances. Instead, two greedy heuristic methods are outlined as 
alternatives for finding solutions to problem (P1). The first is based on the information 
obtained from the columns of the emitters coverage matrix, the possible positions 
for the emitters. The second is based on the information from both the rows and the 
columns of the emitters coverage matrix, the voxels to cure and the possible emitters. 

Let.Ni = { j ∈ N : ai j = 1} be the set of emitters that can reach the voxel.i ∈ M , 
and.Mj = {i ∈ M : ai j = 1} be the set of the voxels that can be reached by the emitter 
. j ∈ N . The first heuristic is based on selecting first the emitters that cover the most 
uncovered voxels. The algorithm uses two auxiliary variables:. S, a set that stores the 
indexes of the selected emitters; and. R, a set that stores the indexes of the uncovered 
voxels. A voxel is removed from .R whenever an emitter that covers it is selected. 
The process stops when . b emitters are selected or no more voxels can be reached. 
The set .R indicates the voxels that are left unreached, whereas the set . S provides a 
solution. Algorithm 1 outlines this method. 

Algorithm 1: Greedy heuristic based on the emitters 

1 S ← ∅  
2 R ← M 
3 k ← 0 
4 continue ← true 
5 while k < b and continue do 
6 j∗ ← argmax{|M j ∩ R| :  j ∈ N \ S} 
7 if j∗ is undefined then 
8 continue ← false 
9 else 

10 S ← S ∪ {  j∗} 
11 R ← R \ M j∗ 

12 k ← k + 1 

13 if R /= ∅  then The emitters in S do not reach all the voxels
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Algorithm 1 corresponds to a classical greedy method for the general version of 
the maximum coverage problem. Nemhauser et al. [ 13] proved this heuristic to have 
an approximation ratio of .(1 − 1

e ). 
In the second heuristic, the voxel that is covered by fewer emitters is identified, 

since it is the hardest to cover. Then, like in Algorithm 1, among all the emitters that 
cover the chosen voxel, the one that covers more voxels is preferred. This method 
uses the same auxiliary sets defined above and is outlined in Algorithm 2. 

Algorithm 2: Greedy heuristic based on the voxels and the emitters 

1 S ← ∅  
2 R ← M 
3 k ← 0 
4 continue ← true 
5 while k < b and continue do 

6 i∗ ← argmin
{E

j∈Ni 
ai j  : i ∈ R

}
7 j∗ ← argmax{|M j ∩ R| :  j ∈ Ni∗ \ S} 
8 if j∗ is undefined then 
9 continue ← false 

10 else 
11 S ← S ∪ {  j∗} 
12 R ← R \ M j∗ 

13 k ← k + 1 

14 if R /= ∅  then The emitters in S do not reach all the voxels 

Both Algorithms 1 and 2 have time complexity of .O(b(n + m)). 

3 Emitters Assignment Problem 

The next step for printing the object is to assign emitters and voxels, which is the goal 
of the EAP. The emitters are at fixed positions while printing the object. Furthermore, 
the EAP focuses on a layer at a time, as these are independent printings. Let us con-
sider that for any layer the emitters coverage matrix,. A, is restricted to the. b positions 
selected for the emitters. This is done without loss of generality because the number 
of emitters used for printing depends on the number of emitters installed, rather than 
on the maximum number of emitters allowed. Let us also assume that the . c voxels 
that can be reached on that layer. That is, in this section.A = [ai j ]i=1,...,c; j=1,...,b, with 
.ai j = 1 if and only if the emitter . j can reach the voxel . i . 

The assignment of voxels and emitters is related with the quality of the part to 
print, which depends on the distortion of the light emitted by the DLP projector 
when it hits the voxels. Each DLP projector projects an image formed by a matrix 
of pixels that can be either on or off—Fig. 1a. If the projector is not perpendicular to
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Fig. 1 Projection of a DLP over the printing platform 

the printing platform, the light emitted by each pixel is distorted as shown in Fig. 1b. 
However, special lenses can correct the produced trapezoid to the shape of a rectangle 
as shown in Fig. 1c. 

The green and red areas in Fig. 1c are called inner (.Ain) and outer (.Aout) areas, 
respectively, and reflect the effect of the light distortion when curing a voxel of resin. 
The inner area corresponds to the part of the voxel that is uncured because it is not 
reached by UV light, whereas the outer area corresponds to the resin that is cured 
beyond the voxel due to the light distortion. 

The total value of the inner and outer areas is used to estimate the overall quality 
of the printed part; therefore, these are computed in the following. In general, these 
calculations are over-estimations of the actual values, because the unreached area 
of a voxel may be reached by the distorted light coming from another pixel, and 
because the outer area is only relevant for the voxels in the border of the part. Let 
us consider the parameters below, shown in Fig. 2: the height of the DLP projector 
.(h); the projector’s incidence angle.(α); the angle of the projector in the direction of 
the .yy axis .(β). Point .O is the center of the projection and .P marks the projector’s 
position. While the projector is at a fixed position, it is considered that it can tilt only 
in the direction of the .yy axis. 

The DLP projector image can be corrected along the .xx axis, and then have the 
overall shape of a rectangle. If the projection is perpendicular, the pixels produced are 
uniform squares. However, in the general case there are differences in the rectangles 
produced by the different pixels of the projector. The side of the squares obtained 
perpendicularly will be used as the measure unit hereafter. 

Figure 2b shows the cut of the plane.I P A in Fig. 2a. The segment.J B corresponds 
to the case of a projection perpendicular to the printing surface, where pixels produce 
squares of the same size in this segment. Then, 

OB  = OI  − BI  = h tan α − h tan(α − β) 

and .AB̂ J = α, therefore, 

J B  = 2h cos α(tan α − tan(α − β)).
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Fig. 2 Projection and its cross section 

If the row projected in the direction of the.yy axis has. p pixels, then each pixel in. J B
is projected as a square with side length given by.

J B
p = 2h cosα

p (tanα − tan(α − β)). 

Moreover, .tan β = HB
H P

, thus, 

HP  = 
h cos α(tan α − tan(α − β)) 

tan β 
. 

Therefore, the length of the side of the rectangle for the projection of pixel . i starting 
at . B is 

li = h tan
(
α − arctan

(
(1 − 2i p ) tan β

))
− h tan

(
α − arctan

(
(1 − 2(i−1) 

p ) tan β
))

for .i = 1, . . . , p
2 , and, 

li = h tan
(
α + arctan

(
( 2i p − 1) tan β

))
− h tan

(
α + arctan

(
( 2(i−1) 

p − 1) tan β
))

for .i = p
2 + 1, . . . , p. These formulas hold for perpendicular projections, that is, 

when the projector is placed above and at the center of the projection plane, the
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first one for pixels to its left (with positive angles) and the second for pixels on the 
right (with negative angles). Therefore, knowing the coordinates of the projector, its 
angles.α,β can be determined. To do this we consider . y1, the ordinate of point .O in 
Fig. 2a. Recall that .O is the point at which the projector points. If .y2 is the ordinate 
of point. P , then, on the one hand, the sum of the sides of the pixels along the.yy axis 
must be equal to . p, and, on the other, the sum of the sides of the first . p2 pixels along 
the same axis must be .y1 − y2. Then, .y1 and . β can be found by solving

{
l1 +  · · ·  +  l p = p 
l1 +  · · ·  +  l p 

2 
= y1 − y2 

Considering that point .P has coordinates .P = (p1, p2, p3), the  value of  . α is then 
given by 

α = arctan
(
p2 − y1 

p3

)
. 

Given the angles .α,β, the values of the sides of all pixels can be calculated. 
In general, several projectors may cure the resin at a given voxel, so the choice of 

one of them depends on the areas.Ain and.Aout . Let.Aini j (.Aouti j ) denote the inner 
(outer) area produced by the emitter . j over the voxel . i . These values are calculated 
choosing the nearest pixel of emitter. j to voxel. i , because this is the one that produces 
the least distortion, .i = 1, . . . , c, . j = 1, . . . , b. The goal of the EAP is to assign the 
projectors to activate to the voxels of the part, in a way that minimizes the distortion. 
To formulate the problem, let .yi j be binary decision variables with value 1 if and 
only if emitter . j is activated to reach voxel . i , .i = 1, . . . , c, . j = 1, . . . , b. 

The assignment between emitters and voxels must take two aspects into account: 
the uniqueness of the solution and its viability. The first is ensured by 

.

bE
j=1

yi j = 1, i = 1, . . . , c, (3) 

while the second depends on the conditions 

.

bE
j=1

ai j yi j = 1, i = 1, . . . , c. (4) 

The two objective functions represent the areas to be minimized, 

z1(y) = 
cE

i=1 

bE
j=1 

Aini j  yi j and z2(y) = 
cE

i=1 

bE
j=1 

Aouti j  yi j  . 

Thus, the following formulation is obtained for the EAP
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.

min z1(y)
min z2(y)
subject to (3), (4)

y ∈ {0, 1}c×b

(P2) 

It is worth noting that both constraints (3) and (4) are needed to ensure that a single 
emitter reaches each voxel and also that the voxel can be reached by the emitter. 
If the constraints (3) are omitted, we may have an optimal solution . y such that 
.yi j = yi j ' = 1 for a given voxel . i and two emitters . j, j ' such that .ai j /= ai j ' and 
.Aini j = Aouti j = 0 or .Aini j ' = Aouti j ' = 0. As an alternative, a post-processing 
routine can be applied to correct such solutions, in case the constraints (3) are omitted. 

The two objective functions are expected to be conflicting, thus, in general, there 
is no feasible solution that simultaneously optimizes both. As a consequence, when 
dealing with two objectives we seek to determine Pareto optimal, or efficient, solu-
tions. A feasible solution of (P2),. y, is said to be efficient if there is no other feasible 
solution, . x , that dominates it, that is, such that 

z1(x) ≤ z1(y), z2(x) ≤ z2(y), (z1(x), z2(x)) /= (z1(y), z2(y)). 

The image of an efficient solution is a point in the criteria space, called a non-
dominated point [ 7]. The efficient solutions of a biobjective problem can be classified 
into supported and non-supported. The first are optimal solutions of a weighted-
sum problem that minimizes the function .λz1 + (1 − λ)z2, with .0 < λ < 1. The  
remaining efficient solutions are non-supported, or unsupported, and the same holds 
for non-dominated points. 

Three approaches to multiobjective optimization are usually considered: a priori 
methods, when the decision maker expresses the preferences before calculating the 
solutions, for example by means of a single objective utility function; interactive 
methods, with a progressive articulation of the preferences of the decision maker as 
the solutions are presented, and a posteriori methods, which calculate all solutions, 
without the need for a definition of preferences. The relative importance of the 
two objective functions in the EAP is unclear, so an a posteriori method is the 
most appropriate. Several methods are known to find efficient solutions or non-
dominated points of biobjective ILPs, for instance, [ 2, 4]. For the bimaterial 3D 
printing application it is not required to know all the efficient solutions, therefore 
we adapt the noninferior set estimation (NISE) method for approximating the set of 
supported non-dominated points [ 5]. 

Most multiobjective optimization methods solve a sequence of single objective 
problems related with the original. In the NISE method those problems are subject to 
the same constraints and the new objective function is a weighted-sum of the initial 
objective functions. The weights depend on the adjacent computed images, and are 
chosen in a way that allows to explore the images space. The first pair of solutions 
is formed by the lexicographic optimal solutions for the two objective functions, 
.(z1, z2), (z2, z1). Afterwards, for any pair of adjacent points, .A = (z1(yA), z2(yA)), 
.B = (z1(yB), z2(yB)), the weighted-sum problem
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.

min z(y) = λ1z1(y) + λ2z2(y)
subject to (3), (4)

y ∈ {0, 1}c×b
(P3) 

is solved, with the weights.λ1 = z2(yA) − z2(yB),.λ2 = z1(yA) − z1(yB), which can 
be normalized to the interval .[0, 1]. If no new solution is obtained when solving this 
problem, no new pair of solutions is considered. The algorithm halts when all the 
pairs of solutions have been scanned. If not all supported non-dominated points need 
to be known, the algorithm can be relaxed by discarding new solutions whenever they 
are closer than a small .e > 0. The method is outlined in Algorithm 3. The variable 
. P stores the supported non-dominated points found by the algorithm, while. Y stores 
pairs of supported non-dominated points yet to scan. 

Algorithm 3: Weighted-sum method to approximate the set of supported non-
dominated points 

1 yA ← lexicographic optimal solution of (P2) with respect to (z1, z2) 
2 yB ← lexicographic optimal solution of (P2) with respect to (z2, z1) 
3 P ← {A, B}; Y ← {( A, B)} 
4 while Y /= 0 do 
5 ( A, B) ← element of Y 
6 Y ← Y − {(A, B)} 
7 λ1 ← z2(yA) − z2(yB ) 
8 λ2 ← z1(yA) − z1(yB ) 
9 yC ← optimal solution of (P3) 

10 if |z(yC ) − z(yA)| ≥ e and |z(yC ) − z(yB )| ≥ e then 
11 P ← P ∪ {C}; Y ← Y ∪ {(A, C), (C, B)} 

A closed form for the solution of problem (P3), used on line 9 of Algorithm 3, 
can be derived. Since the values .Aini j , Aouti j are known, . z can be written as 

z(y) = 
cE

i=1 

bE
j=1 

Atoti j  yi j  , 

where .Atoti j = λ1Aini j + λ2Aouti j , .i = 1, . . . , c, . j = 1, . . . , b. Constraints (3) 
and (4) require that only one of the variables .yi j is 1, while the remaining are 0, 
for each voxel .i = 1, . . . , c. Then, the objective function is minimum when 

yi j  =
{
1 if  j = argmin{Atoti j  : ai j  = 1} 
0 otherwise 

, i = 1, . . . ,  c, j = 1, . . . ,  b. 

This method can also be adapted to determine the lexicographic optimal solutions 
using as argument of argmin the preferred function. In case of a tie for some emitters, 
the one with the lowest value for the second function is chosen.
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4 Computational Experiments 

The methods proposed for the ELP and the EAP are now tested for a case study. The 
approaches are compared and assessed in terms of the output solutions and run times. 
However, the latter is not a major aspect for the bimaterial 3D printing problem, given 
that both ELP and EAP are solved before printing. 

The case study is retrieved from that considered in [ 1] and it consists of a cube 
with a hole at the bottom. This inner hole is also a cube, embedded in the first, as 
shown in Fig. 3. The grid in the image (in green and red) represents the existing metal 
grid, to be coated with resin. The hole is at the base of the cube (in red). The thickness 
of the metal grid is considered to be equal to the thickness of the polymer layers, 
which is assumed to be a generic length unit of 1. This value is also the width of the 
voxels and it corresponds to 0.2 mm. The variable parameters for printing, expressed 
in terms of generic length units, are: 

• The length of each segment of the metal grid, .lM . 
• The thickness of the polymer added on each side of the metal grid, . lP . 
• The number of divisions of the metal grid, assumed to be uniform, .nM . 
• The distance between the cube and the side walls of the printer, . h. 
• The height of the printing area, .hV . 
• The length of the side of the hole, . nb. 

For all faces, the length of the edge of the final cube to be printed corresponds to the 
addition of polymer on each side to the length of the edges of the cube of metal, i.e. 
.nV = 2lP + lM . Thus, the object has.2lP + lM layers. The upper layers are excluded 
from the tests, because the emitter on the top of the printer can be used directly with a 
traditional 3D printing process. Moreover, the cube to print is assumed to be centered 
on the printing platform. In addition, the printer dimensions are fixed to . hV = 1250
and .h = 475, and the produced cube has side .nV = 300. We also consider the fixed 
value .lP = 1. Each layer has .nV × nV voxels. The remaining characteristics of the 
solved instances are shown in Table 1. 

Algorithms 1, 2, and 3 were implemented in MATLAB R2016b. The tests run on 
an Intel i7-6700 Quadcore of 3.4 GHz, with 8 Mb of cache and 16 Gb of RAM. The 
run times are average values obtained for 30 repetitions, for accuracy and trying to 
minimize the effect of possible oscillations of the CPU. 

Fig. 3 Printing area and 
object to be printed ([ 1]) 

h 

hV 

lM
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Table 1 Test parameters 

Test T1 T2 T3 T4 

.nM 10 10 12 12 

.nb 2 4 2 4 

4.1 Emitters Location Problem 

For solving the ELP, 107 possible emitter locations were considered. These positions 
are evenly distributed on the top and the side walls of the printer. A minimal height of 
500 was imposed along the printer side walls, with the goal of bounding the distortion 
of the light on the printing layer. 

The average results for .b = 1, . . . , 6 emitters are summarized for Algorithms 1 
and 2 in Table 2, or in Figs.  4 and 5 in Appendix 6. The Algorithms 1 and 2 produced 
very similar solutions in terms of the percentage of voxels that cannot be cured with 
the obtained solutions (. μ). The average percentages are always below 20% and, 
as expected, decrease significantly when the number of installed DLP projectors 
increases, especially for 3 or more projectors, but even more for 5 projectors. The 
number of uncured voxels is also higher when .nM and .nb are bigger, although this 
is particularly clear with a single projector. Algorithm 1 outperformed Algorithm 2 
for these instances, so, overall, it seems a better choice than the latter. 

Table 2 Average results for the ELP 

Percentage of voxels left to be cured 

# emitters Algorithm 1 Algorithm 2 

(. b) 1 2 3 4 5 6 1 2 3 4 5 6 

T1 13.91 3.97 0.42 0.15 0.03 0.02 14.77 5.26 0.72 0.15 0.09 0.03 

T2 15.54 4.46 0.57 0.19 0.03 0.03 16.63 2.69 0.63 0.09 0.05 0.03 

T3 16.73 5.16 0.83 0.32 0.05 0.04 16.83 2.52 0.63 0.07 0.05 0.04 

T4 18.08 5.63 0.90 0.34 0.09 0.05 19.43 4.07 1.72 0.81 0.16 0.06 

Run times (s) 

# emitters Algorithm 1 Algorithm 2 

(. b) 1 2 3 4 5 6 1 2 3 4 5 6 

T1 1.86 2.39 2.71 2.57 2.08 2.15 2.60 3.55 3.65 3.64 4.05 4.01 

T2 2.35 3.24 2.88 3.09 2.94 2.93 2.98 3.14 4.04 3.69 4.35 4.53 

T3 2.12 2.20 2.63 2.34 2.17 2.78 3.09 4.08 3.85 3.81 4.29 3.73 

T4 1.79 3.33 2.81 3.00 2.34 2.91 3.34 3.81 4.18 4.34 4.44 4.80
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4.2 Emitters Assignment Problem 

After the location of the emitters is known, the EAP can be solved. Given the findings 
of Sect. 4.1, Algorithm 3 was applied to the solutions of Algorithm 1. 

Figure 4 shows the average percentages for the inner and outer voxel areas, 
.μAin,μAout , for the supported non-dominated points found by Algorithm 3 when 
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Fig. 4 EAP: Average.Ain, Aout for supported points and run times
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constructing all layers. The EAP has a single solution when using 1 or 2 emitters. 
Furthermore, with.b = 1 the value of both areas is 0, because in this case the emitter 
is on the top wall and, thus, hits the printing layer perpendicularly. Moreover, when 
.b = 2 the solution is to install one emitter on the top wall, to prevent image distor-
tion, and select the second in order to reach the voxels that cannot be cured with the 
first. For this reason, the solution is unique when .b = 2. For the remaining cases, 
more non-dominated points are found and the values of .Ain, Aout decrease as . b
increases. There is also a small increase of .μAin for tests T3 and T4, when the initial 
grid is denser, which may be explained by the fact that more voxels may be uncured 
in these cases. Still concerning the overall values of.Ain, Aout found for the EAP, it 
seems to be advantageous to use the highest possible number of DLP projectors (at 
least 4). 

In general, Algorithm 3 is slower when . b increases, but the average run times 
never exceed 4 min. As stressed before, bimaterial 3D printing is not a real time 
application, so the run times of the method are suitable for this purpose. 

5 Conclusions 

We addressed the problem of installing DLP projectors for printing 3D bimaterial 
parts. Two steps are considered: locating the emitters and assigning them to the 
voxels of the part to construct. The first is modelled as a coverage problem and is 
solved by greedy heuristics. The second is formulated as an ILP that minimizes the 
uncured area and the area of resin that is cured beyond the pre-defined voxels, whose 
supported non-dominated points are found by a weighted-sum method. 

Solutions for the ELP were found by heuristics in few seconds and have few 
unreached voxels. However, that number decreases significantly when using 3 or 
more emitters. Solutions for the EAP were also found in up to 4 min, which is 
reasonable for planning problems. The values for the areas of the uncured voxels 
and the voxels that should not have been cured depend on the number of emitters 
and almost always decrease when more emitters are used. Nevertheless, their values 
do not exceed 3%, even if these are upper bounds for the actual values. A decision 
maker will have to choose a single solution among the several found for the EAP. 
Future research may consider the emitters to be in fixed positions but able to rotate in 
other directions besides the vertical, or consider that those positions change between 
different layers.
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6 Appendix: Computational Results 

See Fig. 5. 
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Fig. 5 ELP: solutions (uncured voxels) and run times of the Algorithms 1 and 2
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Supply Chain Resilience: 
Tactical-Operational Models, 
a Literature Review 

Márcia Batista, João Pires Ribeiro, and Ana Barbosa-Póvoa 

Abstract The field of Supply Chain Resilience (SCR) has been growing in recent 
years but has become particularly relevant during the pandemic. Modern supply 
chains (SC), characterised by their global presence and complex structure, are 
increasingly vulnerable to disruptions. As a result, companies are shifting from a 
reactive approach to building resilience. As resilience has been mainly analysed at the 
strategic level, this work aims to assess the current state of the art on SCR quantitative 
models that support tactical-operational decisions. This is done through a compre-
hensive literature review where the SC’s main activities were considered, as well as 
the use of Operations Research (OR) methods to build quantitative approaches. It is 
also studied how these publications model risk and uncertainty and which resilience 
metrics have been used since these might be highly influenced by the context in 
which the models are developed. The results make a set of outcomes available to the 
community: a set of approaches to deal with the tactical-operational problems; and 
a list of SCR indicators to measure and monitor SCR. Finally, a research framework 
for tactical-operational resilient SC is proposed, where the main problems that still 
require further research attention are identified. 

Keywords Supply chain resilience · Tactical-operational · Quantitative models ·
Operations research methods ·Metrics 

1 Introduction 

Modern SC have become increasingly exposed to unpredictable events due to global-
isation and complex structures involving multiple dispersed nodes (Christopher and 
Peck [ 1], Kamalahmadi and Parast [ 2], Saha et al. [ 3]). Supply chain risk management 
struggles to deal with these disruptive events, highlighting the need for resilience 
management (Fiksel [ 4]). Recent history has shown that these events will continue 
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to occur, making it essential to plan for them to maintain a competitive advantage 
(Munoz and Dunbar [ 5]). Although SC faced several disruptive events before, the 
COVID-19 pandemic (Golan et al. [ 6], Modgil et al. [ 7]) and, more recently, the war 
in Ukraine (Valtonen et al. [ 8], Faggioni et al. [ 9]) have further highlighted the need 
for resilient SC as companies shift their focus from efficiency to resilience (Lund 
et al. [ 10]). 

Historically, SC have been designed for a narrow range of conditions, leaving 
them vulnerable to unpredictable events (Alicke and Strigel [ 11], Christopher and 
Peck [ 1]). SC have also become more complex, involving relationships with multiple 
actors who play vital roles in each other’s SC, making it crucial to consider these 
relationships (Lau et al. [ 12], Ghosh and Jaillet [ 13]). The current pandemic has 
increased awareness of the importance of resilience in SC management (Ponomarov 
and Holcomb [ 14], Nguyen et al. [ 15]). However, existing literature on SCR focuses 
heavily on qualitative insights, with limited quantitative contributions, especially at 
the tactical-operational level (Ribeiro and Barbosa-Póvoa [16]). This gap is important 
to address, as these quantitative models can provide valuable aid to decision-makers 
in evaluating and adopting strategies towards resiliency. 

This work aims to construct a reliable assessment of the state of the art of SCR 
operations research with a focus on the tactical-operational level through a literature 
review methodology. Relevant content is retrieved, reflecting the established research 
questions, which are then thoroughly analysed. Insights that can be drawn from recent 
research on the effects of the current pandemic are discussed. The focus is then 
directed to four general categories (distribution, inventory, production, and generic 
SC). Finally, the metrics used are identified, and the results are discussed, proposing 
a framework for future research. 

The remainder of this work is organised as follows: Sect. 2 describes the method-
ology adopted throughout the review. Section 3 reviews previous literature in this 
field of research, positioning and distinguishing this review from existing ones. Fol-
lowing the analysis, a set of research questions are established in Sect. 4 to guide 
the present work. The material collection procedure is described in Sect. 5, followed 
by selecting categories to attribute structural dimensions to the sample in Sect. 6. 
The content of the retrieved papers is then evaluated to answer the research ques-
tions in Sect. 7, which are then discussed in Sect. 8 to provide future research paths. 
Finally, Sect. 9 concludes this paper with final considerations and presents the main 
outcomes. 

2 Methodology 

The methodology adopted in this work follows an adapted form of the one presented 
by Ribeiro and Barbosa-Póvoa [16], consisting in six main steps, which will constitute 
sections of this paper in the following order: Previous literature reviews; Research 
questions; Material collection; Descriptive analysis; Category selection; Material 
evaluation.
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3 Previous Literature Reviews 

In order to position the present paper, a search on the Web of Science core collection 
database was performed for literature reviews on “supply chain” and “resilience” 
and “review” in the “topic” field, published in English from 2010 (when the number 
of papers published on the theme increased as presented in Ribeiro and Barbosa-
Póvoa [ 16]) up to December 2021. An initial dataset of 236 results was obtained, 
then refined to 22 by excluding those that did not specifically address SCR or focus 
on analysing a particular event. 

All authors have acknowledged that research on SCR has been steadily increasing 
in recent years, with the early 2000s being identified as the starting point and 2003 
as a turning point due to the increased focus on developing solutions after highly 
disruptive events such as the 9/11 attacks, however with scarce publications overall 
(Hohenstein et al. [ 17], Ribeiro and Barbosa-Póvoa [ 16]). The work by Katsaliaki 
et al. [ 18] sheds light on the diverse nature of SC disruptions and offers a deeper 
understanding of their root causes and consequences, providing a comprehensive 
list of SC disruptions and their mitigation strategies. Despite the increasing attention 
towards SCR in light of the COVID-19 pandemic, there is still a gap in addressing low-
demand products as most papers are regarding high-demand products (Chowdhury 
et al. [ 19]). 

The literature reviewed has acknowledged that there is a lack of a clear definition 
of SCR in the literature due to the multidisciplinary nature of the term resilience 
and the ambiguity surrounding SCR elements and their interdependence. This issue 
has also been identified as hindering the development of a single definition of SCR 
(Hosseini et al.  [  20]). As a result, earlier literature reviews have focused on develop-
ing and clarifying conceptual terms such as SCR principles, elements, and strategies, 
intending to propose well-founded definitions of SCR. The earliest reviews, in 2015, 
(Hohenstein et al. [ 17], Tukamuhabwa et al. [ 21]), where both proposed a solid defi-
nition for SCR. The former focused on identifying SCR phases (readiness, response, 
recovery and growth), elements and metrics, while the latter assessed the most cited 
strategies. Additional to these reviews, Kamalahmadi and Parast [ 2] focus on SCR 
principles, proposing a framework incorporating major components of a resilient SC. 

Later on, surged works that pursued other qualitative objectives. Ali et al. [22] took 
the constructs of the existing SCR definitions to develop a concept mapping frame-
work to provide clarity on the subject of SCR for both managerial and research impli-
cations, identifying: phases (pre-disruption, during disruption and post-disruption), 
strategies and capabilities. Ribeiro and Barbosa-Póvoa [ 16] propose a framework 
for a holistic approach towards SCR (Focus event, Performance Level, Adaptive 
Framing, Speed). Posteriorly, Zavala-Alcívar et al. [ 23] extended on previous works 
by presenting three building blocks as a framework, whose goal is to integrate key 
components for analysis, measurement and management of resilience to enhance 
sustainable SC.
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In fact, there is a three-way attention that still has to be given to SCR. As seen 
above, conceptualization is still a topic of interest, but academics and practitioners 
should also devote attention to implementation methods and the measurement of 
SCR (Negri et al. [ 24]). By doing that, further relationships with other fields of 
Supply Chain Management (SCM) can be established, thus positively affecting SC 
performance. 

It can be seen that there are context-specific literature reviews, such as those 
that propose specific definitions for SCR in third-party logistics providers 
(Gkanatsas and Krikke [ 25]) and agri-food supply chains (AFSC) (Stone and Rahimi-
fard [ 26]). Despite some papers presenting quantitative approaches, the depth of these 
approaches is limited in most cases (Hohenstein et al. [ 17], Kamalahmadi and Parast 
[ 2], Kochan and Nowicki [ 27], Centobelli et al. [ 28], Zavala-Alcívar et al. [ 23]). 
There is a lack of literature on quantitative models and metrics for SCR (Ali et al. 
[ 22], Hosseini et al. [ 20], Kamalahmadi and Parast [ 2], Ribeiro and Barbosa-Póvoa 
[ 16]). Further research on this topic is important as it can aid decision-makers in 
adopting effective strategies and assessing performance (Gkanatsas and Krikke [ 25], 
Ribeiro and Barbosa-Póvoa [ 16], Han et al. [ 29]). 

Ribeiro and Barbosa-Póvoa [ 16] conducted a content analysis to study OR meth-
ods and metrics used in SCR models. The authors found that the models were scarce 
and mostly focused on the strategic level. Hosseini et al. [ 20] later explored analyti-
cal approaches to SCR and clarified the significance of three capacities (absorptive, 
adaptive and restorative), presenting an analysis of the key drivers for each capac-
ity. The findings were categorized based on the capacities. Han et al. [ 29] aimed  
to connect SCR capabilities to performance metrics, identifying 11 capabilities and 
associating them with three dimensions of SCR, but literature was lacking for three 
capabilities. The three previous reviews provide a foundation for understanding the 
integration of resilience into mathematical models within supply chain management 
(SCM). However, there is still a gap in assessing the key constructs required for 
tactical-operational models. The current paper aims to reduce this gap; therefore, a 
set of research questions to support such work is presented in the next section. 

4 Research Questions 

Five research questions were established to attain this paper’s goal, which will serve 
as a guide throughout this work. Considering the recent Covid-19 as a worldwide 
disruption, and in order to understand how it was treated within SC, the following 
research question is defined: 

1. What insight can be withdrawn on SCR from COVID-19 pandemic responses? 

Having the context and focusing on the analysis of SCR quantitative approaches 
to the tactical-operational problems, the following questions aim to be answered:
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2. How has tactical and operational resilience been tackled in SC? 
3. How have OR methods been used to support tactical and operational decisions? 
4. How have uncertainty and risk been modelled in tactical and operational prob-

lems? 
5. Which resilience quantitative metrics have been used in tactical and operational 

problems? 

5 Material Collection 

With the goal of retrieving significant articles, a set of keywords was established to 
conduct a search on the Web of Science collection database. The keywords considered 
were “supply chain” and “resilience” with the combination of each of the follow-
ing terms: “tactical”; “operational”; “quantitative”; “optimization”; “simulation”; 
“heuristics”; “metrics”; “routing”; “scheduling”; “statistics” and “COVID-19”. All 
searches were restricted to publications in peer-reviewed journals, written in English, 
and published between 2010 and December 2021. Further refinements were applied, 
guaranteeing relevance by meeting the following selection criteria: Articles must 
have SCR as the main focus; purely qualitative approaches were excluded; articles 
that focus solely on a strategic-level problem were excluded. After removing the 
duplicates, a set of 385 papers was obtained, which was reduced to 42 articles, fol-
lowing the rules above. An exception was made to publications addressing the current 
pandemic, thus retaining six papers for that sole purpose. 

6 Category Selection 

Considering the span of the collected material, it is pertinent to define structural 
dimensions in order to guide the following material evaluation and appropriately 
answer the established research questions. Hence, the papers are categorized follow-
ing the logic depicted in Fig. 1, accounting for three main dimensions: COVID-19 
outbreak; Decision level; OR approach. COVID-19 is included because it acts as 
a disruptive event without precedents; Decision level as this describes in an aggre-
gate form the decisions taken in the SC; OR approach is taken as the basis to build 
quantitative tools.



162 M. Batista et al.

Fig. 1 Mind-map for category selection 

7 Material Evaluation 

7.1 Insights on SCR from COVID-19 Outbreak Responses 
(Research Question 1) 

On March 11th, 2020, the World Health Organization (WHO) declared COVID-19 
a global pandemic, causing worldwide disruptions that lasted longer than expected. 
Even as the health effects of the pandemic have improved, the crisis’s further evolu-
tion and impacts remain uncertain. The severity of this crisis on SC mostly derives 
from the simultaneous impact on supply and demand due to forces reshaping the 
business environment, as explored in the previous section. Despite verifying many 
commonalities across sectors on the caused effects, overall disruptions are essen-
tially industry-specific (Marzantowicz [ 30]). Hobbs [ 31], Zhu et al. [ 32] address 
food and medical SC, respectively, where a Just-In-Time philosophy is adopted and 
concluded that these were not able to withstand unpredictable spikes in demand 
fully, be it from panic buying of groceries or increased necessity for high volumes 
of personal protective equipment, which led to short-run stockouts. 

Marzantowicz [ 30], Rapaccini [ 33] report disruptions to SC operations due to pro-
tective regulations, decreased orders, and longer transport times. Many managers had 
to delay deliveries because of difficulties filling and securing transportation. Remko 
[ 34] found that companies are reducing reliance on single suppliers and increasing 
the use of local and nearshore options. de Assunção et al. [ 35] concluded that shorter 
SC were less impacted by transport restrictions due to closer proximity to regional
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suppliers. Technological investments in digitization and cooperation between enti-
ties have been identified as crucial for improving SCR (Remko [ 34], Marzantowicz 
[ 30], Zhu et al. [ 32]). Inventory management changes and strengthened relationships 
have also been highlighted as key strategies (Hobbs [ 31], Zhu et al. [ 32]). However, 
more data is needed for further study at the tactical and operational level (Zhu et al. 
[ 32]). 

7.2 SCR Quantitative Models on the Tactical 
and Operational Level (Research Questions 2 and 3) 

In this section, we review studies that address the impact of disruptive events on 
SC strategies and the use of OR models to facilitate decision-making. Firstly, we 
examine studies that validate strategies present in qualitative literature and provide 
insights that can benefit tactical and operational decisions. Secondly, we analyse 
papers focusing on tactical and operational problems and develop OR models to 
support decision-making. 

Collaboration between entities can be crucial during disruptive events and can 
aid in increasing the responsiveness of the entire SC. Using agent-based simulation 
(Lohmer et al. [ 36]) show that implementing blockchain technology can increase 
collaboration and agility but require suitable expertise and depend on the length of 
the disruption. Additionally, Aggarwal and Srivastava [ 37] use a grey-based Decision 
Making Trial and Evaluation Laboratory (DEMATEL) approach to study how to 
build collaborative, resilient SC and find that top management commitment is the 
most prominent factor. However, they also find that collaboration culture and design 
resilience in operations strongly influence the remaining success factors. 

Various strategies have been proposed to improve SCR in the literature. The work 
of Azadeh et al. [ 38] found that redundancy and visibility were effective strategies 
for a transportation system in a 3-echelon SC. Salehi et al. [ 39] also found that 
redundancy was important in a pharmaceutical SC, specifically in the form of addi-
tional storage capacity. Zhao et al. [ 40] studied the impact of reactive and proactive 
strategies in a complex adaptive system and concluded that proactive strategies were 
overall superior. Chowdhury and Quaddus [ 41] identified eight strategies for improv-
ing SCR, including backup capacity, building relationships with buyers and suppliers, 
and adopting technology. Gholami-Zanjani et al. [ 42]; Nguyen et al. [ 43]; Chen et al. 
[ 44] and Moosavi and Hosseini [ 45] study the impact of different strategies under 
SC disruptions, either by MILP or simulation approaches with similar conclusions 
that profit losses can be reduced by pro-actively looking at SCR. Overall, the litera-
ture suggests redundancy, visibility, and proactive strategies can effectively improve 
SCR. 

Models that tackle SCR problems and support decisions at the tactical-operational 
level are now separated into four general categories: Distribution problems: regard  
coordination of product flows through optimization of supply lead time and rout-



164 M. Batista et al.

Fig. 2 OR methods employed in tactical-operational problems 

ing assignments; Inventory problems: solutions for inventory management deci-
sions; Production problems: planning and scheduling considerations for produc-
tion; Generic Supply Chain problems: models that tackle the implementation of 
recovery policies and timely allocation of resources in more than one SC activity. 

The literature review revealed that production issues are underrepresented in quan-
titative SCR research, while distribution, inventory, and integrated activities in the 
recovery process are more prevalent. This is evident in the graph shown in Fig. 2 
(yellow bars), which also shows the most commonly used OR method for each prob-
lem. Optimization and simulation are the preferred methods, with the occasional use 
of meta-heuristics, heuristics, and decision-analysis methods. 

7.2.1 Distribution Problems 

In the face of disruptions to a SC, various strategies and methods have been proposed 
to enhance resilience. Harrison et al. [ 46] proposed the READI optimization model, 
which iteratively deletes a component from the network and inserts mitigation strate-
gies, such as re-routing product flow for short-term resilience. Wang et al. [ 47] focus 
on disruptions specifically to supplier nodes and investigate how changes in Decision 
Makers’ preferences for suppliers affect the coordination of product flows. Ayoughi 
et al. [ 48] propose a four-objective model for a Closed-Loop Supply Chain that bal-
ances sustainability and risk minimization, relying on meta-heuristic algorithms for 
the solution approach. 

Studies on SCR to natural hazards can be found for the New York motor-fuel SC 
and New Zealand’s forestry SC. Beheshtian et al. [ 49] address distribution routing in 
a bi-stage integer non-linear stochastic model as a planning tool for decision-making 
in New York. Childerhouse et al. [ 50] evaluate the New Zealand case through a two-
tier modelling approach, using optimization and micro discrete event simulation for 
port closure scenarios. 

A major concern in optimizing product flow is the potential impact of lead time 
on SC operations. Researchers have used supplier lead time variability as a proxy for 
SCR, as seen in the work of Colicchia et al. [ 51], Chang and Lin [ 52]. These studies 
test different contingency plans and mitigation strategies to address lead time issues.



Supply Chain Resilience: Tactical-Operational Models, a Literature Review 165

Fig. 3 Proposed generic approach to SCR in distribution problems 

Figure 3 proposes an approach to SCR in distribution problems at the tactical-
operational level, highlighting key considerations. Two main approaches to studying 
SCR are reactive, where re-routing is the most common strategy, and proactive, where 
representative longer-term contingency plans are implemented. 

Inventory Problems 

Unexpected spikes in demand can cause companies to fail to meet customer needs. 
Schmitt and Singh [ 53] use the percentage of immediately satisfied customers as a 
performance metric in their discrete-event simulation to analyse inventory placement 
and backup capabilities for improved system resilience. Similarly, Wu et al. [54] study 
the effects of stockouts on consumer response, market share, and stockout duration 
through agent-based simulation. Lücker and Seifert [ 55] use stockout quantity and 
time as SCR metrics to determine optimal risk mitigation inventory levels. To prevent 
supply-demand mismatches, Spiegler et al. [ 56] use a simulation model with non-
linear control theory to assess the SCR of a grocery SC’s DC replenishment system. 
Gholami-Zanjani et al. [ 57] study a Robust Location-Inventory Problem, taking into 
account the decision-maker’s level of risk aversion. 

Recent research on inventory management in SCR has yielded novel approaches, 
such as the simulation-based optimization model developed by Yang et al. [ 58], 
which determines inventory decisions and cost reductions in the event of disrup-
tions to an interconnected network to enhance SCR. Similarly, Gružauskas et al. [ 59] 
examine how information sharing and collaboration can improve forecasting accu-
racy and market integration. They use agent-based simulation with machine learning 
algorithms to enhance system resilience. 

When dealing with inventory problems in SCR, it is important to consider several 
factors, as outlined in Fig. 4. The speed linked with SC reaction is crucial to its 
scope and should include the stock-out duration to examine the trade-off between 
waiting and investment. The expected client behaviour should also be considered, as
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Fig. 4 Proposed generic approach to SCR in inventory problems 

different types of client reactions can have varying consequences. For example, in 
some industries, not ensuring immediate service may lead to a lost customer, whereas 
customer loyalty and willingness to wait are higher in others. To study the level of 
collaboration and transparency in the SC, one should also consider the timespan, as 
it should allow for complex bullwhip effects to be felt between different entities. 

Production Problems 

In addition to inventory management, decision-making systems that can dictate pro-
duction decisions in response to unexpected events are necessary to enhance SCR. 
It is important to note that production systems can operate under different strategies, 
influencing how they must be modelled. For example, Thomas and Mahanty [ 60] 
developed a 2-part model for Make-to-Stock environments, where firstly, an ana-
lytical investigation based on control engineering techniques and system dynamics. 
The second part is a simulation of an Inventory and Order-Based Production Control 
System. For Make-to-Order environments, which involve personalized production, 
Park et al. [ 61] propose a novel approach for applying Cyber-Physical Structure and 
Digital Twins (DT) to SC, using DT simulation to predict and coordinate production 
of various agents and achieving resilient planning in operation stages in SC pro-
duction, able to handle disruptions such as the bullwhip effect and ripple effect. DT 
is also present in Kalaboukas et al. [ 62] defending that DT are a good option for 
studying SCR at the tactical/operational level. 

In context-specific scenarios, such as the impact of a hurricane on a butanediol 
SC, Ehlen et al. [ 63] use a large-scale agent-based simulation to address production 
scheduling, chemical buying, selling and shipping, and obtain ideal production levels 
by solving a collection of LP constrained problems. 

From Fig. 5, two main elements should be considered to optimize the approach to 
production problems in SCR: the focus event and the performance level. The focus 
event can be internal, such as a production line malfunction, or external, such as 
suppliers not meeting their obligations.
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Fig. 5 Proposed generic approach to SCR in production problems 

Generic Supply Chain Problems 

To maintain or acquire a competitive advantage, resilient SCM needs to react quickly 
and coordinate available resources efficiently during disruptions. Researchers have 
proposed various models and tools to address this issue. Mao et al. [ 64] propose 
a model that optimizes restoration schedules and work crew assignments by a bi-
objective non-linear programming model solved by a simulated annealing algorithm. 
Ivanov et al. [ 65] develop a dynamic model using optimal program control the-
ory, implemented through simulation, to aid operations and SC planners in adopt-
ing reactive recovery policies. Ivanov [ 66] use attainable sets and optimal control 
theory to develop two scheduling models for material flow and recovery actions 
of SC resources. Goldbeck et al. [ 67] propose a multi-stage stochastic program-
ming model that considers multiple operational adjustments for recovery strategies. 
Ivanov et al. [ 68] propose a feedback-driven framework that integrates functional 
level recovery control with structural recovery control. Ivanov and Dolgui [ 69] uses  
discrete-event simulation to investigate efficient recovery policies and redundancy 
allocation by considering SC overlays of disruptions. Khalili et al. [ 70] tackle a 
production-distribution planning problem by developing a two-stage scenario-based 
mixed stochastic-possibilistic programming model with SCR enhancing options. 

7.3 Risk and Uncertainty in Tactical and Operational Models 
(Research Question 4) 

When addressing SCR problems, considering risk events, whether operational and/or 
disruptive, is inevitable. These events are distinguished by their level of impact and 
frequency, with low-impact and high-frequency events (LIHF) and high-impact and 
low-frequency ones (HILF) (Khalili et al. [ 70], Namdar et al. [ 71]). As expected, 
disruptive risks are the most considered, given the value of resilience in dealing with 
HILF events. However, given that these works focus on the tactical-operational level, 
eight papers were identified that addressed SCR in the face of LIHF events, while 
five addressed both risks simultaneously.
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However, in terms of how these risks are modelled, simple approaches are adopted 
in the majority of cases. For example, some works that address the occurrence of 
severe disruptions model such events within a pre-specified time frame (Ehlen et al. 
[ 63], Chang and Lin [ 52], Mao et al. [ 64]). Other works consider that suppliers are 
disrupted from the beginning Wang et al. [ 47] or select which node of the network 
to be disrupted within a given time length (Harrison et al. [ 46], Lücker and Seifert 
[ 55], Childerhouse et al. [ 50]). 

Another approach is setting different risk profiles that may arise (Schmitt and 
Singh [ 53], Wu et al. [ 54], Beheshtian et al. [ 49, 72]). These risk profiles are based 
on interviews with operational personnel and literature (Schmitt and Singh [ 53]), 
historical data historical data (Das and Lashkari [ 73]), or models defined in the 
extant literature (Yang et al. [ 58]). 

In terms of uncertainty, a few papers have been identified that integrate this con-
dition into their models. Khalili et al. [ 70] adopt a stochastic approach, taking the 
production and distribution of new products as imprecise parameters formulated in 
the form of triangular fuzzy numbers. This approach is also adopted by Ayoughi 
et al. [ 48] for dealing with demand, facility costs, and inventory costs parameters, 
which are taken as uncertain. Goldbeck et al. [ 67] also adopt a stochastic approach, 
generating a scenario tree with an input-output method to account for the propaga-
tion of risk and interdependency between assets. Lastly, Gholami-Zanjani et al. [ 57] 
address uncertainty in selected parameters through a robust approach, using a Monte 
Carlo method to generate plausible scenarios. 

7.4 SCR Metrics (Research Question 5) 

Relative to resilience metrics that are applied in the context of SCR, it can be said 
that these are greatly influenced by the end goal of the paper in which they are 
proposed and/or used, presenting diverse forms. Table 1, where it is represented the 
main indicators identified in tactical-operational models, confirms this affirmation, 
where it is possible to verify that there is no unique approach to SCR quantitative 
models and each application leads to different indicators being used. 

Khalili et al. [ 70] suggest three indicators that are relevant for each activity of 
the SC, and their weighted sum provides the resilience of the SC as a whole. They 
compute the Production Resilience as the sum of the initial production capacity and 
the difference between the decision variables of the additional initial production 
capacity and the production capacity that is available in a given scenario. Trans-
portation Resilience is calculated based on the difference between the transmission 
capacity of the transportation mode and the transportation capacity that is available 
under a scenario. The Inventory Resilience is computed by the difference between 
the additional capacity of a DC and the emergency inventory level available under 
a scenario. Nayeri et al. [ 74] works on inventory location problem with minimum 
levels of responsiveness as a resilience enabler thus, fostering SCR. Suppliers have
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Table 1 Resilience indicators in tactical-operational models 

Paper Problem 
addressed 

Resilience 
indicators 

Formula 

Khalili et al.  [  70] Supply chain Availability of 
production 
capacity (PR) 

. PRs = E
j
E

t (K j + w j − upsjt )

Availability of 
transportation 
capacity (DR) 

. DRs =E
j
E

c
E

m
E

l
E

t (z
ml
jc K

l
m − utsjct )

Availability of 
emergency 
inventory (IR) 

. I Rs = E
k
E

c
E

t (wkc − ubskct )

Lücker and 
Seifert [ 55] 

Inventory Stockout surface . S = − { t2
t1

I (t) dt

Mitigation 
surface 

. M = { t2
0 I (t) dt + { τ

tD
(td)dt +

{ t2
τ
t (d + p) dt

Mao et al. [ 64] Supply chain Cumulative loss . Ru = 1−
{ te+M
te

[ϕ(t0)−ϕ(t)]dt
Mmax×ϕ(t0)

Restoration 
rapidity 

. Rm = 1− M
Mmax

to be seen as relevant actors in tactical-operational SCR, as their relationship with 
the downstream echelons is vital in the short term (Mohammed et al. [ 75]). 

Mao et al. [ 64] propose normalized indicators in terms of resilience, where the 
range of its value is between 0 and 1. The resilience of cumulative loss is calculated 
as the ratio of the area between the SC’s performance and the restoration strategy’s 
maximum makespan value. Lücker and Seifert [ 55] construct a resilience metric 
based on both the stockout quantity and time. The successfully mitigated area and 
the stockout surface are used as components of the resilience metric. Chang and Lin 
[ 52] assess the stability of the net inventory level by observing the time variation 
between critical inventory points and define impact propagation as the ratio between 
the stockout duration and the duration of the initial disruptive event. 

Li et al. [ 76] proposed two metrics related to end-customer satisfaction and deliv-
ery requirements, while Dixit et al. [ 77] propose metrics related to order fulfilment 
and transportation costs. Taghizadeh et al. [ 78] perform a simulation approach to the 
impact on SCR in deep-tier SC, with the resilience metric being based on the demand 
lost. Chen et al. [ 79] focus on economic interests, proposing three cost-related indi-
cators and one for sales revenue. Gupta et al. [ 80] uses fuzzy multi-objective linear 
programming in an Agri-food SC to optimise the operational objective of mini-
mizing costs while maximizing long-term resilience. Zokaee et al. [ 81] focuses on 
the reconstruction of SC after a disruption caused by a catastrophe, aiming at pro-
viding a balanced solution between different objectives, namely minimizing costs 
and keeping the high efficiency of the SC. In fact, taking into account costs is an 
approach many authors follow. However, due to the high impact of disruptions might
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lack the trade-off necessary coming from acknowledging the need for profits. Other 
approaches mitigate that by analysing the Return on Assets and Return on Equity 
(Azadegan et al. [ 82], Baghersad and Zobel [ 83]). 

Ahmadian et al. [ 84] developed a general quantitative model to assess physical 
networks’ resilience and identify components that require improvements. They mea-
sure the resilience of individual components and define criticality as the ability of 
the network to perform in case of component failure. Sprecher et al. [ 85] establish 
resilience indicators for the SC of critical materials, while Sharma et al. [ 86] focus 
on the characteristics of trucking companies’ SC. Lastly, Ramezankhani et al. [ 87] 
use a hybrid method that combines QFD methodology with DEMATEL to determine 
the most influential resilience and sustainable factors. Annex 1 lists other papers that 
present resilience indicators. 

8 Discussion and Future Research Directions 

The field of SCR is rapidly growing and is expected to continue expanding. We 
propose a framework for future developments in Fig. 6, which encapsulates a 
future research agenda where three main topics within the development of Tactical-
Operational Resilience models should be considered: OR methods; Risk and Uncer-
tainty; Metrics. 

Models for tactical-operational decisions in SCR mostly rely on optimization and 
simulation, while the use of heuristics and decision analysis is under-explored. Future 
research should focus on both methods, with heuristics particularly valuable for their 
ability to deliver quick results. 

As SCR research advances, common risk management methods are becoming 
more frequent, but they may not capture the unique aspects of SCR. Further study 
is needed to understand the impact and frequency of disturbances. Most research 
has been deterministic, neglecting uncertainty and other parameters. Stochastic 
approaches should be considered to better reflect real-world dynamics and random-
ness. 

Fig. 6 Research framework on tactical-operational SCR models
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Selecting appropriate performance metrics for SCR is critical for accurately 
reflecting model objectives. Inadequate metrics can lead to inconsistent results, 
and there is a gap in the literature regarding resilience metrics. Research is needed 
to bridge this gap by adapting strategies from the strategic level to the tactical-
operational level. 

9 Conclusions 

The literature review presented in this paper aims to review the current state of the 
art on SCR quantitative models, focusing on the tactical and operational decision 
levels. By conducting a thorough analysis of previous literature reviews, the authors 
found that SCR is a rapidly growing research field, but quantitative approaches are 
scarce. To address this gap, the present work focuses on the tactical and operational 
decision level of SCR. 

An overview of the literature developed addressing the COVID-19 pandemic was 
also executed, and some insights were drawn, although these are limited to early 
assessments. The developed models were divided into four categories (distribution, 
inventory, production, SC), and the OR method used within each category was anal-
ysed. The category with the least dedicated research was identified as production. 
The authors then analysed how risk and uncertainty have been modelled and what 
resilience metrics have been used. 

The authors intend to provide useful information that can be used by practitioners 
and academics alike. To that end, they have identified a list of quantitative resilience 
indicators, associated mathematical formulas, and the problems where they can be 
used. They have also provided the most relevant issues to consider when dealing 
with resilience in specific problems in SCM, which can be used as a checklist for 
constructing new models that can support decision-makers in building resilience at 
the tactical and operational levels. 
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10 Annex 1 

See Table 2.
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Table 2 Resilience indicators 

Paper Resilience indicators 

Munoz and Dunbar [ 5] Recovery 

Performance loss 

Impact 

Profile Length 

Dixit et al.  [  77] Percentage of unfulfilled demand 

Total transportation cost post-disaster 

Li et al. [ 76] Amount of product delivered 

Average delivery distance 

Sprecher et al. [ 85] Time lag 

Response speed 

Maximum magnitude 

Sharma and George (2018) Dimensions of resistive capacity: 

Maintenance 

Fuel price variability hedging 

Skilled labour and management 

Communication and coordination 

Security 

Insurance 

Mode flexibility 

Dimensions of restorative capacity: 

Risk assessment 

Budget availability 

Ramezankhani et al. [ 87] Average inventory 

Economic: 

Cost 

Part unit profit 

Social: 

Number of employees 

Employee satisfaction 

Environmental: 

Waste 

Recyclable waste 

Chen et al. [ 79] Cost of order loss 

Cost of order backlog 

Sales revenue 

Cost of resilience ability 

Ahmadian et al. [ 84] Probability of disruption 

Impact of the disruption 

Recovery to normal state 

Criticality 

Li and Zobel (2020) Robustness at initial impact 

Robustness at full impact 

Recovery time 

Average performance retained over time
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Applying Deep Learning Techniques to 
Forecast Purchases in the Portuguese 
National Health Service 

José Sequeiros, Filipe R. Ramos, Maria Teresa Pereira, Marisa Oliveira, 
and Lihki Rubio 

Abstract Forecasting plays a crucial role in enhancing the efficiency and effective-
ness of logistics and supply chain management in the healthcare sector, particularly 
in financial management within healthcare facilities. Modeling and forecasting tech-
niques serve as valuable tools in this domain, with Artificial Neural Networks (ANN), 
especially Deep Neural Networks (DNN), emerging as promising options, as indi-
cated by the scientific literature. Furthermore, combining ANN with other method-
ologies has been a subject of frequent discussion. This study builds on previous 
research that used historical data to predict expenditure on medicines in Portuguese 
NHS Hospitals. The focus of this study is to evaluate advantages of Deep Learning 
methodologies. In addition to traditional approaches as Exponential Smoothing (ES), 
hybrid models are explored, specifically the combination of DNN with the Box and 
Jenkins methodology (BJ-DNN). A comparative analysis is conducted to assess the 
predictive quality and computational cost associated with the forecast models. The 
findings reveal that ES models provide overall suitability and low computational cost. 
However, considering the Mean Absolute Percentage Error (MAPE), the BJ-DNN 
model demonstrates robust forecasting accuracy. In conclusion, this study highlights 
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the potential of Deep Learning methodologies for improving expenditure forecasting 
in healthcare, while maintaining the favorable attributes of traditional Exponential 
Smoothing models. These findings contribute to the broader understanding of fore-
casting techniques in the healthcare sector. 

Keywords BJ-DNN model · Deep learning · ES models · Forecasting · National 
health service · Prediction error · Time series 

1 Introduction 

The ability to make informed and accurate decisions is essential for any organization, 
and the use of statistical techniques and tools plays a crucial role in supporting this 
process. Forecasting, in particular, is an indispensable tool for predicting future 
outcomes, and it can be extremely useful in making proactive plans and making 
informed decisions about production, business, financing, and investments, among 
other things. Forecasting can contribute to creating a competitive advantage for any 
entity [ 1]. 

The health sector is no exception, and the financial management of its units is an 
area where accurate forecasting can have significant impacts. With increasing costs 
in demand for care provision, worsening financial situations, and complicated and 
time-consuming processes combined with increasing demand, healthcare providers 
face significant challenges in maintaining efficient and effective services. In this 
context, the use of forecasting models can be a valuable ally in improving logistics 
and supply chain management, which ultimately contributes to improving the quality 
of care provided to patients. 

As a result, it is of utmost importance to look for forecasting models that are both 
accurate, reliable and computationally efficient. Time series forecasting is a popular 
way to model and predict data that changes over time. It can be used to solve a wide 
range of problems in the health sector, such as predicting demand for medicines and 
medical supplies, need for staff, and number of patients. 

In this paper, we aim to explore the effectiveness of various time series forecasting 
methodologies to predict purchases in the Portuguese National Health Service, with 
a particular focus on deep learning models. Performance of these models will be 
examined in comparison to traditional methods, specifically evaluating their ability 
to forecast purchases during periods of abrupt market disruptions and changes. This 
work proposes new methodologies to the growing body of research on forecasting in 
the health sector and learn more about the best ways to help with making decisions 
and managing resources.
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2 Modeling and Forecasting in Time Series 

The study of time series has gained practical interest not only in research but also in 
practice, with a wide range of applications, allowing future values prediction with 
some margin of error from a historical record of values [ 2]. However, time series 
modeling can be a challenging task due to the dynamic and complex nature of time-
dependent data. 

Econometric models for time series analysis are based only on historical data to 
make predictions. The behavior of a time series is characterized by some components, 
including trend, cyclicality, seasonality, and randomness, where the presence of struc-
tural breaks will make the modeling and prediction process difficult [ 3]. Therefore, 
identifying underlying patterns and trends in the data is critical to develope accurate 
forecasting models. 

When a time series exhibits a simple dynamic with clear evidence of trend and/or 
seasonality, classical methodologies, such as exponential smoothing techniques (ES), 
are often sufficient to provide relatively accurate forecasts with low computational 
cost [ 4]. The ease of use and understanding of these methodologies, referring to their 
strong applicability in the study of time series [ 5]. In general, these methodologies 
provide satisfactory results and enable a good understanding of the results. However, 
as the complexity of the data increases, more sophisticated modeling approaches are 
required to capture the dynamic and complex nature of the time series data. On the 
other hand, given the limitations pointed out in the scientific literature for classical 
methodologies [ 4, 6], several new approaches in the field of artificial intelligence 
have contributed a lot to advances in predictive analysis [ 7]. Under this paradigm, 
Artificial Neural Networks (ANN), in particular Deep Neural Networks (DNN), have 
been pointed out in the scientific literature as a very promising option [ 2, 8, 9]. In 
addition to the proposal of new ANN architectures, the combination of ANN with 
other methodologies (hybrid models) has been frequently discussed in the literature 
in order to improve predictive quality as well as to make the models more efficient 
[ 2, 9]. 

2.1 Exponential Smoothing Models 

Exponential smoothing is a classic method in time series forecasting that has been 
widely used in many fields, including finance, economics, and healthcare. The ES 
methodology is based on the explicit modeling of the error, trend, and seasonality 
in the data, and it has been shown to be effective in generating reliable forecasts 
with quick implementation and easy understanding, making it a popular choice in 
the business world [ 10]. It was first introduced by Brown [ 11] and Holt [ 12], and 
since then, it has been further developed and refined to address different types of time 
series data. In simpler models, such as Single Exponential Smoothing, the weight 
given to each historical observation may decrease as observations tend towards the
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past, which corresponds to predictive terms. This approach is particularly suitable 
when data is stationary and future behavior is expected to be similar to past patterns. 
However, when the data has non-stationary components, such as trend and season-
ality, more complex ES models, such as Holt-Winters, can be used to capture these 
patterns and generate more accurate forecasts. These elaborated models incorporate 
additional parameters to capture the trend and seasonality components, as well as the 
level of smoothing for the error term. Equation (1) refers to the Single Exponential 
Smoothing model, where given weight for each historical observation may decrease 
as observations tend towards the past (or vice versa) [ 13] 

.ŷt+1|t = αyt + (1 − α)ŷt |t−1 ∀t ∈ T (1) 

where.ŷt |t+1 is the forecast for time.t + 1 based on information up to time.t ∈ T , and 
.0 ≤ α ≤ 1 is the smoothing parameter. 

More advanced models include Double Exponential Smoothing and Triple Expo-
nential Smoothing models, which integrate additional components such as trend 
and/or seasonality. 

2.2 Deep Neural Networks 

The fundamental unit of an artificial neural network (ANN) is the artificial neuron, 
and these neurons are organized in layers. One notable architecture is the multi-
layer perceptron (MLP), which represents an early step towards deep neural net-
works (DNN). MLPs can be trained using the Backpropagation algorithm [ 14] and 
are characterized by the presence of multiple hidden layers composed of artificial 
neurons. As the field progressed, more complex architectures like recurrent neural 
networks (RNNs) were developed. In addition to the learning that occurs during 
each training epoch, RNNs incorporate an additional learning input. To handle the 
temporal aspect of data, it employs an enhanced backpropagation algorithm known 
as backpropagation through time (BPTT) [ 15]. This algorithm enables the to learn 
long-term dependencies [ 16]. Long short-term memory (LSTM), a specific type of 
RNN, has emerged as a powerful variant that can not only learn long-term depen-
dencies but also selectively retain relevant information [ 17]. LSTMs achieve this by 
incorporating mechanisms to minimize the cost function based on the importance of 
recent or older data. While MLPs, RNNs, and LSTMs all fall under the category of 
deep neural networks, their differences lie primarily at the low level of the individual 
neurons, shown in Fig. 1. For a more in-depth explanation about DNN models and 
mathematical background, see [ 4]. 

In addition to the mentioned architectures, recent studies have proposed hybrid 
methodologies (combining DNN with other methodologies). For example is the study 
by Ramos [ 18], where a hybrid approach is proposed between the methodology of 
Box and Jenkins (whose main objective is to ’stabilize’ the series – constant means 
and constant variances over time – before their inclusion in the models [ 19]) and deep



Applying Deep Learning Techniques to Forecast Purchases … 183

learning neural networks (DNN), using more robust cross-validation methodologies-
than k-fold group. Specifically, by combining DNN architectures (MLP, RNN, and 
LSTM) with the Box and Jenkins methodology, the authors propose a hybrid model, 
Box and Jenkins-DNN (BJ-DNN). In addition to remarkable predictive capacity 
of the proposed model, authors highlight reduction in computational cost (by more 
than 20%), compared to architectures with memory, such as RNN and LSTM, which, 
despite good predictive quality, there is a considerable computational cost, in terms 
of algorithm implementation execution time. 

3 Methodological Considerations 

In terms of methodological procedures, in this paper, Python 3.7 was used within 
the Jupyter Notebook environment, and all notebooks are available as open source 
[ 20]. To streamline the development process, the code was divided into four distinct 
steps, each contained in separate ipynb files: (1) ExploratoryDataAnalysis; (2)  Expo-
nentialTialSmoothing; (3)  DeepNeuralNetwork; and (4) DNNOurApproach, where 
BJ-DNN is implemented. All notebooks are available were developed from scratch, 
based on scientific literature [ 21, 22]. 

Regarding the implementation of ES methodologies, nine ES models were con-
sidered. Models are described in Table 1, where each one is labeled by a pair of 
letters, related to the trend component and the seasonality component. 

Accordingly, three major groups of models can be identified: 

Fig. 1 Comparison of a hidden cells of: MLP, RNN and LSTM (Source Adapted from [ 4]) 

Table 1 Classification of ES models 

Seasonality component (S) 

Trend component (T) None (N) Additive model (A) Multiplicative model 
(M) 

None (N) (N, N) (N, A) (N, M) 

Additive model (A) (A, N) (A, A) (A, M) 

Damped additive 
model (.Ad ) 

(.Ad , N) (.Ad , A) (.Ad , M)  

Source Adapted from [ 13]
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• Single Exponential Smoothing: (N, N) 
• Double Exponential Smoothing: (A, N) e (.Ad , N)  
• Triple Exponential Smoothing: (N, A), (A, A), (.Ad , A), (N, M), (A, M) e (.Ad , M)  

To select the most adequate ES model, the presence of trend behavior (or trend 
cycle), seasonality, and the noise present in the observations should be detected. 
For this, robustness of trend and seasonality were evaluated [ 23]. Therefore, by 
representing the trend-cycle component as .TCt , the seasonal component as . St , and 
the residual (random) component as .Rt , we calculate the measures of trend strength 
(.FT ) and seasonality strength (.FS). Trend strength is defined by (2) 

.FT = max

(
0, 1 − Var(Rt )

Var(TCt + Rt )

)
(2) 

where a series with a value of (.FT ) close to 1 evidence a strong trend, while in a 
series without a trend, the value will be 0. 

Analogously, the strength of seasonality can be defined by (3) 

.FS = max

(
0, 1 − Var(Rt )

Var(St + Rt )

)
(3) 

where a series with a (.FS) value close to 0 exhibits little or no seasonality, while in 
a series with strong seasonality, the value will be close to 1. 

In addition to determine measures mentioned above, for a more robust choice of 
the most appropriate ES model for the historical data set, it was decided to consider 
the information obtained from the Akaike information criterion (AIC) [ 24] and the 
Bayesian information criterion (BIC) [ 25], where the convergence of the parameters 
of each model for forecasting purposes can be evaluated, thereby choosing the best 
model (models). 

Regarding DNN, in sequential terms, the following steps were taken: (i) Import 
the data; (ii) Pre-process and/or transform the data; (iii) Define the ANN architecture 
(MLP, RNN or LSTM) and hyperparameters; (iv) Train and validate the model: 
the usual cross-validation methodology for time series was used (forward chaining), 
where the data is split into training samples (60%), validation samples (20%), and test 
samples (20%); (v) Assess the model: it follows the usual computational procedures 
in DNN models, through the application of cross-validation methodologies, where 
the accuracy of the models is evaluated using error metrics during the validation and 
testing stages (in case it performs poorly, go back to steps (ii) or (iii)); (vi) Forecast. 

In addition to the implementation of the routines referring to the BJ-DNN model, 
only forecast values were obtained from the LSTM model (resulting from the LSTM 
architecture). According to the literature, LSTM models show better predictive qual-
ity in data with disturbances in historical data, compared to models resulting from the 
MLP and RNN architectures [ 6, 26]. In each case, a multi-grid was used to explore 
several possible combinations to define an accurate model. 1

1 For more details on implementing DNN models and defining hyperparameters, see [ 4].
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To evaluate a model, it is necessary to compare its forecasted values against the 
actual price data that the model has not encountered before (test set). This evaluation 
process generates the forecasting error. The commonly used performance/error met-
rics are Mean Absolute Error (MAE) and Mean Absolute Percentage Error (MAPE) 
[ 27]. Considering the time series .yt , t ∈ T , and the past observations from period 
.1, . . . , t , where .yt+h represents an unknown future value at time .t + h and . ŷt+h

denotes its forecast, the prediction error is calculated as the difference between these 
two values, i.e., 

.et+h = yt+h − ŷt+h (4) 

where . h represents the forecasting horizon. 
Additionally, MAE and MAPE are defined, respectively, by 

.MAE = 1

s

sE
i=1

|et+i | (5) 

.MAPE = 1

s

sE
i=1

|||| yt+i − ŷt+i

yt+i

|||| × 100 (6) 

where. s corresponds to the number of observations in the forecasting samples (fore-
casting window). 

4 Results 

In this research, historical purchasing data from the National Health Service (NHS) 
was considered, with 137 monthly observations from January 2011 to May 2022. 2

The monthly expenditure on dispensed medicines in public-managed hospital insti-
tutions of the National Health Service (NHS) is closely monitored. The data col-
lected pertains to medicines encompassed by the National Hospital Medicines Code 
(CHNM), which includes both human-use medicines with Marketing Authorization 
(MA) and medicines authorized for Exceptional Use (EUA) [ 28]. 

4.1 Time Series Analysis 

Regarding expenditure on medicines in the Portuguese NHS Hospitals, the historical 
data is shown in Fig. 2.

2 Data obtained from [ 28]. 
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Fig. 2 Expenditure on medicines in the Portuguese NHS Hospitals: graphical representation 

Fig. 3 Expenditure on medicines in the Portuguese NHS Hospitals: graphical representation of 
annual boxplots 

From that chart, it is possible to observe a non-linear pattern with several periods 
characterized by distinct behaviors. Note the breaks in the last month of the years 
2017, 2018, 2019, 2020, and 2021, showing a behavior with some seasonality. This 
phenomenon can be better discerned when assessing the annual box plots (see Fig. 3), 
whose referred observations are identified as outliers. It should also be noted that 
the amplitude of the samples and the interquartile range (IQR) of the box plot that 
corresponds to the last two years (2020 and 2021) is considerably high, evidencing 
greater variability in historical data with the occurrence of structural breaks in recent 
years. 

To analyze some features of the time series, Table 2 contains the statistic test and 
the p-value for the following hypothesis tests: normality tests (Jarque-Bera test and 
Skewness and Kurtosis tests), stationarity or existence of unit root (ADF test and 
KPSS test), and independence (BDS test). 3

As expected, for any significance level, the normality, stationarity, and indepen-
dence tests are rejected for the time series. There is statistical evidence to: (i) not 
reject the non-normality of the distribution of the data (with the rejection of the nor-
mality test Jarque-Bera); (ii) assume the non-stationarity of the series (due to the 
null hypothesis not being rejected when doing the ADF test and due to the statistical 
value corresponding to KPSS being superior to the critical reference values) and (iii) 
infer about the non-independent and identically distributed (non-iid) since the null

3 For more details about hypothesis tests, see [ 4]. 
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hypothesis of the data being independent and identically distributed (iid) has been 
rejected through the BDS test. 

The statistical tests conducted on the time series data indicate that the assumptions 
of normality, stationarity, and independence are rejected. The evidence suggests that 
the distribution of the data is non-normal, the series is non-stationary, and the data 
is non-independent and not identically distributed (non-iid). 

4.2 Modelling and Forecasting 

According to preliminary studies that are consistent with the scientific literature [ 29], 
the Charge NHS time series exhibits some statistical properties (non-stationarity, non-
linearity, asymmetries, structural breaks) that increase the complexity of modeling 
and forecasting tasks when using traditional methodologies (e.g., moving average 
and autoregressive models). The results discussed show some of the limitations in 
applying the autoregressive models, where the dynamic of the series is not completely 
captured by these models, which results in large prediction errors. In the present 
study, in addition to the ES models, DNN models are considered. Concretely, LSTM 
models and the hybrid BJ-DNN model were used to evaluate their performance in 
forecasting the time series. 

Thus, using data up to December 2021 for modeling, a forecast is made for the 
first four months of the year 2022 (from January to May). With this, the goal is to 
figure out how good the predictions are in the short and medium term. 

For the ES models, combining the information regarding trend strength (. FT =
0.8536) and seasonality strength (.FT ≈ 0.7812) with the information resulting from 
the AIC and BIC criteria (among the models that exhibited parameter convergence, 
the candidates for the best models were identified based on the lowest values of the 
information criteria), two models were selected: (A, M) and (.Ad ,M). In Fig 4, you 
can see the respective graphic representations. In addition to comparing predicted to 
observed values (forecasting), it was thought useful to represent (with a time window 
of the last 15 observations) the values adjusted by the model (fitting), from which 
the accuracy of each model to real data (in-sample forecasts) can be assessed. 

Table 2 Expenditure on medicines in the Portuguese NHS hospitals: normality, stationarity, and 
independence tests 

Normality tests Unit root/stationary tests Independence test 

Kurtosis Skewness Jarque-Bera AADF KPSS BDS 
(Dim.2-Dim.6) 

Statistic 1.0149 4.4228 25.1785 5.1107 0.9419 14.5761–25.0442 

p-value 0.3102 0.0000* 0.0000* 1.0000 – 0.0000* 

*.H0 is rejected for significance levels of 1%, 5% and 10%
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From the graphical analysis, it appears that the two selected models, considering 
the trend and seasonality components, present similar forecasts (the dashed forecast 
lines are relatively overlapping). Any of the models (black line) fits the global data 
well. However, in the medium term, the model starts to lose some predictive quality. 

The graphical representations of the DNN models are shown in Fig. 5, (a) LSTM 
model, and (b) BJ-DNN model. It is possible to observe, for each case: (i) data 
used to train (shaded area) the model to forecast within the sample (orange line), 
allowing to understand if the model is overfitting the training data; (ii) data used to 
train (highlighted in blue horizontal mark) the model to forecast out-of-sample (blue 
line), allowing the model’s performance to be assessed. 

From analyzing both figures, it is possible to infer that for both models, the 
predicted values follow the test data patterns rather accurately. In particular, it is 
possible to see how BJ-DNN outperforms the LSTM model by comparing their 
forecasted values (both in and out-of-sample). 

4.3 Comparing Results 

For the DNN models, utilizing LSTM architectures and the BJ-DNN model, the 
range of MAPE values (lower and upper bounds of 5% trimmed) was calculated for 
various time horizons: January, February, March, April, and May (refer to Table 3) 
to conduct a more comprehensive analysis of the out-of-sample forecast. 4 Regarding 
the ES models, the two selected models present similar MAPE values. An increase 
in the forecast time horizon does not increase MAPE values. The highest MAPE 
value in the first forecast month, January, stands out. The high error results from 
the drop registered in December. Despite the ES models incorporating a seasonality 
component, this is not enough to be able to capture the dynamic results for January. 

Fig. 4 ES model (fitting and forecasting)

4 The parameters of the neural network (weights and bias) benefited from a pseudo-random ini-
tialization instead of using a fixed seed [ 30]. In addition, to avoid outlier results, the forecasting 
occurred in a loop (60 runs), and the 5% worse and best results were ignored. 
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In the remaining months, values vary between 1.92% (forecast for March) and 3.82% 
(forecast for May). 

Based on the observed values, the BJ-DNN model has a noticeable general reduc-
tion in the amplitude of the MAPE forecast intervals (in each forecast horizon) when 
compared to the LSTM models in the DNN models. When comparing the three mod-
els about forecasting accuracy, despite the instability present in the time series, DNN 
models seem to be able to better capture the pattern of the series. In the short term 
(months from January to March), the forecasts resulting from the BJ-DNN model 

Fig. 5 DNN models (fitting and forecasting): a LSTM model; b BJ-DNN model 

Table 3 Predictions errors of the three DNN models (MAPE) 

MAPE 

Model January (%) February (%) March (%) April (%) May (%) 

ES 4.05 2.28 1.92 2.08 3.82 

LSTM* 0.89–1.31 1.41–1.93 1.72–2.11 1.32–1.80 3.98–4.43 

BJ-DNN* 0.79–1.12 0.68–0.97 0.71–1.02 1.49–2.01 3.68–4.15 

*Minimum values—Maximum values (trimmed by 5%) obtained in a total of 60 runs
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are better (with an error of around 0.9%). However, for longer forecast horizons (the 
month of May), the predictive quality of the DNN models decreases. In this case, 
the forecast values resulting from the classical models are identical or even better. 

Therefore, it can be concluded that the models of the chosen methods have differ-
ent qualities in terms of forecast accuracy. In periods with breaks in historical data, 
the learning done by the DNN models, particularly the BJ-DNN model, seems to 
capture the dynamics of the data and produce good forecast values (with low errors). 
However, at more stable moments in the historical dataset, there seems to be no advan-
tage in implementing more robust methodologies (e.g., neural networks). Classical 
methodologies, such as ES models, produce identical forecast values (although with 
greater error) at a lower computational cost. 

5 Conclusion 

Accurate forecasting plays a critical role in efficient healthcare supply chain man-
agement and improving clinical outcomes. However, traditional forecasting meth-
ods often struggle in complex and rapidly changing environments, particularly when 
faced with sudden data gaps. 

To address these challenges, this study focused on evaluating the effectiveness 
of deep learning methodologies, specifically the BJ-DNN model, in forecasting pur-
chases within the Portuguese National Health Service. The results demonstrated that 
the BJ-DNN model, integrating classical procedures, effectively extracted valuable 
insights from complex and dynamic data. In contrast, traditional methods exhibited 
limitations in accurately predicting purchases during sudden changes. 

While deep learning models like BJ-DNN show promise in healthcare forecasting, 
it is important to consider their higher computational cost compared to traditional 
methods. Nevertheless, the cost remains significantly lower than that of the LSTM 
model. By combining deep learning models with other approaches, healthcare orga-
nizations can enhance forecasting accuracy and optimize resource allocation. 

Furthermore, applied studies in supply chain management, specifically in forecast-
ing hospital-level medication demand, are crucial to ensure resource efficiency while 
maintaining high-quality clinical outcomes. The integration of advanced forecasting 
methodologies, such as the BJ-DNN model, provides valuable tools for healthcare 
supply chain management. Leveraging the power of deep learning, coupled with tra-
ditional forecasting approaches, enables accurate prediction of medication demand, 
facilitating effective planning, procurement, and distribution strategies. 

This research emphasizes the need for integrated forecasting frameworks that 
harness the strengths of deep learning models, classical approaches, and human 
expertise. By adopting such frameworks, healthcare organizations can make informed 
decisions, optimize resource allocation, and enhance inventory management. 

Looking ahead, future studies can explore the specific applications of deep learn-
ing models in public policy-making and further understand the unique characteristics 
of healthcare forecasting compared to other time series. These advancements will
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contribute to the ongoing improvement of healthcare supply chain management, 
enabling organizations to achieve resource efficiency without compromising clinical 
outcomes. 

Overall, this study highlights the potential of deep learning methodologies, such as 
the BJ-DNN model, in healthcare forecasting, supporting informed decision-making 
and enhancing the efficiency of healthcare supply chains to ultimately benefit patient 
care. 
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Abstract Decision-making in multi-objective problems is a complex problem with 
several approaches existing in the literature. Many such approaches typically com-
bine simulation and optimization methods to achieve a robust tool capable of provid-
ing useful information to decision-makers. While simulation helps decision-makers 
to test alternative scenarios and allows uncertainty to be considered, optimization 
enables them to find the best alternatives for specific conditions. This paper pro-
poses an alternative approach consisting of three levels, wherein we use simulation 
to model complex scenarios, simulation-optimization to identify the scenarios of the 
Pareto-front, and Data Envelopment Analysis to identify the most efficient solutions, 
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1 Introduction 

Decision-making is an essential process in every business. The decision-makers 
may require proper methods to help them, especially when dealing with complex 
systems where the objectives under analysis conflict with themselves, such as in 
multi-objective complex problems [ 1]. Some of these methods include the use of 
optimization and simulation to find solutions that are suitable for decision-makers 
[ 2– 4]. 

Simulation is extremely useful and insightful when dealing with the dynamics 
of systems with considerable variability. It can easily incorporate randomness in 
any process, enabling the analysis of what-if scenarios. This can lead to valuable 
insights being obtained, including those triggered by events that were previously 
not considered or those triggered by propagations throughout the time of certain 
events, potentially leading to overlooked events considerably affecting the system’s 
overall performance. Even so, simulation is not traditionally used to find optimum 
solutions. Conversely, optimization can be used to find the best or the best set of 
solutions, including the set of non-dominated solutions in multi-objective problems 
[ 5]. As these methods have pros and cons, many authors combine both in different 
frameworks. For instance, Wang et al. [ 3] combined the simulation of the behav-
ior of subway passengers to refine a multi-objective optimization to minimize train 
operation costs and passenger waiting times. Ramirez et al. [ 4] used simulation and 
optimization to minimize oil and gas industry costs and time. Nnene et al. [ 2] used  
simulation and optimization to solve a transit network design problem, in which 
simulation evaluates alternative network solutions by simulating travel demand on 
them while a multi-objective optimization algorithm searches for efficient network 
solutions. Simulation-optimization is thus a powerful decision-making tool that has 
the ability to capture intricate relationships and interactions among several entities 
in a real-world complex system and identify the best design point [ 6]. This approach 
searches design points within the design space to optimize performance measures 
[ 7]. 

The first and most important principle of efficiency is to obtain the best result 
through the minimum use of resources [ 8]. Therefore, the success of an organization 
depends on its efficiency, so the measurement of efficiency helps not only to identify 
inefficiencies but also helps in the development of the organization through the elim-
ination or minimization of these inefficiencies [ 8]. Taleb [ 9], for instance, integrated 
discrete event simulation and data envelopment analysis (DEA) to measure perfor-
mance and evaluate the efficiency of potential resource allocation configurations for 
future performance improvement in emergency departments. 

Despite the importance of previous approaches, specific decision-makers may be 
willing to explore certain dominated or non-optimum scenarios due to individual 
preferences or because, in their view, there can be other scenarios that, while domi-
nated, are more efficient [ 10]. 

Our motivation was to develop a decision-making approach that allows decision-
makers to choose the most efficient solution for their specific preferences, in a set of
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high uncertainty, even though it is a dominated one. 
To test our approach, we selected a hypothetical case study consisting of a sup-

ply chain design problem, in which simulation is a well-known effective tool to aid 
decision-makers [ 6, 7]. 

This paper is structured as follows. The next section covers the methodology 
adopted for this research. Namely, the section briefly covers the proposed approach 
and describes the problem that was considered to apply the proposed approach. In 
its turn, the third section presents and discusses the obtained results. Finally, the last 
section discusses the main conclusions of this research. 

2 Data and Methodology 

This section describes the hypothetical case adopted to apply our approach (the 
first subsection) and the methodology followed in this research (the second sub-
section), particularly the three levels of decision-support that were incorporated. 
This description also details how each of the decision-making levels was modeled. 

2.1 A Supply Chain Design Problem 

This subsection describes the case that was considered for our research. In this sense, 
we decided to consider the problem of supply chain design, in which several suppliers 
can be selected to provide materials to a manufacturing company. Supplier selection 
is of extreme importance, therefore a comprehensive approach to decision-making 
is highly desirable [ 11]. 

The company receives orders modeled with a negative exponential distribution 
with an average of 15 min, where each order can consume up to nine stock units of 
a particular material. The company can partner with five suppliers in the market for 
necessary supplies. The suppliers have proposed to the company the delivery times 
and fixed costs with orders that are shown in Table 1. 

Table 1 Suppliers data 

Supplier Average lead time (days) used 
in the poisson distribution 

Fixed cost per order (e) 

Supplier1 21 500 

Supplier2 24 500 

Supplier3 41 100 

Supplier4 13 2000 

Supplier5 6 5000
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Regarding the company costs, it was decided to use a variable rupture cost mod-
eled by the Poisson distribution with an average value of 1500e. We opted for this 
approach to add increased variability to the model. The company faces the problem 
of considering several objectives and defining the best supply chain configuration 
for different decision profiles, namely by considering the following parameters: 

• The number of suppliers (there is one parameter for the definition of the existence 
of each supplier in each simulation scenario); 

• Quantity to order; 
• Reorder point for the material. 

2.2 Proposed Approach: A Three-Level Decision Support 
Approach 

In a general way, the proposed approach consists, in the first phase, of the modeling 
and simulation of the case. In the second phase, multi-objective simulation optimiza-
tion (MOSO) is used to obtain a set of non-dominated solutions based on a decision 
profile that seeks to maximize some objectives and minimize others. Finally, in the 
third phase, using Data Envelopment Analysis (DEA), we respond to the decision-
maker preferences not incorporated in the second phase. Figure 1 represents a general 
scheme of the proposed approach. 

First Level—Modeling and Simulation 

As can be seen, the first level comprises the traditional steps in a simulation approach. 
Usually, these studies start by defining the problem and the parts that will be modeled 
and analyzed. In a simulation, when modeling the problem, different approaches can 
be used, e.g., process modeling or agent modeling. In our case, we used SIMIO 
(Version 15), which allows the user to use concepts of both approaches in an inte-
grated way [ 12]. Once the model is developed, it must be validated so the user has 
confidence in the feedback obtained by the model. In this sense, since we adopted a 
hypothetical case study, our validation process mainly consisted in varying specific 
parameters of the model until the desired outcome was reached when analyzing pro-
cesses, such as variation of stock throughout simulation time, variation of stockouts, 
and duration of orders to suppliers, among others. If this was an actual case study, 
this process should be adapted so that the results obtained by the simulation model 
could match previous observations from the field or data. 

As an established method for manufacturing and logistics purposes [ 13], sim-
ulation is particularly well suited to studying complex transportation and logistics 
systems, with many elements that must be coordinated for the system to function 
smoothly [ 14]. Therefore, simulation can significantly promote a multi-decision con-
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Fig. 1 General scheme of the proposed approach 

text that deals with supply chain issues by enabling quantitative assessment of prob-
lems originated upstream and downstream of supply chains [ 15]. The main charac-
teristic of modeling and simulation is its ability to represent business processes of 
production systems, including, among others, demand forecasts and inventory pur-
chase orders [ 16, 17]. By simulating a system, managers can test different configu-
rations and identify the most efficient way to operate it [ 18]. While several processes 
were defined for the many actions performed in the model by the entities, two main 
processes can be highlighted. The first considers the internal orders, represented in 
Fig. 2, and the second consists of the external orders, depicted in Fig. 3. 

The internal orders arrive at random intervals and with random material quantities 
(defined according to the parameters in Table 1. If the material stock is enough, the 
order is filled, and the quantity supplied is deducted from the existing stock. A mate-
rial stockout is generated if the amount of stock is insufficient. When the material 
stock is below the reorder point, an order is generated for the material suppliers. 

In the supplier ordering process, a supplier is randomly chosen, and if the selected 
supplier has an order in transit, another supplier may be chosen, and the order is 
placed. After this, a random time delay occurs according to the supplier’s specifi-
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Fig. 2 Process for internal client orders 

Fig. 3 Process used for orders for suppliers
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cations (see Table 1). When the order arrives, the order’s quantity is added to the 
material stock, and the process ends. 

Second Level: Multi-objective Simulation-Optimization 

Notwithstanding the traditional benefits of the former level—i.e., using modeling 
simulation, this is, indeed, an approach with its limitations. This allows users to 
observe the effects of randomness in selected objectives. However, this does not 
allow users to determine the best or the best set of scenarios to use under specific 
established criteria. 

Several approaches have been proposed for this purpose, e.g., from the classi-
cal stochastic approximation algorithms, response surface methodology, and sample 
path optimization, to the meta-heuristic approaches including genetic algorithm, 
simulated annealing, and tabu search (see, for example [ 19– 21] for a survey in this 
regard). For instance, such approaches may start by limiting the set of possibilities 
with a method and, after that, applying another method to establish additional per-
formance indicators (when first using optimization and then simulation) or obtain 
the optimum scenarios after an initial reduction of possibilities (when first using 
simulation and then optimization). While this is a useful and interesting approach, 
ours works differently. Instead, the second level does not limit the set of scenarios 
at the beginning nor the end, i.e., it does not exclude any scenario before simulating 
a specific number of replications. It evaluates the performance of each scenario and 
changes the parameters to create scenarios with better performance until the maxi-
mum number of scenarios has been created. 

In a more detailed way, to use the simulation-optimization approach proposed for 
the second level, the user has to define the objectives that should be maximized or 
minimized, as well as the range of values that can be used for the parameters. Thus, 
each decision-maker profile can establish its preferences. Lastly, the maximum num-
ber of scenarios to be created is also defined. Once this setup is done, the simulation 
optimization engine establishes a set of initial scenarios and runs them for the defined 
simulation length. Afterward, the obtained objectives are recorded, and a heuristic 
is used to determine, based on the recorded objectives, the next parameter values to 
use in the new scenarios that will be created automatically. This process is repeated 
until the previously defined maximum number of scenarios finishes running. At that 
point, the scenarios with the best set of parameters and objectives for the considered 
decision-maker should be obtained, and a Pareto front analysis can be performed 
with these scenarios, getting a set of non-dominated scenarios. 

At this level, the MOSO is used. Real-world optimization problems, such as attain-
ing the lean logistics goal of minimizing inventory while maximizing service level, 
usually lead to multiple contradictory objectives [ 5]. 

The difficulty arises since these give rise to a set of optimal compromise solutions 
rather than a single optimal solution [ 5]. As such, it is important to find not just one 
optimal solution but as many as possible. This way, the decision maker will be better 
positioned to choose when more compromise solutions are uncovered [ 5].
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The first step consists of defining the objectives that should be maximized and 
minimized. Supply chain management aims to provide a high service level and simul-
taneously minimize operating costs [ 22]. Thus, the main objective considered for our 
case was the service level, which in this case, is the proportion of orders fulfilled. 
Regarding the objectives to minimize, the following were considered: total costs and 
average stock level. Total costs include stock-out costs, holding costs, and ordering 
costs. The service level is calculated as the percentage of filled orders. Finally, the 
range of values that can be used for the parameters must also be established. In this 
case, the parameters included the number of suppliers (from 1 to 5), the rule for their 
selection (represented in Fig. 3), the quantity to be ordered, and the order point. The 
maximum number of scenarios to be created was defined as 400. After these steps, 
the OptQuest ®for SIMIO®is used, in which the simulation-optimization engine 
establishes a set of initial scenarios and runs them for the defined simulation length. 
Afterward, the obtained objectives are recorded, and a heuristic is used to determine, 
based on the recorded objectives, the following parameter values to be used in the 
new scenarios to be created. This process is repeated until the previously defined 
maximum number of scenarios has run out. At that point, the obtained scenarios can 
be submitted to a Pareto front analysis. The service level was defined as the primary 
response, a minimum of three and a maximum of 50 replications (due to computation 
availability), a confidence level of 95%, and a relative error of 0.1. 

Third Level: Efficiency of Dominated and Non-dominated Scenarios 
with Data Envelopment Analysis 

Obtaining the set of non-dominated scenarios for a given system is an interesting 
and insightful milestone for decision-makers by itself. However, specific decision-
makers may be willing to explore other dominated scenarios since, in their view, 
there can be different scenarios that, while dominated, are more efficient. Because 
of this, we decided to complement our approach with the third level, which allows 
users to evaluate every generated scenario by quantifying their efficiency using DEA. 
Likewise, in the second level, different decision-maker profiles can be defined using 
different DEA parameters in the third level. 

DEA is aimed at measuring the Decision-Making Units (DMUs) performance 
according to a predefined decision-maker preference [ 23]. One of the primary goals 
of DEA is to measure the efficiency of a DMU through a scalar measure that ranges 
between zero (the worst performance) and one (the best performance) [ 24]. One of 
the pitfalls of DEA is that it does not have a good indicator of model fit [25]. However, 
this obstacle has been replaced by the satisfaction of a set of theoretical properties: 
(i) the measure takes values between zero and one; (ii) be monotone; (iii) invariance 
of the units; (iv) invariance of the translation; and (v) the DMU evaluated is Pareto 
Koopmans efficient if and only if the measure has a value of one [ 25]. 

A DEA analysis should clearly identify what is to be achieved from that analysis 
[ 26]. According to Chopra [ 27], the goal in the design of a supply chain is to structure 
it in a way that meets customer needs (in this specific case, represented by Service
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Table 2 Inputs and outputs are defined according to the decision maker’s different preferences 

Decision maker preference Inputs Outputs 

Aversion to high stock levels Lead time; Total costs; 
Average stock level 

Service level 

Aversion to low service level Total costs; 

Average stock level Service level 

Aversion to risk exposure Total costs; 

Lead time 
Service level; 

Average stock level 

Level, therefore, to be maximized) in a cost-effective manner (being Total Costs, Lead 
Time, and Average Stock Level representatives of costs, therefore, to be minimized). 
With that in mind, in this paper, we identify the following three hypothetical possible 
preferences of a decision-maker: 

1. Aversion to high stock levels. 
2. Aversion to low service level. 
3. Aversion to risk exposure. 

The first is related to the efficiency with the minimum stock level. The second con-
cerns the highest level of stock, and finally, the third is associated with a possible 
aversion to risk (minimizing the possible occurrence of disruptions). Table 2 shows 
the inputs and outputs defined according to the different profiles of preference of the 
decision maker. 

If both input reduction and output enhancement are desirable goals in a particular 
application (as in this case, to maximize consumer needs and minimize costs), then a 
slacks-based measure (SBM) may provide the appropriate model structure to capture 
a DMU’s performance measure [ 28]. The SBM is an addition to additive models by 
introducing a measure that makes their efficiency assessment invariant to the units 
of measure used for the different inputs and outputs [ 23]. The measure selected was 
the measure proposed by Tone [ 29]. This measure satisfies the ensuing properties: 
(i) it is always between zero and one; (ii) the measure is equal to one if and only if 
the rated DMU is Pareto-Koopmans efficient; (iii) it is units invariant, and (iv) it is 
strongly monotonic in inputs and outputs [ 30]. In the SBM proposed by Tone [ 29], 
the K DMU is described by vectors of inputs and outputs, such that: 

.Xκ = Xλ + S−; Yκ = Yλ − S+ (1) 

Where X and Y indicate respectively the matrix of inputs of dimension (m x n) and 
the matrix of outputs of dimension q1 (h x n), associated with the frontier where 
the terms S are slacks [ 31]. Slacks allow non-equality constraints, which indicates 
that the DMU operates within the frontier, to be expressed by equalities. Efficiency
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optimization can thus be considered as an exercise in choosing the slacks and the 
weights of the components of the vector . λ, such that: 

. min ρ =
1 −

(
1
m

Em
i=1

S−
i
xik

)

1 −
(
1
h

Eh
r=1

S+
r

xrk

) (2) 

st: 
. xik = En

j=1 xi jλ j + S−
i i = 1, . . . ,m

. yrk = En
j=1 yr jλ j + S−

r r = 1, . . . ,m
. λ ≥ 0; S− ≥ 0; S+ ≥ 0

In this model, the DMU is said to be efficient with a value of unity if, and only if, 
the DMU is on the frontier of the production possibility set with no input and output 
slack [ 32]. 

3 Results 

This section presents and discusses the results of applying the proposed approach to 
the selected problem. In this sense, we show the results that can be obtained at each 
decision level with our approach in separate subsections. 

3.1 Results from the First Level 

In terms of decision support, this level allows users to analyze the evolution through-
out the simulation time of particular objectives and specific selected performance 
indicators. This can be helpful for users that already know the parameters they want 
to experiment with or if they want to understand in more detail what happens in a 
given scenario. This, indeed, is similar to what most traditional simulation studies 
can use. Figure 4 shows the run of a simulation experiment. 

The first thing that should be highlighted is the simulation optimization’s capac-
ity to generate solutions near the Pareto frontier, despite the randomness that occurs 
throughout each scenario and the wide range of parameters that can be used. 

3.2 Results from the Second Level 

From the results of the second level, we obtained 360 scenarios with a service level 
higher than 0,5, of which 21 were non-dominated. Figure 5 shows the results that 
were obtained.
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Fig. 4 Run of a simulation experiment 

Fig. 5 Sim-Optimization results 

3.3 Results from the Third Level 

For the decision-maker who has an aversion to stock stocks, the results obtained from 
the application of DEA allowed to extract of 22 efficient DMUs. Figure 6 graphically 
represents the comparison between non-dominated scenarios and efficient DMUs, 
from a decision-maker’s perspective that values stock minimization. From its anal-
ysis, it is possible to see that 14 scenarios are simultaneously non-dominated and 
efficient, and eight dominated scenarios are efficient. These scenarios all exhibit a 
service level greater than 0.75. Finally, thirteen of the non-dominated scenarios are 
not efficient from the perspective of a decision-maker that values low stocks. Figure 7 
shows the results obtained for the decision-maker with the profile for the aversion
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Fig. 6 Non-dominated, dominated scenarios, and efficient DMUs for stock minimization 

Fig. 7 Non-dominated, dominated scenarios, and efficient DMUs for service level maximization 

to low service levels. For the decision-maker profile that values the service level, 12 
efficient DMUs were obtained. It is observed from the analysis of Fig. 6 that the vast 
majority of the efficient DMUs are non-dominated scenarios, with 9 having a service 
level higher than 0.8. Only one dominated scenario is an efficient DMU. Moreover, a 
total of eight non-dominated scenarios are not efficient DMUs from the perspective 
of a decision-maker who values high levels of service. Four have a level of service 
lower than 0.8. We also highlight that 12 efficient DMUs are also efficient DMUs 
in the previous decision-making profile that was analyzed, i.e., the aversion to high 
stock levels. Regarding the third decision-maker profile that was defined, consisting 
of the aversion to risk exposure, Fig. 8 illustrates the obtained results. 

As can be seen, 23 efficient DMUs were obtained. All the efficient DMUs have 
a service level higher than 0.95. These results can be justified because the average 
stock level was used as an output for this decision profile. We also highlight the 
slight overlap between the efficient DMUs in this profile and the efficient solutions, 
consisting of merely two, as visible in Fig. 7. We also observe little overlap between 
the efficient DMUs in this profile and the efficient DMUs in the other decision profiles,
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Fig. 8 Non-dominated, dominated scenarios and efficient DMUs for risk minimization 

namely six DMUs between the aversion to risk and stock profiles and one between 
aversion to low service level and risk exposure. In fact, the DMU in question is the 
only one efficient in the three decision profiles and is simultaneously not dominated. 

4 Conclusions 

This paper proposed an alternative approach for analyzing multi-objective prob-
lems, considering uncertainty and efficiency. The approach consists of modeling and 
simulating a system’s dynamics and generating a set of scenarios in pursuit of the 
Pareto-front. The result is a set of dominated and non-dominated scenarios, which are 
then analyzed with DEA, considering different decision profiles and both dominated 
and non-dominated scenarios. 

Accordingly, although dominated, we obtained efficient solutions for a given 
decision-maker profile. Likewise, we also obtained non-dominated solutions that 
are not efficient for specific decision profiles. We did not discuss the values of the 
parameters under analysis that originated such scenarios, as that would focus the 
analysis on the considered problem and not on the approach, which is the scope of 
this research. Thus, this approach allows the efficiency of solutions to be considered, 
as well as the non-dominance of others, including the dynamics and uncertainty of 
complex systems and different decision profiles. 

Regardless, our research has some limitations, which should steer our future 
research endeavors. As a main limitation, we highlight the use of a hypothetical. 
Real problems may reveal additional interesting challenges and insights into our 
approach. The selection of suppliers is random, which limits our approach. Differ-
ent rules could be implemented, including alternative optimization methods or even 
artificial intelligence, e.g., reinforcement learning. To improve the robustness of the 
proposed approach, sensitivity analysis should be run in future research.
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Modelling Forest Fire Spread Through 
Discrete Event Simulation 

Catarina Santos, Ana Raquel Xambre, Andreia Hall, Helena Alvelos, 
Susete Marques, Isabel Martins, and Filipe Alvelos 

Abstract Forest fires are becoming a more common occurrence in Portugal as well 
as worldwide. To extinguish or reduce them more quickly and effectively, it is crucial 
to understand how they spread. This paper presents a study and a model that shows 
how wildfires spread, assuming the forest can be represented by a graph, where the 
nodes correspond to forest stands and the arcs to the path between them. In order to do 
this, algorithms were developed in Python, using discrete event simulation, that allow 
modelling the progression of the fire on the graph. This fire propagation model takes 
into account several aspects of the forest, the wind being the most influential one. 
Some tests were performed, considering different ignition points, wind directions 
and wind speeds. 
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1 Introduction 

In recent years, forest fires around the world have been affecting entire communities 
with the loss of human and animal lives, homes, public infrastructures, air quality, 
landscapes, among others. The existence of different ecosystems directly interferes 
with the size, frequency, and intensity of forest fires [ 1]. Therefore, in order to 
simulate fire spread, it is necessary to determine the best way to represent the forest 
and its characteristics. Some of the benefits of using a graph to represent a forest 
are its considerable small size and the inherent flexibility to model different levels 
of change, since nodes represent homogeneous sections of terrain and arcs represent 
the travel path between them [ 2]. 

Fuel, weather and topography are three of the factors that most influence how 
forest fire spreads and the Rothermel’s model [ 3] uses these factors. The model 
computes the rate, R, which is the speed of the fire spread, through the following 
expression [ 3]: 

.R = IRξ(1 + φw + φs)

ρbeQig
(1) 

The components in the final equation for the Rothermel surface fire spread model 
are: 

. IR : Intensity of the fire (Btu/ft2/min)–Rate of energy release per unit area of fire 
front 

. ξ : Propagating flux ratio–Proportion of the reaction intensity that heats adjacent 
fuel particles to ignition (no wind) 

.φw: Wind factor–Dimensionless multiplier that considers how wind affects the 
propagating flux ratio 

. φs : Slope factor–Dimensionless multiplier that considers how slope affects the 
propagating flux ratio 

. ρb: Bulk density (lb/ft3)–Amount of oven-dry fuel per cubic foot of fuel bed 

. e: Effective heating number–Proportion of a fuel particle that reaches ignition 
temperature at the beginning of flame combustion 

.Qig: Heat of preignition (Btu/lb)–Amount of heat required to ignite one pound of 
fuel. 

There are, however, other approaches to model the way fire can propagate across 
a specific landscape. Some papers simplify the calculation of the rate of fire spread 
and one of the simple forms is the 10% wind speed rule of thumb for estimating 
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a wildfire’s forward rate of spread in forests and shrub lands. The resulting rule of 
thumb is that the rate of fire spread in forests and shrub lands, under relatively dry 
conditions, is approximately equal to 10% of the average 10 m open wind speed 
(5-m average wind speed at a height of 10 m above the ground), where both values 
are expressed in the same units [ 4]. Other way to model fire spread is considering 
spread probabilities between cells. The probability of fire spreading from a burning 
cell to the neighbouring cells was addressed by [ 5] and can be described as: 

.Pburn = Ph(1 + Pden)(1 + Pveg)Pw (2) 

Where .Ph denotes the constant probability that a cell adjacent to a burning cell 
containing a given type of vegetation and density will catch fire at the next time step; 
.Pden , .Pveg and .Pw are the fire propagation parameters that depend on the density of 
vegetation, the type of vegetation and the wind speed respectively. .Pw is described 
by: 

.Pw = eC1V eVC2(cosθ−1) (3) 

Where V denotes the wind speed, . θ is the angle between the direction of the fire 
spread and the direction of the wind, and.C1 and.C2 are wind constants. These last two 
parameters were 0.045 m.

−1 s and 0.131 m.
−1 s, respectively. They were determined 

and defined by [ 6] by encircling a simulator with a non-linear optimization technique, 
with the goal of minimizing the discrepancy between the number of burned cells 
predicted by the simulation and those that were actually burned (respected to a case 
study). The probability of fire spread increases as the angle between the direction 
of fire spread and the wind direction decreases because the wind will speed up the 
spread of the fire in the direction it is blowing in, but will slow it down in directions 
against the wind [ 2, 5]. 

The most common used probability distribution to represent the wind speed is 
the Weibull distribution since it has been found to fit a wide collection of recorded 
wind speed data [ 7]. Therefore, the wind speed probability density function is a two-
parameter function (shape and scale) and can be calculated by the following equation 
[ 7]: 

. f (v) =
(
k

c

) (v

c

)k−1
exp

|
−

(v

c

)k
|

, (k > 0, v > 0, c > 1) (4) 

where c is the Weibull scale parameter, with units equal to the wind speed units, k 
is the unitless Weibull shape parameter and v is the wind speed [ 7]. The two param-
eters of the distribution (shape and scale) can be obtained using known estimation 
methods such as the maximum likelihood method, the modified maximum likelihood 
method, and the graphical method. All of them require wind speed data: time-series 
wind data for the maximum likelihood method, wind speed data in frequency dis-
tribution format for the modified maximum likelihood method, and wind speed data 
in cumulative frequency distribution format for the graphical method [ 8]. To obtain 
these distribution parameters in a real situation, it is then necessary to have a sample
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of wind speeds in the specific geographic area, in order to be able to apply some 
estimation method. 

The wind intensity can be defined using the Beaufort Scale that classifies the 
wind intensity in 13 levels [ 9]. For instance, level 2, described as a light breeze, 
corresponds to a wind speed within 6 to 11 km/h and level 8, described as a gale, 
corresponds to a wind speed within 62 to 74 km/h. The first can be associated with 
light winds and the second with strong winds. 

To model a forest fire, one of the first steps is to identify the starting point or 
points of the fire, i.e. it is necessary to locate the ignition of the fire and analyse 
whether the fire starts in one or multiple locations. It is possible to determine the 
probability of ignition in each cell or to model a distribution based on historical 
ignition locations in specific case studies [ 10]. Ignition probabilities tend to increase 
near roads and houses, and with human activity such as smoking, other negligent 
behaviours, intentional fire setting and other causes, and decrease when associated 
to land use [ 11]. 

Discrete event simulation is a stochastic modelling approach used to model real 
world systems as a sequence of events in time. It is widely used to address complex 
and dynamic systems, such as healthcare systems [ 12], military systems [ 13] or  
industrial systems [ 14]. There are not many studies that use discrete event simulation 
for modelling the spread of forest fires. Filippi et al. [ 15] present a novel method 
that allows the simulation of large-scale/high-resolution systems, focusing on the 
interface and fire spread. It is based on the discrete event simulation approach, which 
describes time progression in terms of increments of physical quantities rather than 
discrete time steps. However, the space representing the forest is not divided into 
nodes or cells, but into polygons with real coordinates. 

The aim of this study is to develop a model to obtain a greater insight into how 
fire can spread through a specific landscape, and how the factors considered can 
affect both the behaviour of the fire and the time it takes to burn the entire area. 
It should thus contribute to the understanding of a problem that highly impacts the 
environment and the life of the communities. 

2 Methodology 

In this section, the approach applied to the problem at hand is explained. First by 
detailing how the forest can be represented, followed by the fire ignitions’ topic, the 
fire spread approach and finally the simulation process, where it is possible to under-
stand how the model works with the previously addressed specificities combined.
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(a) (b) 

Fig. 1 Forest Representation. (a) location of the study area [ 18]; (b) ZIF Graph derived from (a) 

2.1 Forest Representation 

The forest representation was made through the use of a graph where nodes corre-
spond to stands (contiguous community of trees sufficiently uniform) and arcs to 
the adjacency between those stands. The nodes’ coordinates were obtained by the 
coordinates of the Forest Intervention Zone (ZIF) of Paiva and Entre Douro e Sousa 
located in the north of Portugal. The network was then derived from the case study. 
The existing arcs in the graph were also generated from the information collected, 
representing the paths that exist between each of the stands. The referred ZIF con-
tains several instances and, although it is possible to apply all these methodologies 
to any of them, only the northern part of the ZIF will be used as it is the one with 
the largest area. The graph of the Entre Douro e Sousa ZIF (b), and its real location 
(a), are represented in Fig. 1, where the white balls represent the stands, and the 
grey shading represents the arcs. The size of the nodes is proportional to the size of 
the corresponding stand, so a stand with a significant area becomes perceptible in 
larger nodes. It is possible to highlight the similarities of the real instance, shown 
in Fig. 1(a), to the one drawn in Fig. 1(b). This particular graph contains 687 stands 
which, in turn, covers a total area of approximately 6 611.85 ha. 

It is important to have this graph as a representation of the forest since it effectively 
characterises a real land parcel which, with the specific information obtained from the 
area, can add value to the mitigation of possible fires and also show the applicability 
of the present work in real contexts.
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Table 1 Fire ignitions possibilities 

Fire ignitions How to obtain the ignition 
points? 

Simulation 

–Multiple ignitions points –Chosen –Variable ignition point(s) 

–One ignition point –Generated by an ignition 
probability function 

–Fixed ignition point(s) 

2.2 Fire Ignitions 

Once the network is built it is necessary to determine where and how the fire starts 
and subsequently spreads. For the fire ignitions the options presented in Table 1 can 
be assumed. 

In wildfires, especially when they are caused by humans, there may be one or more 
fire ignition points. In this work two ways to obtain these points in the network were 
assumed: in some situations the ignition points were selected through the analysis of 
the considered graph, by choosing a node that was in the border of the region, located 
in a specific area (for example, located in the south area). Alternatively, an ignition 
probability function was used to randomly choose one or two ignition points. Then, 
the simulation of the fire spread (that will be addressed in the following section) was 
implemented and during the run it can be assumed to keep the same ignition point(s) 
throughout the simulation or change this point(s) each time a new network is run. 
All this information is presented in the Table 1. Once the fire ignition point(s) are 
obtained the next step was to simulate how the fire spreads through the network. 

2.3 Fire Spread 

In order to include, in the network, the required information to simulate the fire 
spread it was decided to assign to each arc of the network two weights: the spread 
probability between the nodes connected by the arc (weight1) and the time of fire 
spread between those nodes (weight2). Assuming that there is fire in the network, 
the spread probability is the probability of fire spreading from one point to another. 
The wind direction was used as a way to adjust the probability estimation of fire 
spread. Each arc of the graph has a certain direction that corresponds to the possible 
direction of the fire spread and can be seen as a vector, VecSpread. Assuming that 
the wind direction is constant for the whole forest and can be represented as a vector, 
VecWind, it is possible to determine the angle between these two vectors and associate 
the result obtained in each arc with the respective probability of fire spread. The wind 
direction was defined considering eight possible scenarios: North, South, East, West, 
Northeast, Southeast, Northwest and Southwest. This way, the dot product of vectors 
was applied to each of the arcs of the graph with the wind direction vector. Once the
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angle between the wind direction and each of the arcs was obtained, the probability 
of fire spread was computed according to: 

.p = ecosθ−1 ∗ ph (5) 

Formula (5) is a simplified  version of formula  (2), where .ph denotes the con-
stant probability that a node, adjacent to a burning node, containing a given type 
of vegetation and density, will catch fire at the next time step. Since there was no 
available data to determine the value of .ph for every arc, a constant value of 0.85 
was assumed for the entire graph, after some initial tests, in order to obtain realistic 
values regarding the burnt area. Moreover, . θ is the angle between the wind and the 
fire spread directions and it can be noted that the probability of propagation (p) is 
greater when the angle between the arc and the wind direction is small, and is equal 
to .ph when the angle between the wind direction and the arc is zero. 

The fire spread probability is one of the weights associated with each arc but, in 
addition to this parameter, there is another weight: the time of fire spread, i.e., the 
time it takes for the fire to spread from one stand to another. It is possible to obtain 
this time if the distance travelled and the speed of fire spread are known. The distance 
between nodes is obtained through the Euclidean distance. The speed of fire spread 
is a more complicated measurement to obtain accurately. It was decided to use two 
different ways to calculate this measure: (i) the Rothermel model, and (ii) the 10% 
wind speed rule of thumb. 

In these two models (Rhothermel and 10% wind speed) it is always necessary to 
consider the wind speed as an input. The wind speed was defined by the Weibull dis-
tribution with two parameters: scale and shape. Each of the parameters were obtained 
considering the results of the wind speed that was effectively being considered. Thus, 
two wind scenarios defined by the Beaufort scale were simulated: level 2 of the Beau-
fort scale, light breeze with winds between 6 and 11 km/h; and level 8 of the Beaufort 
scale, gale with winds between 62 and 74 km/h. For light breeze, the shape and scale 
parameters considered were 1.6 and 1, respectively. For gale, the shape and scale 
parameter considered were 4 and 6, respectively. These shape and scale parameters 
used were obtained by testing different values until the observations for the wind 
speed were compatible with the abovementioned intervals of speed, for light breeze 
and for gale (see in Fig. 2 the histograms of a thousand wind speed observations). 
The 95% confidence intervals for the mean of these observations were approximately 
[10, 11] km/h for light breeze, and [63, 65] km/h for gale. The Rothermel model was 
used in order to obtain the rate of fire spread that can be seen as the speed of fire 
spread itself. However, the only component that did not remain constant in the model 
was the wind speed. Therefore, as the other parameters remained constant, and the 
only direct influence on the speed of fire spread included was the wind, the values 
of all the other parameters of the Rothermel model were obtained from the literature 
[ 3], and the final equation was as follows: 

.R = IRξ(1 + φw + φs)

ρbeQig
(6)
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Fig. 2 Histograms of a thousand wind speed observations given by the Weibull distribution for (1) 
light breeze and (2) gale 

. IR = 4.4967e03BTU/ f t2min

. ξ = 1.4782e−01

.φw is not constant 

. φs = 3.8930e−01

. ρb = 1.8119e00lb/ f t3

. e = 9.2223e−01

.Qig = 3.9435e02BTU/ lb. 

The.φw, which represents the wind factor, is the only parameter in the expression 
that varies since it depends on the wind speed, and it is determined according to the 
Rothermel model [ 3]. 

Alternatively, the 10% wind speed rule of thumb gives the speed of fire spread, 
under relatively dry conditions, and is approximately equal to 10% of the wind speed, 
where both values are expressed in the same units. 

In the next section the necessary steps for simulating fire spread will be explained. 

2.4 Discrete Event Simulation 

The fire propagation along the network was defined based on discrete event simulation 
(DES). Given a graph with nodes and arcs that represents the forest, each arc has 
two distinct weights, as explained in the previous section: weight1 represents the 
spread probability between the nodes, and weight2 represents the time of fire spread 
between the respective nodes. 

Before starting the simulation process, it is necessary to choose the ignition node, 
i.e., the place where the fire starts. It is also required to create a priority queue that will 
contain the active nodes along the propagation. The active nodes are defined as those 
that the fire can reach at a certain timestamp. The queue is arranged in ascending order
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according to the fire propagation times of the nodes and is processed by removing 
nodes from it as they change from the ‘burning’ state to the ‘burned’ state. Therefore, 
this priority queue contains the next nodes that the fire can reach and the time it takes 
to get there. The process starts with a fire ignition that corresponds to the initial node 
being added to the priority queue with a null propagation time. While the queue is 
not empty, the simulation process does not finish. 

The initial step is to remove the node with the shortest propagation time from 
the priority queue, add it to the list of nodes that have already been visited and 
assume this node as the current node. If this node is still in the priority queue with a 
longer propagation time, it is deleted from the queue. Next, it is necessary to check 
the neighboring nodes of the current node and make them active or inactive using a 
‘Bernoulli Generator’. This tool generates random binary numbers using a Bernoulli 
distribution with parameter textitp, that produces zero with probability 1-p and one 
with probability p. The probability p used is determined according to equation (5) 
and corresponds to ‘weight1’ (probability of the fire spread from one node to the 
other), and it is calculated a priori. For each of the neighboring nodes of the current 
node, it is thus essential to: 

1. Check the probability (‘weight1’) concerning the arc that starts from the current 
node towards the neighboring node. 

2. Apply the ‘Bernoulli Generator’ to this probability. 
3. Check the numbers obtained in 2 and define the neighboring nodes as active (if 

connected to the current node by an arc with ‘1’ value) or inactive (if connected 
to the current node by an arc with ‘0’ value). 

Then, it is verified, according to step 3, which of the neighboring nodes are active. 
If the nodes that result from this step have already been visited, they are ignored. 
Otherwise, they remain active and, therefore, are added to the priority queue. The 
propagation time associated to each node in the queue is the sum of the previous 
node’s time with the current new one (‘weight2’). As long as the queue is not empty, 
the process is repeated. Note that with this approach, there can be isolated nodes even-
tually, i.e., that will never become active by the ‘Bernoulli Generator’ and therefore 
the fire does not reach them. Figure 3 shows the flowchart corresponding to the dis-
crete event simulation model used, making it easier to understand the algorithm. The 
DES model was implemented using Python and the output of its application can be 
visualized in the actual graph where the set of all paths can be identified. 

3 Results 

The DES method was tested with different wind directions using the data of the Entre 
Douro e Sousa ZIF. Applying the procedure to the graph shown in Fig. 1(b) gives a 
real insight into how the model can work, since the distances between stands and the 
area of each stand are real. The total area covered by the graph is approximately 6
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Fig. 3 Flowchart of the discrete event simulation model
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Fig. 4 Entre Douro e Sousa ZIF graph with DES applied: (1) the fire started but has not spread yet; 
(2) the fire spreading and (3) the fire extinguished
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611.85 ha. The experiment described next assumes a fixed ignition point located in 
the south of the forest. 

The fire spread in the forest with the wind direction to the north (winds come 
from the south and are directed north) can be seen in Fig. 4. It is noticeable that 
the direction of the fire spread effectively follows the wind direction. 30.65% of the 
stands in the forest were burnt, which corresponds to a burnt area of approximately 
2 175.89 ha (32.9% of the forest area). Wind speed was 4.67 km/h and the speed 
of fire spread (given by the Rothermel model) was 0.12 km/h, which is a very slow 
speed, consequently it is expected that the fire spread in the forest will take a long 
time. In fact, the fire would take approximately 511 days to burn 2 175.89 ha with a 
weak wind speed. Clearly, under these conditions the result is unrealistic since there 
are firefighting means to extinguish the fire. 

For strong winds the time of propagation in the forest is expected to decrease, 
since the speed of fire propagation increases. Thus, for the same conditions, but with 
a higher wind speed (gale), there is actually a shorter time: (i) the burnt area was 
2 192.01 ha which means that 33.15% of the forest was burnt; (ii) the wind speed 
was 64.80 km/h and the fire spread speed was 1.39 km/h; and (iii) the time of fire 
spread in the forest was 42.5 days. Still, 42.5 days to burn an area of 2 000 ha is a 
long time, nonetheless there is an increase in the speed of fire spread, as expected. 
Further on, this unrealistic fire spread time will be addressed by applying another 
method (10% of the wind speed) to calculate the speed of fire spread. 

Next, in order to gauge more realistic fire spread times, the 10% wind speed rule 
of thumb for the fire spread speed was applied, using the same conditions. Assuming 
a light wind a fire spread similar to the previous one is achieved. The wind speed 
was 8.54 km/h and the fire spread speed was 0.85 km/h. It can be seen that using 
this rule, instead of Rothermel model, the fire propagation is faster. The burnt area 
in this situation is 1 864.6 ha which corresponds to 28.2% of the forest and the 
fire propagation time was 67.3 days. Applying the same conditions but for strong 
wind, they clearly show a faster spread. With a wind speed of 75.1 km/h and a fire 
spread speed of 7.51 km/h, the burnt area was 2 029.74 ha (30.7% of the forest). 
The fire propagation time was almost 8 days. From an initial perspective, using the 
10% wind speed rule of thumb appears to achieve more realistic results. In fact, the 
parameters used in the Rothermel model were constant, except for the wind speed, so 
the characteristics of this area may not match the values used for those parameters, 
which might explain these differences in results. 

In order to make a more in-depth analysis of the results, the model that simulates 
the spread of fire in the Entre Douro e Sousa ZIF network was run a thousand times 
with all the previous assumptions, assuming the two alternatives for the calculation 
of the fire spread rate: the Rothermel model and the 10% wind speed rule of thumb. 
The results of the 95% confidence intervals (CI) for the means for the percentage 
of area burnt and the total spread time can be seen in Table 2. Assuming that the 
wind direction is always north, it can be noticed that the percentage of burnt area 
practically does not change, whether the rate of fire spread is determined using the 
Rothermel model or the 10% wind speed rule. It also does not change when the wind 
speed is stronger or weaker, because the way the fire spreads depends mostly on the



Modelling Forest Fire Spread Through Discrete Event Simulation 221

Table 2 Results obtained for the different scenarios of the wind speed regarding the time of fire 
spread in the ZIF graph and the percentage of burnt area 

Rothermel 10% wind speed rule 

Wind speed Light breeze Gale Light breeze Gale 

95% CI for 
percentage of 
burnt area 

[31.1, 33.5] [31.1, 33.4] [31.2, 33.4] [30.0, 32.2] 

95% CI for total 
time 

[253.0, 264.2] [40.0, 41.8] [75.0, 78.1] [7.3, 7.6] 

probabilities of fire spread (weight1) that depend only on the wind direction that, in 
this case, was always the same (north). Regarding the total time of fire spread, there 
are noticeable differences, as it happened when the simulation was run only once, 
namely, when considering the 10% wind speed rule, there is a decrease in the time 
of propagation, both for strong and weak winds. 

The units expressed for the total time of fire propagation are days. Therefore, for 
strong winds, and considering the speed of fire spread calculated by the Rothermel 
model, it is verified that the propagation time, on average, is between 40.0 to 41.8 
days. Whereas, if the speed of fire spread is determined using 10% of the wind speed, 
this interval decreases to 7.3 to 7.6 days. Effectively, it is verified that the speed of 
fire spread is much lower for the Rothermel model and that can be explained by the 
disregard of the forest aspects. However, to burn 2 000 ha (30% of the total area) in 
a real situation would not take more than 40 days, so using the speed of fire spread 
as 10% of wind speed leads to more realistic results. 

All the experiments done previously had only one ignition point and this node 
was always chosen strategically, that is, considering the wind direction, an ignition 
point was chosen that favoured the propagation of the fire in the forest. However, it 
is possible for a fire to have more than one ignition point and, as stated earlier, there 
are always areas where it is more likely for a fire to start. Next, it will be assumed 
there are two ignition points strategically placed, one to the south of the forest (the 
same node used previously) and the other to the east, and strong winds directed north 
(Fig. 5 (1)). The rate of fire spread considered is 10% of the wind speed. The fire 
spread for the two ignition points can be seen in Fig. 5 (2), where a clear connection 
of the two fires to a larger one can be noticed, however there may be cases where 
both fires do not merge. The total area burnt was 3 884 ha, which corresponds to 
approximately 58% of the forest and the total time of propagation was close to 10 
days. 

In order to evaluate the influence of multiple ignition points, the results with one 
ignition point (in a location prone to fire spread–south and another in a location 
unfavourable to fire spread - north) with those of two ignition points (south and east) 
are compared. To better analyse the results the model was run a thousand times for 
strong and weak winds, always with the same ignition points, and the results can be 
seen in Table 3. When applying the Z-test to the two samples of percentages of burnt
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Fig. 5 Entre Douro e Sousa ZIF graph with DES applied: (1) the fire started but has not yet spread 
and (2) the fire extinguished 

area for each of the three scenarios, a non-significant p-value (. > 0.05) was obtained, 
indicating that there are no significant differences regarding the average percentage 
of burnt area, for light breeze versus gale. 

The results presented in Table 3 for a fixed ignition point located south of the forest 
are the same as in Table 2, for the 10% wind speed rule. There is a slight decrease in 
the percentage of burnt area in the case of the two ignition points, when compared 
to one ignition point located in the south, and a strong decrease in the time of fire 
spread. There are two potential explanations for why the fire spread time decreased 
in the scenario of the two ignition points: (i) the decrease in the percentage of burnt 
area, since the fire propagation time decreases with the decrease in burnt area, and 
(ii) the existence of the two ignition points which causes the fire to propagate at the 
same time in two different places of the forest thus decreasing its propagation time.
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Table 3 Results obtained for the Entre Douro e Sousa ZIF graph with one and two ignition points 
for two different wind speeds 

Fixed ignition point (south of the forest) 

Light breeze Gale Z test p-value 

95% CI for percentage 
of burnt area 

[31.2, 33.4] [30.0, 32.2] 0.147 

95% CI for total time [75.0, 78.1] [7.3, 7.6] .< 0.005 

Fixed ignition point (north of the forest) 

Light breeze Gale Z test p-value 

95% CI for percentage 
of burnt area 

[5.5, 5.9] [5.4, 5.8] 0.315 

95% CI for total time [26.3, 27.7] [2.9, 3.1] .< 0.005 

Two fixed ignition points (south and east of the forest) 

Light breeze Gale Z test p-value 

95% CI for percentage 
of burnt area 

[29.7, 31.6] [28.9, 30.8] 0.231 

95% CI for total time [45.3, 47.4] [5.3, 5.6] .< 0.005 

The results were in line with what was expected since with two ignitions points 
of fire it would be expected that the fire spread is faster. Even so, the percentage of 
burnt area decreases slightly, contrary to what was expected. 

The results presented are, as it was previously mentioned, for two fixed ignition 
points and one thousand runs, i.e., as a new network is formed, the ignition points 
remain unchanged, one to the south and the other to the east of the forest. The 
ignition point located to the south of the forest is favourable to fire spread since 
the wind direction is north, so there is a larger area through which the fire can 
effectively propagate. For the northern ignition point the opposite happens, making 
it unfavourable to the fire spread, which is corroborated by the low percentages of 
burnt area. 

According to the literature ([ 11, 16, 17]), the existence of roads, the terrain ele-
vation and the area, are some of the influential parameters in fire ignition and there 
is information regarding these three parameters for each of the stands. In order to 
visualise these three parameters, it was decided to assume an elevation above 290 m 
and an area greater than 9 ha. Therefore, in Fig. 6, the stands with these conditions, 
and with roads, are represented with a red border. It was considered that a stand 
without those conditions (i.e. without a red border) has a zero probability of ignition, 
while those identified with a red border have an equal probability of being selected 
as a point of ignition. 

Since the elevation of the forest is higher to the east, the risk of fire ignition is also 
higher to the east where most of the stands have roads, higher elevation and larger 
area. Now, in order to analyse the results, the model was run a thousand times with 
variable ignition point within those that presented higher ignition risk, that is, in each
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Fig. 6 Entre Douro e Sousa ZIF graph: fire ignition risk map 

Table 4 Results obtained for the Entre Douro e Sousa ZIF graph with one variable ignition point 
for two different wind speeds and taking into account only the ignition points with higher risk 

Wind direction: North Light breeze Gale Z test p-value 

95% CI for percentage 
of burnt area 

[9.4, 10.7] [9.1, 10.4] 0.486 

95% CI for total time [21.7, 23.4] [2.8, 3.1] .< 0.05 

run the ignition point changes to any node identified in Fig. 6. It was considered a 
wind direction to north and the results of these experiments can be seen in Table 4. 

When comparing a fixed ignition point in the south of the forest (Table 3) with a 
variable ignition point (Table 4) there is a clear decrease in the percentage of burnt 
area as well as in the fire propagation time when the ignition points become variable, 
as expected since the points may not be favourable to the fire propagation, considering 
the direction of the wind. 

4 Conclusions 

The work described in this paper focused on the development of a Discrete Event 
Simulation method to model fire propagation in a graph, which proved to be effec-
tive and adequate. The model was developed in order to obtain a greater insight into 
how fire can spread through a specific landscape, and how the factors considered can 
affect the behaviour of the fire and the time it takes to burn the area. However, there 
are some limitations that can be pointed out. This method is greatly influenced by 
the probabilities of fire spread and therefore these should be defined as accurately as
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possible, but it should be noted that to obtain these values in a real situation is a com-
plex process. The wind was chosen, as it is the parameter that most influences these 
probabilities, but as no other aspect of the forest was considered, the characterisation 
of the area should be improved. 

Two other points that should be considered in further studies are the way the 
probabilities of fire ignition are defined and how to include the volatility of the wind 
in the model. The former was obtained in a very simple way, which, in future work, 
would require improvement since assigning a probability of zero to a certain number 
of nodes may be a too drastic approach. In the case of the wind, it was considered 
constant (both wind speed and direction) throughout the forest and during the entire 
time the fire was spreading. Clearly this assumption does not correspond to reality, so 
assigning greater volatility to the wind should be included in further analyses, based 
on, preferably, real data regarding wind behaviour in that area. If real data is used, 
the impact of wind speed and direction on the speed of fire spread can be included 
in the model in a more realistic manner, thus leading to more accurate results. 

Furthermore, for future work fire projections could be incorporated, i.e., for certain 
conditions the fire can be projected in such a way that a new ignition in another place of 
the forest occurs, as well as the impact of fire fighting resources in the propagation of 
the fire, since it is expected that a forest fire is not left unattended until it extinguishes 
by itself. 

The data obtained from the Paiva and Entre Douro e Sousa ZIF were very important 
for the verification and incorporation of the study in real situations. It is also important 
to use these data to improve the model (e.g., the calculation of probabilities) and 
to study the impact of other factors (e.g., slope, vegetation). The models applied 
showed results close to what would happen in reality, evidencing the importance and 
suitability of the study. Wind speed and direction, as well as the location of the fire 
ignition point, are factors that greatly affect fire behaviour, and this was verified in 
this study. 

Forest fires unfortunately affect the planet more and more, therefore, their study 
and understanding are of great importance in order to help to reduce or eliminate 
them. The model applied should thus contribute to the understanding of this issue, 
as a problem that highly impacts the environment and the life of the communities. 
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Multiobjective Evolutionary Clustering 
to Enhance Fault Detection in a PV 
System 

Luciana Yamada, Priscila Rampazzo, Felipe Yamada, Luís Guimarães, 
Armando Leitão, and Flávia Barbosa 

Abstract Data clustering combined with multiobjective optimization has become 
attractive when the structure and the number of clusters in a dataset are unknown. 
Data clustering is the main task of exploratory data mining and a standard statisti-
cal data analysis technique used in many fields, including machine learning, pattern 
recognition, image analysis, information retrieval, and bioinformatics. This project 
analyzes data to extract possible failure patterns in Solar Photovoltaic (PV) Panels. 
When managing PV Panels, preventive maintenance procedures focus on identifying 
and monitoring potential equipment problems. Failure patterns such as soiling, shad-
owing, and equipment damage can disturb the PV system from operating efficiently. 
We propose a multiobjective evolutionary algorithm that uses different distance func-
tions to explore the conflicts between different perspectives of the problem. By the 
end, we obtain a non-dominated set, where each solution carries out information 
about a possible clustering structure. After that, we pursue a-posteriori analysis to 
exploit the knowledge of non-dominated solutions and enhance the fault detection 
process of PV panels. 

Keywords Multiobjective · Clustering · Photovoltaic systems · Fault detection 

1 Introduction 

In the last years, the Paris Agreement has defined the necessary targets to limit global 
warming using renewable energy. Despite decreasing solar panels’ costs, the panels’ 
efficiency is still reduced compared with other energy sources [ 1]. The industry 
has been working to improve the overall performance of photovoltaic (PV) systems. 
However, issues still need to be addressed concerning reliability, unforeseen outages, 
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and high operation and maintenance (O&M) costs, hindering a lean integration in 
the electrical grid. 

A PV system comprises one or more solar panels, connected in series or parallel, 
combined with an inverter, and a utility grid, among other components. PV panels 
convert sunlight into electrical energy, and faults may affect performance. A PV 
fault decreases the system’s performance (reduces the output) or interrupts the sys-
tem’s operation. Faults can occur by different factors such as errors in the Maximum 
Power Point Tracking, shadowing, degradation, and electrical disconnection. Such 
failures can reduce the instantaneous power generated by the PV plant or permanently 
degrade the overall asset. In this sense, implementing advanced analytical tools to 
diagnose failures is crucial in guaranteeing the asset’s reliability and performance. 
In addition, detecting and diagnosing potential failures is also decisive to reduce the 
costs associated with O&M and the system unavailability. 

Although different techniques have been reported in the literature, the fault detec-
tion process must deal with some problems [ 2]. Regarding data availability, accu-
rately representing the electrical characteristics under different fault conditions is 
challenging, and most fault diagnosis models require the precise division of the 
fault samples. Fault detection methods based on classification models can effec-
tively reveal and categorize faults. However, specialized human knowledge or com-
plex and costly equipment are needed to establish the diagnostic model and fault 
samples. Effective clustering of fault samples is a prerequisite for establishing an 
efficient detection model, but the scarcity of fault samples in real operational data 
makes this task difficult [ 3]. 

Considering as challenges of the fault detection problem in PV systems: (i) the 
difficulty of categorizing faults and having data labeled according to their different 
types, and (ii) the lack of information regarding the distribution of data in high-
dimension, this paper proposed a Multiobjective Evolutionary Clustering Algorithm 
(MECA) to detect faults in PV systems through the following approach: 

i Application of a multiobjective algorithm for the clustering task–to capture the 
different clustering perspectives through different objective functions to over-
come the lack of knowledge about the data distribution format due to the diversity 
of failures and high-dimensional spaces. 

ii Proposal of a-posteriori analysis–associating data with known labels to the results 
of the multiobjective algorithm for the clustering task; the aim is to obtain a 
cluster-sharing matrix to enhance the task of attributing labels to initially unla-
beled data. 

iii Validation of the method–use the multiobjective approach for clustering and 
enhance the assignment of missing labels in databases with few known labels– 
through the measurement of accuracy and confusion matrix. 

The main contribution of this paper is the proposal of a-posteriori analysis that 
demonstrated to be able to label data and explore complementary information for 
data clustering.
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This paper is organized as follows. Section 2 gives a description of fault detection 
techniques. Section 3 presents the Multiobjective Evolutionary Clustering algorithm. 
Section 4 reports the experimental results. Section 5 summarizes the conclusion of 
this work and future research. 

2 Fault Detection 

According to [ 4], fault detection techniques are divided into visual and thermal, and 
electrical methods. Visual and thermal imaging methods help in situations where 
faults are challenging to detect in the visual inspection process. These methods 
analyze images collected by cameras that can detect temperature differences in the 
PV module and recognize the failures’ exact location. The electrical methods use 
the measurements of the electrical output such as the current and voltage of the PV 
system, to diagnose the faults. Among the electrical methods, some of the techniques 
found are statistical and signal processing approaches, current-voltage characteristics 
analysis, power losses analysis, and artificial intelligence (AI) techniques [ 5]. In this 
work, we will focus on AI techniques. 

The AI techniques has shown significant advances and contributions to several 
scientific areas. One of the main uses of fault detection is related to supervised 
methods. In [ 6], a Monitoring System (MS) is presented to measure the electrical and 
environmental variables to produce instantaneous and historical data. Integrated with 
the MS, an Auto-Regressive with an Exogenous input model is used to detect faults 
in the system, such as short-circuit, open-circuit, partial shadowing, and degradation. 
Regarding the classification of the faults, different supervised models were compared. 

Unsupervised methods, such as data clustering, are applied to group data with 
similar characteristics, differentiating data with failures and data in regular operation. 
In [ 7], the K-means algorithm is used to cluster thermal images to detect and localize 
damage. Elbow method and mean silhouette method are used to define the best 
number of clusters. K-means proved to detect faults in images and can be integrated 
into the thermal drone system. In [ 8], an unsupervised method, density-based spatial 
clustering of applications with noise algorithm, is used for clustering faults in a PV 
system. The normalization proposed in [ 9] is used to avoid overlap of the clusters. 
The approach identifies the faults of open-circuit and short-circuits. 

In addition to the mentioned methods, semi-supervised approaches are applied in 
the literature. The main objective of these algorithms is to combine many labeled 
samples with a few unlabeled ones to develop more efficient models [ 10]. These 
algorithms try to improve the performance of supervised or unsupervised learning 
using a combination of methods and information generated by each other [ 11]. In 
[ 9], a Graph-Based Semi-supervised Learning (GBSSL) method is proposed for fault 
detection and classification in PV arrays. The normalization based on the panels’ 
standard test condition was proposed and proved to help avoiding overlap clusters 
under normal and fault conditions. The GBSSL demonstrated that the faults could
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be correctly detected during weather changes or PV arrays degradation. In this work, 
the authors consider the short and open-circuit faults. 

The Fuzzy C-Means (FCM) [ 12] algorithm is a clustering algorithm based on the 
fuzzy division of an objective function that groups samples of failures by the degree 
of membership through the Euclidean distance between the sampling point and the 
center of the corresponding cluster, which makes the algorithm limited to processing 
datasets with spherical shapes. The authors of [ 3] propose the function of the Gaussian 
kernel (GK) in the FCM algorithm to map data in the high-dimensional space and 
transform the non-linear information of the original space into a linear problem, 
indicating a significant improvement in the applicability and the algorithm clustering 
accuracy. The GK-FCM algorithm performs unsupervised clustering and labeling 
fault samples under typical fault conditions. The labeled fault samples serve as input 
to a probabilistic neural network based model to facilitate intelligent diagnosis of 
PV array faults. 

Although works with similar intentions have been proposed in the literature, the 
approach presented here is new: treating the fault detection PV system by analyzing 
the results of a multiobjective clustering algorithm. Unlike the existing works, we 
extract additional information from clustering in a-posterior analysis, considering 
a few labeled samples, and use this information to classify the failure types for 
unlabeled data. 

3 Methodology 

In this section, an overview of MECA is presented. Based on the algorithm presented 
in [ 13], we propose an algorithm to cluster PV system data and find possible labels 
to unlabeled data in a-posteriori analysis. Our algorithm has some changes from 
the original algorithm regarding the initialization and the mutation operators. The 
general framework of MECA is outlined in Algorithm 1. 

The individual of MECA represents a way of grouping the status of a PV system 
for a specific irradiance range. Each status can be associated with one type of fault or 
a normal condition. Status with similar characteristics should be clustered together. 
The individual was coded using a locus-based adjacency coding. The methods used 
in initialization introduce individuals with characteristics explored in the two objec-
tive functions: Compactness and Connectivity. K-means aims to minimize the sum 
of squared errors of each sample to the nearest centroid. The centroids represent the 
average of the samples in each cluster. Therefore, this algorithm highlights structures 
of compact clusters. Similarly, K-medoids prioritize compact clusters with less sen-
sitivity to outliers. Kruskal Algorithm introduces individuals with smaller distances 
between the samples, highlighting the connectivity of the data. 

Next, we use the NSGA-II [ 14] to sort and select individuals from the population 
in the binary tournament to compose the parents population .Pg . The selected set of 
parents go through crossover and mutation to create an offspring population.Qg . The  
uniform crossover was used to combine genes from two parents. The mutation oper-
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ator proposed in this work emphasizes the characteristics of the objective functions. 
Relying on the data distribution, one of the objective functions or a mix of the two 
can better represent the data. For example, K-means and K-medoids can not create 
a proper individual due to the spherical characteristic in data with the elongated or 
connected format. In contrast, Kruskal Algorithm prioritizes connectivity, and it is 
hard to deal with data with different types of distribution or even in compact or 
spherical shapes. Therefore, the neighborhood mutation was developed to change 
the assignment of a sample to the cluster of its nearest neighbor, exploring the con-
nection between samples. Similarly, the centroid mutation explores the characteristic 
of compact clusters, changing a sample to another closest centroid. These designed 
mutation operators help maintain the genetic diversity of the population. In our fault 
detection problem, as we can not know the data distribution and consider different 
irradiance ranges, the proposed objective function and mutation operators is a proper 
choice to capture distinct patterns. 

The combined population.Rg =.Pg−1 .∪ .Qg, is sorted according to non-dominated 
classification and crowding distance to choose exactly .T P population members to 
the next population .Pg [ 14]. 

After obtaining the non-dominated frontier, a-posteriori analysis is applied to 
exploit the knowledge of the solutions and enhance the fault detection process of 
PV panels. For this purpose, we combine the information obtained from the non-
dominated solutions with a small percentage of labeled samples. 

More details of the implementations of the coding, evaluation, operators and a-
posteriori analysis are described in the following. 

Algorithm 1: MECA 
1 Initialize population P0 with size T P  = QKmeans  + QKmedoids  + QMST  
2 for g = 1,..., G do 
3 Select the sets of parents, p1 and p2, through binary tournament 
4 Create Fc offsprings from p1 and p2 (uniform crossover) 
5 Create Fm offsprings from p1 and p2 (centroid and neighborhood mutation) 
6 Qg = Fc ∪ Fm Create Rg = Pg−1 ∪ Qg 

7 Evaluate Rg in Compactness and Connectivity 
8 Select T P  individuals of Rg through rank and crowding distance to form the next 

population Pg 
9 end 

10 Return the non-dominated solutions 

All the parameters were defined experimentally. The population size (.T P) was  
set to 100, and the number of generations (G) to 100. The initial population is gener-
ated using the following K-means [ 15], K-medoids [ 16], and the Kruskal Algorithm 
[ 17]. We define the number of solutions of each method, Kruskal (.QMST ), K-means 
(.QKmeans), and K-medoids (.QKmedoids), respectively to 24, 38 and 38. For each 
method, an individual will be created considering the chosen range of the cluster 
where [.Kmin, Kmax ] = [2, 10].
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(a) The locus-based adjacency 
coding. 

(b) The decoding process. 

Fig. 1 Illustration of the locus-based adjacency coding and the decoding process 

Coding 

In our dataset, each observation corresponds to a status of a PV system, measured by 
attributes related to weather conditions and electrical variables. The status indicates 
whether the system operates in a normal condition or has any faults. Thus, each 
individual in the population corresponds to a way of grouping the .N observations 
of the dataset. To represent the individual, we used locus-based adjacency coding 
[ 13], where an individual is a vector .[a1, a2, ..., aN ], where .ai is associated with 
sample .i-th and represents one of the nodes of the graph. The value of an element 
.ai = n indicates that sample . i is linked to sample . n. These links create the node’s 
connection and, in the end, generate the final clusters in the decoding process. With 
this representation, the number of clusters in individuals can be flexible during the 
search process. In Fig. 1a, we represent an individual with locus-based adjacency 
coding. For example, position one is associated with node and sample 1. The value 3 
indicates that sample 1 has a link with sample 3, as we can see in the graph. In Fig. 1b, 
the individual is decoded using one of the samples as the root (smallest value) to 
group samples assigned to the same cluster. In the decoding process, the roots are 1, 
2 and 4. 

Solution Evaluation 

To evaluate each individual (.k = 1, ..., T P) of the population and express different 
characteristics of the data, we use two objective functions based on the MOCK [ 13]: 
Compactness and Connectivity. As an objective reflecting the cluster compactness 
(1), we minimize the Euclidean distance.δ(i, μ j ) between each sample. i of the cluster 
.C j with its centroid .μ j :
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.Compactness =
E

C j∈C

E

i∈C j

δ(i, μ j ). (1) 

To represent the cluster connectivity (2), we apply a penalty factor that considers 
the distance from the nearest neighbors. The nearest neighbors are calculated using 
the euclidean distance between data points. In the objective function,.nni, j is the. j-th 
nearest neighbor of a sample . i , . L is the number of neighbors that are considered to 
compute the metric, and.N is the size of the samples in the dataset. For the parameter 
. L , we set it to 10, as suggested in [ 13]. This objective function should be minimized. 

.Connectivity =
NE

i=1

LE

j=1

pi,nni, j . (2) 

The penalty factor use the following rules: 

pi,nni, j =
{

1 
j , if nni, j does not belong to the same cluster of the sample i 

0, otherwise. 

Non-dominated Sorting Genetic Algorithm II (NSGA-II) 

As defined in [ 14], in NSGA-II each individual .(k = 1, ..., T P) is associated with 
two attributes: .rankk and .distancek (non-dominated classification and crowding 
distance). If two solutions have different non-domination levels (different non-
dominated frontiers), we choose the solution . k with the lower .rankk . Otherwise, 
if two .k1 and .k2 solutions belong to the same frontier (.rankk1 = rankk2), then we 
prefer the solution that is located in a less crowded region (that is, higher.distancek) 
[ 18]. The crowding distance represents the sum of the normalized distances of the 
nearest neighbors of the solution along each objective. Large distance values are 
assigned for the extreme solutions, and the crowding distance is calculated for the 
rest. Formally, given a solution . m, the distance .dm is defined as: 

.dm =
FE

f =1

g f (m + 1) − g f (m − 1)

gmax
f − gmin

f

(3) 

Where F is the number of objective functions, .m + 1 and .m − 1 are the nearest 
neighbors of a solution. m, .gmax

f and.gmin
f the maximum and minimum values of each 

function .g f , considering individuals from the same frontier (same rank).
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Non-dominated classification and crowding distance are used in the binary tourna-
ment selection algorithm to create the parents’ population and to select the population 
for the next generations. 

Crossover and Mutation 

A population of parents is built through a binary tournament. Pairs of parents from 
this population are selected to generate pairs of offspring. To compose the offspring 
population, we define the solutions generated by the crossover (.Fc) to 20 and by 
the mutation (.Fm) to 20. The uniform crossover is applied to each pair of selected 
solutions, thus generating two offspring. The binary crossover mask with a uniform 
distribution is created; each individual has a 50% chance to copy the gene from one 
and 50% from the other. 

The mutation process complements the crossover, allowing a more extensive 
search space to be explored. In the literature, mutation, and crossover operators 
for the clustering problem are presented in [ 19]. The mutation is based on the nearest 
neighbors in the algorithms that use locus-based adjacency graph encoding. In the 
present work, two types of mutation are proposed to emphasize the characteristics 
of objective functions: centroid mutation and neighborhood mutation. 

The centroid mutation aims to assign the selected sample to the cluster with the 
nearest centroid. For each offspring: 

1. Select randomly one sample . i of the offspring. 
2. Calculate the Euclidean distance between sample . i and all the other centroids of 

the offspring. 
3. Assign the sample . i to a new cluster, considering the nearest centroid. 

The neighborhood mutation aims to assign the selected sample to the cluster of 
the nearest neighbor. For each offspring: 

1. Select randomly one sample . i of the offspring. 
2. Identify the . L nearest neighbor of the sample . i through the k-nearest neighbors 

algorithm. 
3. Assign the sample . i to a new cluster, considering the nearest neighbor. 

A-posteriori analysis 

Following the MECA’s execution, a-posteriori analysis examines the non-dominated 
solutions to gather insights into the clustering process. This analysis aims to deter-
mine whether we can leverage the acquired information to identify potential labels for 
unlabeled data. In the first step of a-posteriori analysis, we divide the non-dominated 
frontier into three portions, as illustrated in Fig. 2.
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Fig. 2 Division of the 
non-dominated frontier into 
three portions. The gray 
solutions represent the 
extremes of the frontier, and 
the blue solution represents 
the Utopian solution 

From the extreme solutions of the frontier (.P1 and.P4), we find the corresponding 
Utopian solution (.Putopian) and determine the equation of a line through the two 
extreme points. Then, we divide the frontier into three portions, finding lines that 
intersect the Utopian solution and the points .P2 and.P3. This division aims to group 
similar data distribution in the non-dominated frontier. Portion 1 corresponds to 
solutions with better values in Compactness, while Portion 3 corresponds to solutions 
with better values in Connectivity. On the other hand, Portion 2 has solutions with a 
mix of characteristics of the two objective functions. MECA creates individuals with 
different numbers of clusters. As presented in [ 13], solutions with a minimum value 
in Compactness result in solutions with a high number of clusters, while a minimum 
value in Connectivity corresponds to solutions with a low number of clusters. The 
idea of dividing the frontier is to maintain the distributions of each portion as much 
as possible, not mixing the structure of a solution with a high number of clusters 
with another with a low number of clusters. Furthermore, as we do not know the 
data distribution of the fault detection problem, we want to know what portion better 
represents our data. 

Besides the information provided by the non-dominated solutions, we used a small 
percentage of samples with known conditions (labeled data) to guide data labeling and 
extract complementary information regarding the clustering. These samples could 
be seen as faults and normal data identified by the specialists and can be used as a 
reference to help the decision-maker in new unknown cases. 

For each portion of the non-dominated frontier, we construct a cluster-sharing 
matrix with dimension .n × q, where . n is the total number of samples in the dataset 
and . q are the labeled samples. The matrix elements .ci, j represent the number of 
times a determined sample . i was allocated in the same cluster as the sample . j . If  
two samples are frequently grouped, they can be considered similar and in the same 
cluster. From this cluster-sharing matrix (4), we can extract probability information 
as the chance of a sample being assigned in the same cluster as a sample with a
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known condition. To find the probability that a sample . n belongs to the same group 
as a sample. q, we divide each element of the cluster-sharing matrix by the total sum 
of each row. 

.MPn,q =

⎛

⎜⎜⎝

c1,1E
c1,q

c1,2E
c1,q

· · · c1,1E
c1,q

...
...

. . .
...

cn,1E
cn,q

cn,2E
cn,q

· · · cn,qE
cn,q

⎞

⎟⎟⎠ . (4) 

Accuracy (ACC) is used to measure the correct assignment of the labels for the 
unlabeled data. In our experiments, part of the samples are considered unlabeled. 
Thus, we use the actual label as a reference value to evaluate the performance of a-
posteriori analysis. To calculate the ACC, we consider the number of observations a-
posteriori analysis correctly assigned the labels (.Uc) to the total number of unlabeled 
samples (. Tu). 

.ACC = Uc

Tu
. (5) 

4 Experimental Results 

In this section, we will present the photovoltaic fault dataset and the computation 
results obtained from the experiments. 

4.1 Photovoltaic Fault Dataset 

We used a real-world dataset in these experiments, publicly available 1 [ 6]. The dataset 
was generated from a PV plant simulator that describes the system behavior. The 
data was collected and labeled, including faults (degradation, short-circuit, open-
circuit, and shadowing) and normal condition. In this work, we consider the Normal 
data (No), Short-circuit (Sc), and Open-circuit faults (Oc). The Normal condition is 
associated with data without any fault. Open-circuit fault generates an interruption 
in the circulation of electric current due to a disconnection in the system [ 6]. Short-
circuit fault occurs when a low impedance path appears along the system [ 6]. In this 
work, shadowing is not considered because it can cause bad data and lead to incorrect 
fault detection [ 9]. 

The dataset contains six attributes: irradiance, PV module temperature, and volt-
age and current output for both PV strings. To analyze the applicability of a multiob-
jective evolutionary clustering algorithm to fault detection, we divide the irradiance 
into six intervals between 801.116–936.475 W/.m2. It is essential to mention that in

1 https://github.com/clayton-h-costa/pv_fault_dataset. 

https://github.com/clayton-h-costa/pv_fault_dataset
https://github.com/clayton-h-costa/pv_fault_dataset
https://github.com/clayton-h-costa/pv_fault_dataset
https://github.com/clayton-h-costa/pv_fault_dataset
https://github.com/clayton-h-costa/pv_fault_dataset
https://github.com/clayton-h-costa/pv_fault_dataset
https://github.com/clayton-h-costa/pv_fault_dataset
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Table 1 The number of data points for each irradiance range. “T” = total number of labeled or 
unlabeled data, “No” = Normal data, “Sc” = Short-circuit faults, and “Oc” = Open-circuit faults 

Range Irradiance (W/.m2) Number of data points 

Labeled Unlabeled 

T No Sc Oc T No Sc Oc 

1 801.116–858.668 301 146 118 37 1201 583 473 145 

2 858.668–893.252 301 202 15 84 1201 805 61 335 

3 893.252–911.252 300 130 169 1 1201 519 679 3 

4 911.252–922.624 301 101 196 4 1201 403 782 16 

5 922.624–929.616 300 58 35 207 1202 232 142 828 

6 929.616–936.475 301 57 22 222 1200 228 85 887 

this dataset, the short-circuit and open-circuit faults occurred at a high irradiance 
level. In real situations, there is much more unlabeled data than labeled because 
the labeling process requires specific technical knowledge, is time-consuming, and 
can be costly [ 2]. A database was adapted to apply the a-posteriori analysis associ-
ated with data with known labels and evaluate the possibility of assigning labels to 
unlabeled data through this proposal. We randomly selected 1500 samples for each 
irradiance range and considered 80% of the samples unlabeled to test our data label-
ing approach. The labeled data is considered as the samples with known conditions, 
whereas the condition of the unlabeled data will be determined through a-posteriori 
analysis. Table 1 presents the number of data points for each irradiance range and 
each condition. 

4.2 Computation Results 

Due to the genetic algorithm’s stochastic nature, each irradiance range’s dataset is 
run ten times. Then, a-posteriori analysis was applied considering the non-dominated 
frontier information and the samples with the known conditions (labeled samples), 
which are records of the PV system with some fault or normal data. In a-posteriori 
analysis, we identify the unknown operation condition based on the probability infor-
mation extracted from the cluster-sharing matrix. 

In Table 2, we reported the average, the standard deviation, and the minimum 
and maximum obtained accuracy values of the data labeling from 10 runs based on 
a-posteriori analysis. 

Since we had small deviations for all intervals, we selected two intervals to analyze 
the non-dominated frontier, extraction of complementary information, data labeling, 
and confusion matrix. To evaluate a-posteriori analysis, we calculate the accuracy 
with Eq. (5), presented in Sect. 3. We chose round 7 from range 3, with the lowest 
accuracy of 0.8102. To represent the best accuracy, we chose round 7 from range 5
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Table 2 The average, standard deviation, minimum and maximum accuracy values from 10 runs 

Range Accuracy (ACC) 

Average Standard 
deviation 

Minimum Maximum 

1 0.9902 0.0017 0.9883 0.9925 

2 1 0 1 1 

3 0.9082 0.0429 0.8102 0.9484 

4 0.9960 0.0012 0.9942 0.9983 

5 0.9760 0.0163 0.9575 1 

6 1 0 1 1 

(a) 893.252-911.252 W/m2 (range 3). (b) 922.624-929.616 W/m2 (range 5). 

Fig. 3 Non-dominated frontier of round 7 for the irradiance range 3 and 5 

with a precision of 1. Although ranges 2 and 6 achieved the highest accuracy across 
all 10 runs, we did not choose them to demonstrate the following results. These two 
ranges obtained the same maximum probability value (.p = 1) for all conditions in 
the three portions, so we do not observe different probability information. 

In Fig. 3, we present the non-dominated frontiers of round 7 for ranges 3 and 5. 
We can see that the objective functions are conflicting, and the irradiance ranges can 
reach different values in Compactness and Connectivity. We analyzed the correla-
tions between Compactness and Connectivity and observed a negative correlation 
for almost all ranges. Only for interval 4 we observed a low correlation. Then, the 
objective functions are not conflicting, and using a mono-objective algorithm for this 
range would be enough. 

Table 3 presents the additional information obtained for interval 3. We selected 
only some samples to demonstrate the information obtained in a-posteriori analysis. 
For each portion of the non-dominated frontier, we obtained different probability 
information based on the distribution of solutions. The columns No, Sc, and Oc of 
each portion correspond to the probability information of an unlabeled sample being 
assigned to the same grouping of the labeled samples of one of these conditions. The 
actual condition is the correct label for the samples. To analyze the performance of
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Table 3 Complementary information extracted from the three portions of non-dominated frontiers 
about the irradiance range 3 (893.252–911.252 W/.m2) for the samples A to F 

Sample Irradiance 893.252–911.252 Actual 
Condition 

Portion 1 Portion 2 Portion 3 

No Sc Oc No Sc Oc No Sc Oc 

A 1 0 0 0.923 0.077 0 0.598 0.402 0 No 

B 0.533 0.460 0.007 0.355 0.635 0.009 0.4933 0.505 0.002 No 

C 0.062 0.938 0 0.320 0.676 0 0.290 0.708 0.002 Sc 

D 0.740 0.260 0 0.364 0.635 0.001 0.290 0.708 0.002 Sc 

E 0.223 0.766 0.011 0.355 0.635 0.009 0.355 0.635 0.010 Oc 

F 0.671 0.329 0 0.718 0.282 0 0.573 0.423 0.004 Oc 

the algorithm in detecting failures, we considered as the final condition of the sample 
the maximum probability value obtained in one of the three portions of the frontier. 
In Table 3, for sample A, portion 1 indicates that the sample has a 100% chance of 
belonging to the same cluster of samples under normal conditions. For samples A 
and C, the condition suggested by a-posteriori analysis corresponds to the actual 
condition, but not for samples B, D, E, and F. The approach could not detect the 
faults for Open-circuit samples in this range. This difficulty may be associated with 
the small number of unlabeled and labeled samples of this condition in range 3. 

Table 4 presents complementary information obtained for range 5. In this range, all 
unlabeled samples were correctly detected. Furthermore, for Open-circuit samples, 
the three portions reached the maximum probability (.p = 1), as we can see in samples 
E and F of Table 4. We observed the same results for ranges 1 and 4 regarding Open-
circuit faults. All portions of the non-dominated frontier obtained homogeneous 
results and efficiently detected Open-circuit faults. 

To analyze the overall performance of data labeling, we used the Confusion 
Matrix to understand the potential of the proposed approach in fault detection. In 
the matrix, “True Label” corresponds to the actual condition of the record and “Pre-
dicted Label” to the label extracted from complementary information of a-posteriori 
analysis. Figure 4a presents the Confusion Matrix for irradiance range 3, with an 
accuracy of 0.8102. For range 3, 166 normal data (13.822%), 59 Short-circuit faults 
(4.913%), and 3 Open-circuit faults were mispredicted. As mentioned earlier, we had 
a few unlabeled and labeled Open-circuit samples for this range. Figure 4b presents 
the Confusion Matrix of range 5, with an accuracy of 1. In this case, all the unlabeled 
samples were predicted correctly.
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Table 4 Complementary information extracted from the three portions of non-dominated frontiers 
about the irradiance range 5 (922.624–929.616 W/.m2) for the samples A to G 

Sample Irradiance 922.624–929.616 Actual 
condition 

Portion 1 Portion 2 Portion 3 

No Sc Oc No Sc Oc No Sc Oc 

A 0.535 0.465 0 0.560 0.440 0 0.858 0.142 0 No 

B 1 0 0 0.979 0.021 0 0.858 0.142 0 No 

C 0.312 0.688 0 0.441 0.559 0 0.314 0.686 0 Sc 

D 0.553 0.447 0 0.560 0.440 0 0.334 0.666 0 Sc 

E 0 0 1 0 0 1 0 0 1 Oc 

F 0 0 1 0 0 1 0 0 1 Oc 

(a) 893.252-911.252 W/m2 (range 3). (b) 922.624-929.616 W/m2 (range 5). 

Fig. 4 Confusion Matrix for the irradiance range 3 and 5. The values in the matrix represent the 
number of samples followed by the corresponding percentage of the total unlabeled data 

5 Conclusion 

This paper proposed MECA to capture the different clustering perspectives through 
objective functions. We proposed a-posteriori analysis to label data from the infor-
mation of the non-dominated frontier. The frontier, divided into three portions, can 
evaluate which perspectives a cluster may have, providing information when we do 
not know the data distribution. Besides, a-posteriori analysis makes it possible to 
infer whether a cluster has more than one perspective (by analyzing the probabilities 
of the portions). The approach was applied in six irradiance ranges, and the results 
were validated through the accuracy and confusion matrix. A-posteriori analysis 
showed promising results regarding fault detection. In general, for all the irradiance 
ranges, the approach could detect the conditions of faults and normal data correctly, 
demonstrating a helpful approach to detecting and classifying faults in PV systems. 
The results also highlight the benefits of using non-dominated solutions to explore 
complementary information for data clustering. Relying on the irradiance range and
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the type of fault, we observed that each portion of the frontier could better represent 
the data distribution, or we can have a homogeneous result between the three por-
tions. This result indicates that using the division of the frontier instead of the entire 
non-dominated frontier could help better understand the data distribution. In future 
work, we would like to extend the proposed method to other problems requiring data 
labeling, such as semi-supervised learning problems. 
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